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PREFACE. 


Ths  volume  now  kid  before  the  public,  is  the  first 
of  a  projected  Course  of  Mathematical  Science. 
Many  compendiums  or  elementary  treatises  have 
appeared — at  different  times,  and  of  various  merit ; 
but  there  seemed  still  wanting  in  our  language,  a  work 
that  should  embrace  the  subject  in  its  fidl  extent, — 
that  i^ould  unite  theory  with  practice,  and  con- 
nect the  ancient  with  the  modem  discoveries.  The 
magnitude  and  difficulty  of  such  a  task  might  deter 
an  individual  from  the  attempt,  if  he  were  not  deep- 
ly impressed  with  the  importance  of  the  underta- 
kii^,  and  felt  his  exertions  to  accomplish  it  anima- 
ted by  zeal,  and  supported  by  active  perseverance* 

The  study  of  Mathematics  holds  forth  two  capi- 
tal objects : — ^While  it  traces  the  beautiful  relations 
of  figure  and  quantity,  it  likewise  accustoms  the 
mind  Uf  the  invaluable  exercise  of  patient  attention 
and  Accurate  reasoning.  Of  these  distinct  objects, 
the  last  is  perhaps  t^e  most  important  in  a  course  of 
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liberal  e.  jn.   '  For  this  purpose,  the  geometry 

of  the  Greeks  is  the  most  powerfully  recommenliecl, 
as  bearing  the  stamp  of  that  acute  people,  and  dis- 
playing the  finest  specimens  of  logical  deduction. 
Some  of  the  conclusions,  indeed,  might  be  reached 
by  a  sort  of  calculation ;  but  such  an  artificial 
mode  or  procedure  gives  only  an  apparent  facility, 
and  leaves  no  clear  or  permanent  impression  on  the 
mind. 

We  should  form  a  wrong  estimate,  however,  did 
we  consider  the  Elements  of  Euclid,  with  all  its 
merits,  as  a  finished  production.  That  admirable 
work  was  composed  at  the  period  when  geometry 
was  mitking  its  most  rapid  advances,  And  new  pro- 
spects were  opening  on  every  side.  No  wonder 
that  its  structure  should  liOw  Appear  loosie  and  defec- 
tive. In  adapting  it  to  the  actual  state  of  the  sci- 
ence, I  have  therefore  endeavoured  carefhlly  to  re- 
tain the  spirit  of  the  original,  but  have  slought  to 
enlarge  the  basis,  and  to  dispose  the  accumulated 
materials  into  a  regular  and  more  compact  system* 
By  simpHfying  the  order  of  arrangement,  I  presume 
that  I  have  materially  abridged  the  labour  of  the 
student.  The  numerous  additions  which  are  incor- 
porated in  the  text,  so  ^r  from  retarding,  will  ra- 
ther facilitate  his  progress,  by  rendering  more  con- 
tinous  the  chain  of  demotistratioh; 

Hie  view  vhich  I  have  giveh  of  the  nature  of 
Proportion,  in  the  fiflh  Book,  will^  I  hope,  contribute 
to  remove  the  chief  difficulties  attending  that  im- 
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portant  sntgect.  The  mxth  Book,  which 
the  application  of  the  doctrine  of  ratios,  contaiBs  a 
copious  selection  of  propositions,  not  onlj  beautiful 
in  themselves,  but  Which  paye  the  way  to  the  higher 
branches  of  Geometry,  or  lead  immediately  to  va« 
luable  practical  results*  The  Appendix,  without 
claiming  the  same  degree  of  utility,  will  not  per<- 
haps  be  deemed  the  least  interesting  portion  of  the 
volume,  since  the  ingenious  resources  which  it  dis- 
closes for  the  construction  of  certain  problems  are 
calculated  to  affi>rd  a  very  pleasing  and  instructive 
exercise. 

The  part  which  has  cost  me  the  greatest  pains, 
is  that  devoted  to  Geometrical  Analysis.    The  first 
Book  consists  of  a  series  of  the  choicest  problems^ 
rising  above  each  other  in  gradual  succession^  •  Hie 
second  and  third  Books  are  almost  whoUy  occupied 
with  the  researches  of  the  Ancient  Analysis.    In 
iraming  them,  I  have  consulted  a  great  diversity  of 
authors,  some  of  whom  are  of  difficult  access.    The 
labour  of  condensing  the  scattered  materials,  will  be 
duly  estimated  by  those,  who,  taking  delight  in  such 
fine  speculations,  are  thus  admitted  at  once  to  a  rich 
and  varied  repasts    The  analj^cal  investigations  of 
Hhe  Greek  geometers  are  indeed  models  of  simplici- 
ty, clearness^  and  unrivalled  elegance ;  and  though 
miserably  de&eed  by  the  riot  of  time  and  barbarism, 
they  will  yet  be  regarded  by  evety  person  capable 
of  appreciating  their  beauties,  as  among  the  noblest 
monuments  of.  human  genius.    It  is  matter  of  deep 
regret,  that  AlgaWa^  or  the  Modem  Analysis,  from 


VUl  PREFACE. 

the  mechanical  fitciiity  of  its  operations,  has  contn* 
buted,  especially  on  the  Continent,  to  vitiate  the 
taste  and  destroy  the  proper  relish  for  the  strictness 
and  purity  so  conspicuous  in  the  ancient  method  o. 
demonstration.  The  i^tudy.of  geometrical  analysis 
appears  admirably  fitted  to  improve  the  intellect,  by 
training  it  to  habits  of  precision,  arrangement,  and 
close  application.  If  the  taste  thus  acquired  be  not 
allowed  to  obtain  undue  ascendency,  it  may  be 
transferred  with  eminent  utility  to  Algebra,  which, 
having  shot  up  prematurely,  wants  reform  in  almost 
every  department. 

The  Elements  of  Trigonometry  are  as  ample  as 
my  plan  would  allow.  I  have  explained  fully  the 
properties  of  the  lines  about  the  circle,  and  the  cat 
culation  of  the  trigonometrical  tables ;  nor  have  I 
omitted  any  proposition  which  has  a  distinct  refe- 
rence to  practice.  Some  of  the  problems  annexed 
are  of  essential  consequence  in  marine  purveying. 

In  the  improvement  of  this  edition,  I  have  spared 
no  trouble  or  expence.  The  whole  has  undergone  a 
careful  and  minute  revision;  and  by  adopting  a 
denser  page,  I  have  been  able,  without  adding  much 
to  the  size  of  the  volume,  yet  greatly  to  augment 
the  work.  The  text  has  been  simplified  and  reduced 
to  a  shorter  compass,  by  throwing  such  propositions 
as  were  less  elementary  to  the  Notes.  Other  Notes 
of  a  simpler  kind,  and  marked  by  the  reference  in 
italics,  are  intended  chiefly  to  engage  the  attention 
of  the  young  student.    In  various  parts,  the  demon* 
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strations  are  occastonally  abridged.  The  books  of 
Geometrical  Analysis  have  been  rendered  more 
complete  by  numerous  insertions^  and  particularly 
an  abstract  of  all  the  difierent  investigations  left 
us  by  the  ancients,  relating  to  the  trisection  of  an 
angle  and  the  duplication  of  the  cube.  The  Ele* 
xnents  of  Trigonometry  are  much  expanded,  and 
brought  to  include  whatever  appears  most  valuable 
in  recent  practice.  But  the  greatest  additions  have 
been  m^de  in  the  Notes  and  Illustrations,  which 
^11  be  found,  I  should  hope,  to  contain  various  and 
useful  information.  The  more  advanced  student 
may  peruse  with  advantage  the  historical  and  criti« 
cal  remarks ;  and  some  of  the  disquisitions,  and  the 
solutions  c£  certain  more  difficult  problems  relative 
to  trigonometry  and  geodesiacal  operations,  in  which 
the  modem  analysis  is  sparingly  introduced,  are  of 
a  nature  sufficiently  interesting,  perhaps,  to^  claim 
the  iK>tice  of  proficients  in  science.  I  have  sim* 
plified,  and  materially  enlarged  the  formulas  con* 
nected  with  trigonometrical  computation ;  explain* 
ed  the  art  of  surveying,  in  its  different  branches ; 
and  given  reduced  plans,  blended  with  the  narrative 
of  the  great  operations  lately  carried  on  both  in 
England  and  France.  I  h^ve  likewise  shown  a  very 
simple  method  for  calculating  heights  from  barome* 
trical  observations,  accompanied  by  illustrative  sec* 
tions ;  and  I  have  been  thence  led  to  state  the  law 
pf  climate,  as  it  is  modified  by  elevation.  On  this 
attractive  subject,  I  should  have  dwelt  with  pleasure, 
had  the  limits  of  the  volume  permitted. 


The  plan  now  in  cobtemplatioQ  might  perhaps 
he  comprised  in  five  volumes.  The  vaxt  volume 
is  intended  to  treat  of  the  Geometry  of  curve  lin€»» 
the  intersections  of  planes,  and  the  propertito  of 
solids^  including  the  doctrine  of  the  spfa^e  and 
the  calculation  of  spherical  triangles,  with  the 
elements  of  perspective  and  prelection*  The  iJiird 
volume  will  be  devoted  to  Algebra, — a  wide  and  rank 
field,  winch  still  needs  the  most  sedulous  cuhdvation* 
As  an  introduction  to  that  difficult  task,  I  design  to 
prepare^  with  all  conve^ei^  speed,  a  short  tis^et  on 
the  Principles  of  Arithmetic ;  a  work  much  wanted 
in  oiu:  ordinary  course  of  education,  and  which, 
were  it  e^cuted  with  taste,  and  in  the  spirit  of  phi>- 
loso{^y,  would  be  admirably  Ikted  for  opening  the 
mind  of  die  pupil.  Hie  fourth  and  G&k  volumes 
will  embrace  the  di^erential  and  integral  calculus, 
with  their  principal  applications.  But  to  accomplish ' 
this  vast  undertaking  would  require  years  of  health 
and  inflexible  resolution  ^  and  under  ^all  the  dis» 
couragements  which  attend  the  publication  of  sci- 
entific works,  I  cannot  look  fcnward  to  its  .comple* 
tion  without  feeling  extreme  solicitude* 

It  is  the  nature  of  mathematical  sci^oce  to  ad- 
vance in  continual  progression.  Each  step  carriea^ 
it  to  others  still  higher ;  new  relations  are  descried; 
and  the  most  distant  objects  seem  gradually  to  ap- 
proximate^  But,  whil^  science  thus  enlarges  its . 
bounds,  it  likewise  tends  uniformly  to  simplicity  and 
concentration.  The  discoveries  of  one  age  are,  per- 
haps in  the  next,  melted  down  into  the  mass  of  ele- 
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mentaiy  truths.  What  are  deemed  at  first  merely 
objects  of  enlightened  curiosity,  become,  in  due 
time,  subservient  to  the  most  important  interests. 
Theory  soon  descends  to  guide  and  assist  the  opera- 
tions of  practice.  To  the  geometrical  speculations 
of  the  Greeks,  we  may  distinctly  trace  whatever 
progress  the  modems  have  been  enabled  to  achieve 
in  mechanics,  navigation,  and  the  various  complicate 
ed  arts  of  hfe.  A  refined  analysis  has  unfolded  the 
harmony  of  the  celestial  motions,  and  ponducted  the 
philosopher,  through  a  maze  of  intricate  phenome- 
na, to  the  great  laws  appointed  for  the  government 
of  the  Universe. 


College  of  Edinburgh^  7 
September  2.  1811.       j 
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GEOMETRY. 


vXeometrt  is  that  branch  of  natural  science  which 
treats  of  figured  space. 

Our  knowledge  concerning  external  objects  is 
grounded  entirely  on  the  information  received 
through  the  medium  of  the  senses.  The  science  of 
physics  considers  bodies  as  they  actually  exist,  in- 
vested at  once  with  all  their  various  qualities,  and 
endued  with  their  peculiar  affections.  Its  researches 
are  hence  directed  by  that  refined  species  of  obser- 
vation  which  is  termed  Experiment.  Geometry  takes 
a  more  limited  view,  and,  selecting  only  the  generic 
property  of  magnitude,  it  can,  from  the  extreme  sim- 
plicity  of  its  basis,  safely  pursue  the  most  lengthened 
train  of  investigation,  and  arrive  with  perfect  certain- 
ty at  the  remotest  conclusion.  It  contemplates  mere- 
ly the  forms  which  bodies  present,  and  the  spaces 
which  they  occupy.  Geometry  is  thus  likewise  found- 
ed on  external  observation ;  but  such  observation  is 
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SO  familiar  and  obvious,that  the  primary  notions  which 
it  furnishes  might  seem  intuitive,  and  have  often  been 
regarded  as  innate.  This  science  is  therefore  super- 
eminently distinguished  by  the  luminous  evidence 
which  constantly  attends  every  step  of  its  progress. 


PRINCIPLES. 

c 

In  contemplating  an  external  object,  we^  can,  by 
successive  acts  of  abstraction,  reduce  the  complex 
idea  which  arises  in  the  mind  into  others  that  are  pro- 
gressively simpler.  Body^  divested  of  its  essential  cha- 
racters, presents  the  mere  idea  of  surface  ;  a  surfex^e, 
considered  apart  from  its  peculiar  qualities,  exhibits 
-only  lineaii  boundaries ;  and  a  line,  abstracting  its 
continuity,  leaves  nothing  in  the  imagination  but  the 
points  which  form  its  extremities*  A  solid  is  bounded 
by  surfaces;  a  surface  is  circumscribed  hy  lines;  and 
a  line  is  terminated  by  points.  A  point  marks  posi- 
tion; a  line  measures  distance;  and  a  sur&ce  represents 
extension.  A  line  has  only  length  ;  a  surface  has  both 
length  and  breadth;  and  a  solid  combines  all  the  three 
dimensions  of  length,  breadth^  and  thickness. 

The  uniform  description  of  a  line  which  through  its 
whole  extent  stretches  in  the  same  direction,  gives 
the  idea  of  a  straight  line*  No  more  than  one  straight 
line  can  therefore  join  two  points. 

From  our  idea  of  the  straight  line  is  derived  that  of 
a  plane  surface,  which,  though  more  complex,  has  a 
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like  unifbnnity  of  character.  A  straight  line  joining 
any  two  points  situate  in  a  plane,  lies  wholly  on  the 
sur&ce;  and  consequently  planes  admit,  in  every 
way,  a  mutual  and  perfect  application. 

Two  points  ascertain  the  position  of  a  straight  line ; 
for  the  line  may  continue  to  turn  about  one  of  the 
points  till  it  &Jls  upon  the  other.  ,  But  to  determine 
the  position  of  a  plane,  it  requires  three  points ;  be- 
cause a  plane  touching  the  straight  line  which  joins 
two  of  the  points,  may  be  made  to  revolve,  till  it 
meets  the  third  point. 

Tlie  separation  or  opening  of  two  straight  lines  at 
their  point  of  intersection,  constitutes  an  angle*  If 
we  obtain  the  idea  of  distance,  or  linear  extent,  from 
progressive  motion,  we  derive  that  of  divergence,  or 
angular  magnitude,  from  revolving  motion  *• 


Geometry  is  divided  into  Plane  and  Solid;  the 
former  confining  its  views  to  the  properties  of  space 
delineated  on  the  same  plane ;  the  latter  embracing 
the  relations  of  different  planes  or  surfaces,  and  of 
the  solids  which  these  describe  or  terminate.  In  the 
following  definitions,  therefore,  the  points  and  lines 
are  all  considered  as  existing  in  the  same  plane. 


•  See  Note  I. 
a2 
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BOOK  I. 

DEFINITIONS. 


1.  A  crooJreil  line  is  that  which  consists  of 
strai^t  lines  not  continfftd  in  the  ssone  di- 
rection. 


2.  A  curved  Bne  is  that  of  which  no  por- 
tion is  a  straight  line. 


3.  The  straight  fines  which  contain  an  angjle  are  termed  its 
sidesy  and  their  point  of  origin  or  intersection,  its  vertex. 

To  abridge  the  reference,  it  is  usual  to  denote  an  angle  by  tracing 
over  its  sides ;  the  letter  at  the  vertex,  which  is  common  to  them 
both,  being  placed  in  the  middle. 

Thus,  the  angle  contained  by  the  straight  lines  ' 
AB  and  BC,  or  the  opening  formed  by  taming 
BA  about  the  point  B  into  the  position  BC,  is    ^  ^j 

named  ABC  or  CBA, 


4*.  Ai^^angZ^isthefoiutfapartofanentire 
circuit  or  revolution,  tji^  X    {J, '  •    /  ' .  p   "^ '' 


A- 


If  a  strmght  line  CB  stand  at  equaj  angles  CBA  and  CBD  on  auo* 
ther  straight  line  AD»  and  if  the  surface  ACD  be  laid  over  towards 
the  opposite  part,  the  point  B  and  the  line  f, 

AD  remainbg  the  same ;  CB  will,  in  this 
new  position  £B,  make  angles  EBA  and 
£BD  equal  to  the  fortner,  and  therefore  all 
of  them  equal  to  each  other.  But  the  four 
angles  ABC,  CBD,  DBE  and  EBA  consti- 
tute about  the  point  B  a  complete  revolution ;  or  the  line  BA  in 
forming  them,  by  its  successive  openings,  would  return  into  its  ori^ 
nal  place, — and  consequently  each  of  those  angles  is  a  right  angle. 
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The.  angle  contained  by  the  opposite  portions  DA  and  DB  of  a 
straight  line  is  hence  equal  to  two  right 
angles;  and,  for  the  same  reason,  all.  the 
angles  ADC,  CDE,  £DF  and  FDB,  farmed 
at  the  point  D  and  on  the  same  side  of  the 
straight  line  AB,  are  tbgether  equal  to  tw6  j 
right  angles. 

It  is  manifest  that  all  right  angles,  being  derived  from  tb*  same 
measure,  must  be  equal  to  each  other. 

5.  The  sides  of  a  right  angle  are  said  to  be  perpendicular  to 
each  other. 


6.  An  actUe  angle  is  less  than  a  right  an- 


gle. 


7«  An  obtujse  angle  is  greater  than  a  right 
an^. 


/ 


8.  One  side  of  an  angle  forms  with  the 
other  produced  a  supplemental  or  exterior 
angle. 

9.  A  vertical  m^lekSotm&dhy  the pto-^ 
duction  of  both  its  sides.    ^-    ^'^''- 


lO.fllie  retroflected  divergence  of  the  two  sides,  or  the 
defect  of  the  angle  fr(Hn  four  tight  an^s^  is  named  a  reverse 
angle. 

The  angle  DBE  is  vertical  to  ABC,  ABD  is  the  wpplementdl  or 
exterior  angle,  and  the  angle  made  up  of  ABD,     A^ 

DBE,  and  EBC,  or  the  opening  formed  by  the  ^ ^  ti 

regression  of  AB  through  the  points  D  and  E  ^s. 

into  the  portion  BC,  is  the  reverse  angle.  ^ 

It  is  apparent  that  vertical  angles,  or  those  formed  by  the  same 
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lines  in  opposite  directions,  must  be  equal ;  for  the  angles  CBA  and 
ABD  which  stdnd  on  the  straight  line  CD,  being  equal  to  two  right 
angles,  are  equal  to  ABD  and  DBE,  an4>  omitting  the  common  angle 
ABD, -there  remains  CBA  equal  to  DBE. 

11.  Two  straight  lines  are  said  to  be 
inclined  to  each  other,  if  they  meet  when 
produced ;  and  the  angle  so  formed  is  •— 
called  their  inclination. 

12.  Straight  lines  which  have  no  inclina^ 
Uon,  are  iameA  parallel. 


13.  A./%f^^  is  a  plane  sur&ce  included  by  a  linear  boundary 
called  its  perimeter. 

14.  Of  rectiUn^  figures,  the  triangle  is  contained  hj  three 
straight  lines. 

15.  An  isosceles  triangle  is  that  which  has  two 
of  its  sides  eqpal. 


16.  An  equilateral  triangle  is  that  which  has  aH 
its  sides  equal. 


1 7.  A  triangle  whose  sides  are  unequal,  is 
named  scalene. 


It  will  he  shown  (I.  10.)  that  every  triangle  has  at  least  two  acute 
angles.  The  third  angle  may  therefore,  hy  its  character,  serve  to 
discriminate  a  triangle. 

18.  A  rigkt-angled  triangle  is  that  which  has 
a  right  angle. 


19.  An  obttise  angled  triangle  is  that 
which  has  an  obtuse  angle. 
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,  20.  An  actUe  angled  triangle  is  that  which  has 
all  its  angles  acute. 


21.  Two  triangles  which  are  both  of  them  right  angled^  or 
obtuse,  or  acute,  are  said  to  have  the  same^g^ji^jfii% 

^    22.  Any  side  of  a  triangle  may  be  called  its  haze^  and  the 
opposite  angular  point  its  vertex. 

23.  A  quadrilateral  figure  is  contained  by Jbur  straight  lines- 


24*.  Of  quadrilateral  figures,  a  trapezoid 
(1)  has  two  parallel  sides : 


/ 


25.  A  trapezium  (2)  has  two  of  its  sides  pa- 
rallel and  the  other  two  equal,  tliough  not  pap- 
rallel,  to  each  other : 

26.  A  rhomboid  (3)  has  its  opposite 
sides  equal: 


27.  A  rhombus  (4)  has  all  its  sides  equal : 


28.  An  oblongj  or  rectangle,  (5)  has  a  right 
angle,  and  its  opposite  sides  equal : 


29.  A  square  (6)  has  a  right  angle,  and  all  its 
sides  equal. 


SO.  The  straight  line  which  joins  obli- 
quely the  opposite  angular  points  of  a  qua- 
drilateral figure,  is  named  a  diagonal. 


i 
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91.  A  rectflineal  figure  having  more  than  four  sides^  bears 
&e  general  name  of  k  polygon. 

32.  If  an  angle  of  a  polygon  be  less  than  two  right  aisles* 
it  protrudes  and  is  called  salient :  if  it  be  greater  than  two 
right  angles^  it  makes  a  sinuosity  and  is  termed  re-^ntrardm 

Thus  the  angle  ABC  is  re-entrant,  and  the  rest 
of  the  angles  of  the  polygon  ABCDEF  are  sali-  ^jq 

ent  at  A,  C,  D,  E  and  F. 


33.  A  circle  is  a  figure  described  by  the  revolution  of  a 
straight  Hue  about  one  of  its  extremities. 

34.  The  fixed  point  is  called  the  centre  of  ihe 
circle^  the  describing  line  its  radius^  and  the 
boundary  traced  by  the  remote  end  of  that  line 
its  circumference. 

85.  The  diameter  of  a  circle  is  a  straight  line 
drawn  through  the  centre,  and  terminated  both  ways  by  the 
circumference.  -        ' 

It  is  obvious  that  all  radii  of  the  same  circle  are  equal  to  each 
other  and.  to  a  semidiameter.  It  likewise  appears  from  the  slightest 
inspection,  that  a  circle  can  only  have  one  centre,  and  that  circles  are 
•qual  which  have  equal  diameters. 

36.  Figures  are  said  to  be.  equals  when,  applied  to  each 
other,  they  whoUy  coincide ;  they  are  equivalent ^  if,  without 
coinciding)  they  yet  contain  the  same  space  *. 


/  / 


'T 


•  See  Note  II. 
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10  JELEMENTS  OF  GEOUETBT. 


A  Pkoposition  is  a  distinct  portion  of  abstract  science.  It 
is  either  a  problem  or  a  theorem. 

A  Problem  proposes  to  effect  some  combination 

A  Theorem  ndvances  some  truth,  which  is  to  be  establish- 
ed. 

A  problem  requires  solution^  a  theorem  wants  demonstration  : 
the  fomer  impUes  an  operation,  and  the  latter  generally  needs 
a  previous  construction. 

A  direct  demonstration  proceeds  from  the  premises,  by  a  re- 
gular deduction. 

An  indirect  demonstration  attains  its  object,  by  showing  that^ 
any  other  hypothesis  than  the  one  advanced  would  involve  a 
contradiction,  or  lead  to  an  absurd  conclusion. 

A  subordinate  property,  included  in  a  demonstration,  is' 
sometimes,  for  the  sake  of  uni^,  detached,  and  then  it  forms 
a  Lemma* 

A  Corollary  is  an  obvious  consequence  that  results  fix)m 
a  proposition. 

A  Scholium  is  an  excursive  remark  on  the  nature  and  ap- 
plication of  a  train  of  reasoning. 

The  operations  in  Geometry  suppose  the  drawing  of  straight 
lines  and  the  description  of  circles j  or  they  require  in  practice 
the  use  of  the  rule  and  compasses* 
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PROPOSITION  L    PROBLEM. 

lb  (Jonstnict  a  triangle,  of  which  the  three  sides 
are  given. 

Let  AB  represent  the  base,  and  G,  H  two  sides  of  the  tri- 
angle, which  it  is  required  to  construct. 

From  the  centre  A,  with  the  distance  G,  describe  a  cird^ 
and,  from  the  centre  B  with  the  distance  H>  describe  another 
circle,  meeting  the  former  in  the 
point  C :  AC6  is  the  triangle  re- 
quired. 

iecause  all  the  radii  of  the  same 
circle  are  equal,  AC  is  equal  to  G; 
and,  for  the  same  reason,  BC  is 
equal  to  H.  Consequently  the  triangle  ACB  answersthe  con- 
ditions of  the  proUem. 

(htx)llaiy.  If  the  radii  O  and  H  be  equal  to  each  other^ 
the  triangle  will  evidently  be  isosceley  and  if  those  lines  be 
likewise  equal  tp  the  base  AB,  the  triangle  must  be  equilateral. 
—The  limiting  circles,  after  intersecting,  mustobviously  diverge 
from  each  other,  till,  crossing  the  extension  of  the  base  AB, 
they  return  again  and  meet  below  it ;  thus  marking  two  posi- 
tions for  the  reqmred  triangle. 


PROR  II.    THEOREM. 

Two  triangles  are  equal,  which  have  all  the  sides  of 
the  one  equal  to  the  corresponding  sides,  of  the  other. 

Let  the  two  triangles  ABC  aad  DFE  have  the  side  AB 
e^ial  to  DF,  AC  to  DE,  and  BC  to  FE :  These  triangles  are 
«qual. 
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For  let  the  triangle  ACB  be  applied  to  DEF,  in  the  same 
position.  The  point  A  being  laid  on  D,  and  the  side  AC  qn 
DE,  their  other  extremities  C  and  E  must  coincide,  since  AC 
is  equal  to  DE.  And  because  AB  is  equal  to  DF,  the  point  ^ 
B  must  be  found  in  the  circumference 
of  a'circte'viescribed  from  D  with  the 
distance  DF ;  and,  for  the  same  rea- 
son, B  must  also  be  found  in  the  cir- 
cumference of  a  circle  described  from  ^  ^  ^ 
E  with  the  distance  EF  :  The  vertex  of  the  triangle  ACB 
must,  .therefore,  occur  in  a  point  which  is  common  to  both 
those  circles,  or,  by  the  first  proposition,  in  F  the  vertex  of 
the  triangle  DF£.  Consequently  these  two  triangles,  bemg 
rectilineal,  must  entirely  coincide.  The  angle  CAB  is  eqpsl 
to  EDF,  ACB  to  DEF,  and  CBA  to  EFD ;  the  equal  an- 
gles  being  thus  always  opposite  to  the  equal  sides. 

PROP.  III.    THEOR: 

Two  triangles  are  equal,  if  two  sides  and  the  angle 
contained  by  these  in  the  one  be  respectively  equal 
to  two  sides  and  the  contained  angle  in  the  other. 

Let  ABC  and  DEF  be  two  triangles,  of  which  the  side  AB 
is  equal  to  DE,  the  side  BC  to  EF,  and  the  angle  ABC  con- 
tained by  the  former  equal  to  DEF  which  is  contained  by  the 
latter :  These  triangles  are  equal. 

For  let  the  triangle  ABC  be  applied  to  DEF :  The  vertex 

B  being  placed  on  E,  and  the  side  B  A  on  ED,  the  extremity 

A  must  fall  upon  D,  since  AB  is  B  e 

'  equal  to  DE.    And  because  the 

angle  or  divergence  ABC  is  e- 

qual  to  DEF,  and  the  side  AB  aZ— _JiC  3)Z \f 

coincides  with  DE,  the  other  side  BC  must  lie  in  the  same  di- 
rection with  EF,  and  being  of  the  same  length,  must  entirely 
coincide  with  it ;  and  consequently,  the  points  A  and  C  rest- 
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mg on  D  and  F,  the  straight  Iine&  ACand DF wSl ako coin- 
cide. Wherefore,  the  one  triangle  bfing  thus  perfectly  »• 
dapted  to  the  other^  a  general  equality  must  obtain  between 
them  :  The  third  sides  AC  and  DF  are  hence  equal,  and  the 
angles  BAC,  BCA  opposite  to  BC  and  BA  are  equal  respeo- 
tivdy  to  EDF  and  EFD,  which  the  corresponding  sides  EF 
and  £D  subtend. 

PROP.  IV.    PROB. 

At  a  point  in  a  straight  line,  to  make  an  angle 
equal  to  a  given  angle. 

At  the  point  D  in  the  given  straight  line  DE,  to  form  aft 
angle  equal  to  the  given  angle  BAC. 

In  the  sides  AB  and  AC  of  the  given  angle,  assume  the 
points  6  and  H,  join  GH,  from  j^  ^ 

DE  cutoff  DI  equal  to  AG,  and 
on  DI  constitute  (1. 1.)  a  trian- 
gle DKI,  having  the  sides  DK     ^L'"''^    \     y 
and  IK  equal  to  AH  and  GH :  Bi 
EDK  or  EDF  is  the  angle  required. 

For  all  the  sides  of  the  triangles  GAH  and  IDK  being  re- 
spectively equal,  the  angles  opposite  to  the  equal  sides  must  be 
likewise  equal  (1. 2.),  and  consequently  IDK  is  equal  to  GAH. 

Scholium.  If  the  segments  AG,  AH  be  taken  equal,  the  con- 
struction  will  be  rendered  simpler  and  more  commodious. — By 
the  successive  application  of  this  problem,  an  angle  may  be  con- 
tinually multiplied.  Two  circles  CEG  and  ADF  being  descri- 
bed  from  the  vertex  B  of  the  given  angle 
with  ra^ii  BC  and  BA  equ^  to  Its  sides» 
and  the  base  AC  being  repeated  J^etween 
those  circumferences ;  a  multitude  of  tri- 
,  angles  are  thus  formed,  all  of  them  equal 
to  the  original  triangle  ABC.  Conse- 
quently the  angle  ABD  is  double  of  ABC,  ABE  triple,  ABF 
quadruple,  ABG  quintuple,  &c. 
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If  the  fdde»  AB  and  BC  of  the  given  an|^e  be  nippo^od 
equal>  onty  one  ciicl#  wiD  be  veqaireAf  a 
series  of  equal  isosceles  triangles  being  oon^ 
■tituted  about  its  centre.  It  is  evident  that 
this  addition  is  without  limit,  and  that  the 
angle  so  produced  m^r  continue  to  spreUd 
out|  and  its  expanding  side  even  make  re- 
peated revolutions. 


PROP-  V.  PROB. 
To  bisect  a  given  angle. 

Let  ABC  be  an  angle  which  it  is  required  to  bisect. 

In  the  side  AB  take  any  point  D,  and  from  BC  cut  off  BE 
equal  to  BD ;  join  DE,  on  which  construct  the  isosceles  triangle 
DFE  (I.  I.))  and  draw  the  straight  Une 
BF :  The  angle  ABC  is  bisected  by  BF. 

For  the  two  triangles  DBF  and  EBF, 
having  the  side  DB  equal  to  EB,  the  side 
DF  to  EF,  and  BF  common  to  both,  are 
(I.  2.)  equal,  and  consequently  the  angle 
DBF  is  equal  to  EBF. 

Cor.  Hence  the  mode  of  drawing  a  perpendicular  from  a 
given  point  B  in  the  straight  line  AC ;  for  the  angle  ABC, 
which  the  opposite  segments  B A  and 
BC  make  with  each  other,  being  e- 
quaJ  to  two  right  angles,  the  straight 
line  that  bisects  it  must  be  the  per-  - 
pendicular  required.     Taking  BD, 

therefore,  equal  to  BE,  and  con-  -ST  D  B  E  C 
structing  the  isosceles  triangle  DFE  -,  the  straight  line  BF 
which  joins  the  vertex  of  the  triangle,  is  perpendicular  to  AC. 
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PROP.  VI.    PROB. 

To  let  fall  a  perpendicular  upon  a  straight  line, 
from  a  given  point^trithout  it. 

From  the  point  C^  to  let  Ml  a  perpendicular  upon  a  given 
straight  line  AB. 

In  AB  take  tKe  point  D,  and  with  the  distance  PC  describe 
a  circle ;  and  in  the  same  line  taJke  another  j>oiat  £}  and  with 
distance  EC  describe  a  s*^ond  circle  intersecting  the  former  in 
F ;  join  CF,  crossing  thogiven  line  in 
G :  CG  is  perpendicular  to  A6. 

For  the  triangles  DCE  and  DFEhave 
the  side  DC  equal  to  DF,  EC  to  EF,  and 
DE  common  to  them  both ;  whence  (I.  2,) 
the  angle  CDE  or  CDG  is  equal  to  FDE 
or  FDG.  And  because  in  the  triangles  DCG  and  DFG,  the 
side  DC  is  equal  to  DF,  DG  common,  and  the  contained  angles 
CDG  and  FDG  are  proved  to  be  equal ;  these  triangles  are 
(1. 3.)  equal,  and  consequently  the  angle  DGC  is  equal  to  DGF, 
and  each  of  them  a  right  angle,  or  CG  is  perpendicular  to  AB. 

PROP.  VII.    PROB. 
To  bisect  a  given  finite  straight  |ine. 

On  the  given  straight  line  AB,  construct  two  isosceles  trian- 
gles (I.  1.)  ACB  and  ADB,  and  join  their  vertices  C  and  D  by 
a  straight  line  cutting  AB  in  the  point  E :  AB  is  bisected  in  E. 

For  the  sides  AC  and  AD  of  the  triangle  CAD  c 

being  respectively  equal  to  BC  and  BD  of  the 
triangle  CBD,  and  the  side  CD  common  to  them 
both ;  these  triangles  (I.  2.)  are  equal,  and  the  A^ 
angle  ACD  or  ACE  is  equal  to  BCD  or  BCE. 
Again,  the  triangles  ACE  and  BCE,  having  the 
side  AC  equal  to  BC,  CE  common,  and  the  contained  angle 
ACE  equal  to  BCE,  are  (I.  3.)  equal,  and  consequently  the 
b^se  AE  is  equal  to  BE. 
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PROP.  VIII.    THEOR- 

The  exterior  angle  of  a  triangle  is  greater  thao  ei- 
ther of  .its  interior  opposite  angles. 

The  exterior  angle  BCF,  formed  by  producing  a  side  AC 
of  the  triangle  ABC,  is  greater  than  either  of  the  opposite 
and  interior  angles  CAB  and  CBA. 
For  bisect  the  side  BC  in  D  (1. 7.), 
draw  AD,  and  produce  it  until  DE 
be  equal  to  AD,  and  join  EC. 

The  triangles  ADB  and  EDChave, 
by  construction,  the  side  DA  equal 
to  DE,  the  side  DB  to  DC,  and  the 
vertical  apgle  BDA  equal  to  CDE ;  ^G 

these  triangles  are,  therefore,  equal  (I.  3.),  and  the  angle  DCE 
is  equal  to  DBA.  But  the  angle  BCF  is  evidently  greater 
than  DCE ;  it  is  consequently  greater  than  DBA  or  CBA. 

In  like  manner,  it  may  be  shown,  that  if  BC  be  produced, 
the  exterior  angle  ACG  is  greater  than  CAB.  But  ACG  is 
equal  to  the  vertical  angle  BCF,  and  hence  BCF  must  be 
greater  than  either  the  angle  CBA  or  CAB. 

PROP.  IX.    THEOR. 

Any  two  angles  of  a  triangle  are  together  less  than 
two  right  angles. 

The  two  angles  BAC  and  BCA  of  the  triangle  ABC  are 
together  less  than  two  right  angles. 

For  produce  the  common  side  AC.  B 

And,  by  the  last  proposition,  the  exte- 
rior angle  BCD  is  greater  than  BAC, 
add  BCA  to  each,  and  the  two  angles  .AJ  ^C         i) 

BCD  and  BCA  are  greater  than  BAC  and  BCA,  or  BAC 
and  BCA  are  together  less  than  BCD  and  BCA,  that  is,  less 
than  two  right  angles  (Def.  4). 
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PROP.  X.    THEOR. 
Every  triangle  has  two  acute  angles. 

The  triangle  ABC  obviously  may  h^ve  one  angle  rightf  or 
obtuse  or  acute.     And  first,  let  it  be  right  ^ 

dngled  at  C.  By  the  last  proposition,  the  an- 
gles ACB  and  CAB  are  less  than  two  right 
angles,  and  so  are  the  angles  ACB  and  ABC. 
Consequently  the  angles  CAB  and  CBA  are  each  of  them 
less  than  one  right  angle,  or  th^  are  both  acute. 

Next,  let  the  triangle  have  an  obtuse  angle  ACQ.  The  an- 
gles ACB  and  CAB,  being  less  than  two  right  angles,  and 
ACB  being  greater  than  one  right  angle,  B 

CAB  must  he  still  less  than  a  right  angle. 
And  the  angles  ACB  and  ABC  being  less 
than  two  right  angles,  ABC  must  also  be  a!  O 

still   less  than  one  right  angle.     Consequently  the  angles 
CAB  and  CBA  are  both  of  tbem  acute. 

Lastly,  let  the  triangle  have  the  angle  at  C  acute.  If  one 
of  the  remaining  angles ,  such  as  BAC,  be  like-  B 

wise  acute,  the  two  angles  ACB  and  BAC 
are  both  of  them  acute.     But  if  the    angle 
BAC  be  either  obtuse  or  a  right  angle,  it  A 
comes  under  the  two  former  cases,  and  the  other  angles  ABC 
and  ACB  are,  therefore,  acute. 

*  « 

PROP.  XI.    THEOR. 

The  angles  at  the  base  of  an  isosceles  triangle  are 
equal. 

The  angles  BAC  and  BCA  at  the  base  of  the  isosceles 
triangle  ABC  are  equal. 


T- 
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For  draw  (I.  5.)  BD  bisecting  the  vertical  angle  ABC 
Because  AB  is  equal  to  BC,  the  side  BD 
common  to  the  two  triangles  BDA  and  BDC, 
and  the  angles  ABD  and  CBD  contained  by 
them  are  equal ;  these  triangles  are  equal  (I.  3.) 
and  consequently  the  angle  BAD  is  equal  to  a.  i) 
BCD. 

Cor.  Every  equilateral  triangle  is  also  equiangular  *• 

PROP.  XII.    THEOR. 

If  two  angles  of  a  ti^iangle  be  equal,  the  sides  op- 
posite to  them  are  likewise  equal. 

Let  the  triangle  ABC  have  two  equal  angles  BCA  and 
BAC ;  the  opposite  sides  AB  and  BC  are  also  equal 

For  if  ABbe  not  equal  to  CB,  let  it  be  equal  to  CD,  and 
join  AD. 

Comparing  now  the  triangles  BAC  and  DCA»  the  side  AB 
is  by  supposition  equal  to  CD,  AC  is  common  .b 

to  both,  and  the  contained  angle  BAC  is  equal         /a  , 
to  DCA ;  the  two  triangles  (I.  3.)  are,  therefore, 
equal.    But  this  conclusion  is  manifestly  absurd. 
To  suppose  then  the  iiiequality  of  AB  and  BC  AT  CJ 

involves  a  contradiction ;  and  consequently  those  sides  must 
be  equal. 

Cot.  Every  equiangular  triangle  is  also  equilateral. 

PROP.  XIII.    THEOR. 

In  a  triangle,  that  angle  is  the  greater  which  lies 
opposite  to  a  greater  side. 

If  a  side  BC  of  the  triangle  ABC  be  greater  than  BA  \  the 
opposite  angle  BAC  is  greater  than  BCA. 


mmmm-timm 


*  See  Note  III. 
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For  make  BD  equal  to  BA,  and  join  AD.  The  angle  CAB 
is  greater  than  DAB  ;  but  since  B A  is  equal  B 

to  BD,  the  angle  DAB  (I.  11.)  is  equal  to 
ADB,  aiid  consequently  CAB  is  greater  than 
ADB.    Again*  the  angle-ADB,  being  an  ex-  -^ 
terior  angle  of  the,  triangle  CAD,  is  (1. 8.)  greater  than  ACD 
or  ACB  $  wherefore  the  angle  CAB  is  much  greater  than  ACB. 

PROP.  XiV.    THEOR- 

That  side  of  a  triangle  is  the  greater  which  sub- 
tends a  greater  jangle^ 

If,  in  the  triangle  ABC,  the  angle  CAB  be  greater  than 
ACB  5  its  opposite  side  BC  is  greater  than  AB. 

For  if  BC  be  not  greater  than  AB,  it  must  be  either  equal 
or  less.     But  it  cannot  be  equal,  because  the        B 
angle  CAB  would  then  be  equal  to   ACB 
(L  11.);  nor  can  BC  be  less  than  AB,  for  then 
AB  would  be  greater  than  BC,  and  conse-  ^  ^q 

quently  (I.  13.)  the  angle  ACB  would  be  greater  than  CAB, 
or  CAB  less  than  ACB,  which  is  absurd.  The  side  BC  being 
thus  neither  equal  to  AB,  nor  less  than  it,  must  therefore 
be  greater  than  AB* 

PROP.  XV.    THEOR. 

IVo  sides  of  a  triangle  are*  together  greater  than 
the  third  side. 

The  two  sides  AB  and  BC  of  the  triangle  ABC  are  toge^ 
ther  greater  than  the  thU'd  side  AC. 

For  produce  AB  until  DB  be  equal  to  the  side  BC,  aijd 
join  CD. 

b2 
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Because  BC  is  equal  to  BD,  the  angle  BCD  is  equal  t<^ 
BDC  (I.  11.) ;  but  the  angle  ACD  is 
greater  than  BCD^  and  therefore  greater 
dian  BDC,  or  ADC ;  consequently  the 
opposite  side  AD  is  greater  than  AC 
(I.  14.)  J  and  since  AD  is  equal  to  AB 
and  BD,  or  to  AB  and  BC,  the  two  sides  -^ 
AB  and  BC  are  together  greater  than  the  third  AC  *. 

Cor.  By  an  extension  of  this  proposition,  it  may  be  shown 
that  a  straight  line  is  the  shortest  line  which  will  connect  twa 
points  f . 

PROP.  XVI.    THEOR. 

The  difference  between  two  sides  of  a  triangle  isr 
less  than  the  third  side* 

Let  the  side  AC  be  greater  than  AB,  and  from  it  cut  off 
a  part  AE  equal  to  AB ;  the  remainder  EC 
is  less  than  the  third  side  BC. 

For  the  two  sides  AB  and  BC  are  toge- 
flier  greater  than  AC  (1. 15.) ;  take  away  the    a^  s  ^  ^ 

equal  lines  AB  and  AE,  and  there  remains  BC  greater  than 

EC,  or  EC  is  less  than  BC  J. 

t 

PROP.  XVII.    THEOR. 

Two  straight  lines  drawn  to  a  point  within  a  triangle 
from  the  extremities  of  its  base^  are  together  less  than 
the  sides  of  the  triangle,  but  contain  a  greater  angle. 

The  straight  lines  AD  and  CD,  projected  to  a  point  D 
within  the  triahgle  ABC  from  the  extrehiities  of  the  base  AC, 
are  together  less  than  the  sides  AB  and  CB  of  the  triangle, 
but  contain  a  greater  angle. 

For  produce  AD  to  meet  CB  in  E.  The  two  sides  AB 
and  BE  of  the  triangle  ABE  are  greater  than  the  third  side  AE 
(L  15.)  5  add  EC  to  each,  and  AB,  BE,  EC,  or  AB  and  BC, 


*  See  Note  IF.  t  See  Note  V.         J  See  Note  VI. 
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are  greater  th^n  A£  and  EC.    But  the  sides  CE  and  ED 
of  the  triangle  DEC  are  (I.  15.)  greater  than  ^ 

DC,  and  consequently  CE,  ED,  together  with 
DA,  or  CE  and  EA,  are  greater  than  CD       /  -Q^ 


and  DA.     Wherefore  the  sides  AB  and  BC, 
being  greater  than  AE  and  EC,  which  aro  ^u  c 

themselves  greater  than  AD  and  DC,  must  be  still  great- 
er than  AD  and  DC,  or  the  lines  AD  and  DC  are  less  than 
AB  and  6C,  the  sides  of  the  triangle* 

Agdn,  the  angle  ADC,  being  the  exterior  angle  of  the 
triangle  DCE,  is  greater  than  DEC  (1,^  8.) ;  and,  for  the  same 
reason,  DEC  is  greater  than  ABE,  the  opposite  intericM*  angle 
of  the  triangle  EAB.  Consequently  ADC  is  still  greater  than 
ABE  or  ABC."^ 

PROP.  XVIII.    THEOR. 

If  straight  lines  be  drawn  from  the  same  point  to 
another  straight  line,  the  perpendicular  is  the  short- 
est of  them  all ;  the  lines  equidistant  from  it  on  both 
sides  are  equal ;  and  those  more  remote  are  greater 
than  such  as  are  nearer. 

Of  the  straight  lines  CG,  CE,  CD,  and  CF  drawn  from  a 
given  point  C  to' the  straight  line  AB,  the  perpendicular  CD 
i^  the  least,  the  equidistant  lines  CE  and  CF  are  equal,  but 
the  r<»noter  line  CG  is  greater  than  either  of  these  two. 

For  the  right  angle  CDE,  which  is  equal  to  CDF,  is  (I.  8.) 
greater  than  the  interior  angle  CFD  of  the  triangle  DCF,  and| 
consequently  the  oj^osite  side  CF 
is  (I.  14.)  greater  than  CD,  or  y 
CD  is  lesi^  than  CF. 

But  a  straidbt  line  drawn  of  a 

A"  C 

determinate  length  from  C  to  AB, 
may  have  two  positions ;  for,  if  CE  be  supposed  to  turn  about 
the  point  C,  the  angle  CEA  will  (I.  8.)  continually  decrease, 
till,  passing  from  obtuse  to  acute^  it  becomes  ei][ual  to  CEF> 
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and  then  forms  (I.  12.)  the  isoscbles  triangle  ECF. — Beeaufle 
ED  then  is  by  hypothesis  equal  to  FD,  CD  common  to  the  two 
triangles  ECD  and  FCD,  and  the  contained  angles  CDE  and 
CDF  equal ;  these  triangles  (I.  3.)  are  equal,  and  consequent- 
ly their  bases  CE  and  CF  are  equaL 

Again,  because  GCD  is  a  right  angled  triangle,  the  angle 
CGD  or  CGE  is  lunite  (I.  10.),  and,  for  the  same  reason,  the 
angle  CED  of  the  triangle  CDE  is  acute,  and  consequently  ita 
adjacent  angle  CEG  is  obtuse.  Wherefore  CEG  is  still  greal- 
er  than  CGE,  and  the  opposite  side  CG  greater  (1. 14.)  than 
CE. 

Cor,  Hence  only  a  sipgle  perpendicular  CD  can  be  let&U 
from  the  same  point  C  upon  a  given  straight  line  AB ;  and 
hence  also  a  pair  only  of  equal  straight  lines  greater  than  CD 
can  at  once  be  extended  from  C  to  AB,  making  on  the  same 
sidei,  the  one  an  obtuse  angle  CEA,  and  the  other  an  acute 
angle  CFA. — As  the  term  distance  signifies  the  shortest  road, 
fhe  distance  between  two  points  is  the  straight  line  which  joins 
them  ;  and  the  distance  from  a  point  to  a  straight  line,  is  tb^ 
perpendicular  let  fall  upon  it. 

PROP.  XIX.    THEOR. 

If  two  sides  of  one  triangle  be  respectively  equal  to 
|:hose  of  another,  but  contain  a  greater  angle;  the  base 
also  of  the  former  will  be  greater  than  that  of  the  lat- 
ter. 

In  the  triangles  ABC  and  DEF,  let  the  sides  AB  and  BC 
be  equal  to  DE  and  EF,  but  the*  angle  ABC  greater  than 
DEF^  then  is  the  base  AC  greater  than  DF. 

For,  suppose  AB  one  of  the  sides  to  be  not  greater  than 
BC  or  EF,  and  (I.  4-.)  draw  BG  equal  to  EF  making  an 
angle  ABG  equal  to  DEF,  join  AG  and  GC. 

Because  AB  and  BG  are  equal  to  DE  and  EF,  and  the 
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:eontained  angle  AB6  is  equal  to  DEF ;  the  triangles  ABG 
and  DEF  (I.  3.)  are  equal,  and  have  equal  bases  AG  and  DF« 

First,  let  the  triangles,  ABC  and  DEF  be  isosceles.    Since 
the  side  AB  is  equal  to  BC,  the 
angle  BAG  (I.  11.)  is  equal  to 
BCA ;  but  (1. 8.),  the  angle  BHC 
is  greater  than  BAH  or  BCH, 

and  consequently  (1. 14.)  the  side  Gr        c  "P^ 

BC  or  B6  is  greater  than  BH,  or  the  pcHnt  6  lies  beyond  H. 

Next,  suppose  the  side  BC 
or  EF  to  be  greater  than  AB 
or  DE.  Wherefore  (I.  13.) 
the  angle  BAC  is  greater  than 
BCA;  but  (I.  8.)  the  exterior 
angle  BHC  of  the  triangle 
ABHis  greater  than*  Bah  or 
BAC,  and  hence  still  greater  than  BCA  or  BtH;  consequent* 
ly  the  side  BC  or  EF  is  (I.  14.)  greater  than  BH. 

In  every  ca^e,  therefore,  the  point  G  must  lie  below  the 
base  AC.  But  the  triangle  GBC  being  evidently  isosceles,  its 
'angles  BGC  and  BCG  (1. 11.)  are  equal.  'Whende'the  angle 
AGC,  being  greater  than  BGC  or  BCG,  which  a^ain  is  great- 
er than  ACG,  must  be  still  greater  than  ACG ;  and  therefore 
the  opposite  side  AC  is  (I.  14.)  greater  than  AG  or  DF  *. 

PROP.  XX.    THEOR. 

If  two  sides  of  one  triangle  be  respectively  equal 
to  those  of  another,  but  stand  on  a  greater  base ;  the 
angle  contained  by  the  former  will  lie  likewise  great- 
er than  what  is  contained  by  the  lattert 

Let  the  triangles  ABC  and  DEF  have  the  si^es  AB  and 
BC  equal  to  DE  and  EF,  but  the  base  AC  greater  than  DF  $ 
the  vertical  angle  ABC  is  greater  than  DEF. 

•  See  Note  VII. 
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For  if  ABC  be  not  greater  than  the  angle  DEF,  it  must  ei- 
ther be  equal  or  less.  But  it  cannot 
be  equal  to  DEF,  for  the  sides  AB, 
Bio  being  then  equal  toDE,  EF,  and 
containing  equal  angles,  the  base 
AC  would  (I.  3.)  be  equal  to  DF, 
which  ii  contrary  to  the  hypothesis.  Still  more  absurd  it  would 
be  to  suppose  the  angle  ABC  less  than  DEF,  since  the  triangles 
BAC  and  EDF,  having  their  sides  AB,  BC  equal  to  DE,  EF, 
but  the  contained  angle  ABC  less  than  DEF,  or  DEF  greater 
than  ABC,  the  base  DF  would,  from  the  preceding  proposi- 
tion, be  greater  than  AC,  or  AC  would  be  less  than  DF  *. 

PROP.  XXI.    THEOR. 

Two  triangles  are  equal,  which  have  two  angles 
and  a  corresponding  side  in  the  one  respectively 
equal  to  those  in  the  other. 

Let  the  triangles  ABC  and  DEF  have  the  angle  BAC  equal 
to  EDF,  the  angle  BC  A  to  EFD,  and  a  side  of  the  one  equal 
to  a  side  of  the  other,  whether  it  be  interjacent  or  opposite  to 
those  equal  angles ;  the  triangles  will  be  equal. 

First,  let  the  equal  sides  be  AC  and  DF,  which  are  interja- 
cent to  the  equal  angles  in  both  triangles. — Apply  the  triangle 
ABC  to  DEF ;  the  point  A  being  laid  on  D,  and  the  straight 
line  AC  on  DF,  the  other  extremities  C  and  F  must  coincide, 
since  those  lines  are  equal.  And  be- 
cause the  angle  BAC  is  equal  to  EDF, 
and  the  side  AC  is  applied  to  DF,  the 
other  side  AB  must  lie  along  DE ;  and 
for  the  same  reason,  the  angles  BCA  ^  C  £" 

and  EFD  being  equal,  the  side  CB  must  lie  along  FE.  Where- 
fore the  point  B,  which  is  common  to  both  the  lines  AB  and 
CB,  will  be  found  likewise  in  both  DE  and  FE  j  that  is,  it 


•  See  Noie  VUL 
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must  fall  upon  the  corresponding  vertex  E.  The  two  triangles 
ABC  and  DEF,  thus  adapting,  are  hence  entirely  equal. 

Next,  let  the  equal  sidfes  be  AB  and  DE,  which  are  oppo- 
site to  the  equal  angles  BCA  and  EFD.    The  triangle  ABC 
being  laid  on  DEF,  the  sides  AB  and  AC  of  the  angle 
BAG  will  apply  to  DE  aiid  DF,  the 
sides  of  the  equal  angle  EDF ;  and 
since  AB  is  equal  to  D£)  the  points 
B  and  E  mu3t  coincide  5  but,  by  hy- 
pothesis, the  angles  BCA  and  EFD 
being  equal,  BC  must  adapt  itself  to 

EF,  for  otherwise  one  of  those  angles  becoming  exterior, 
would  (I.  8.)  be  greater  than  the  other.  Whence  the  triangles 
ABC,  DEF  af  e  entirely  coincident,  and  have  those  sides  equal 
which  subtend  equal  angles. 

IPROP.  XXII.    THEOR. 

Two  triangles  are  equ^l,  which,  being  of  the  same 
afiection,  have  two  sides  and  an  opposite  angje  in 
the  one  equal  to  those  in  the  other. 

Let  the  triangles  ABC  and  DEF  have  theiside  AB  equal  to 
DE,  BC  to  EF,  and  the  angles  BAC,  EDF,  opposite  to  BC, 
EF,  also  equal  5  the  triangles  themselves  are  equal,  if  both  the 
angles  BCA  and  EFD  be  right,  or  acute,  or  obtuse. 

For,  the  triangle  ABC  being  applied  to  DEF,  the  angle  BAC 
will  adapt  itself  to  EDF,  since  they  are  equal ;  and  the  point 
B  must  coincide  with  E,  because  the  side  AB  is  equal  to  DE» 
But  the  other  equal  sides  BC  and  EF,  now  stretching  from  the 
same  point  £  towards  DF,  must  likewise    •         j^  ^ 

coincide ;  for  if  the  angle' at  C  or  F  be 
right,  there  can  exist  no  more  than  one 
perpendicular  EF  (I.  18.  cor.)  and,  in  ^  ^^  ^ 

like  manner,  if  this  angle  at  F  be  either  obtuse  or  acute,  the 
line  EF,  which  forms  it^  can  have  only  one  corresponding  por 
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fiition — Whence^  in  each  of  these  three  cases,  the  triai^^ 
ABC  admits  of  a  perfect  adaptation  with  D£F  *• 

PROP.  XXm.    THEOR. 

If  a  straight  line  fall  upon  two  parallel  straight 
lines,  it  will  make  the  alternate  angles  equal,  the  ex- 
terior angle  equal  to  the  interior  opposite  one,  and 
the  two  interior  angles  on  the  same  side  together 
equal  to  two  right  angles. 

Let  the  straight  line  EFG  fall  upon  the  parallels  AB  and 
CD  i  the  alternate  angles  AGF  and  DF6  are  equal,  the  ex- 
terior angle  EFC  is  equal  to  the  interior  angle  EGrA,  and  the 
interior  angles  CFG  and  AGF,  or  FGB  and  GFD,  are  toge- 
ther equal  to  two  right  angles. 

For  suppose  the  straight  Une  EFG,  produced  both  ways 
from  F,  to  turn  about  that  point  in  the  direction  BA ;  it 
win  first  cut  the  extended  line  AB  towards  A,  and  will  in  its 
progress  afterwards  meet  the  same  line  on  the  other  side  to- 
wards B.  In  the  position  IFH,  the  angle  EFH  is  the  exte- 
rior angle  of  the  triangle  FHG,  and  therefore  greater  than 

FGH  or  EGA  (I.  8.)     But  in  the  last  position  LFK,  the 

* 

exterior  angle  EFL  is  'equal  to  its  vertical  angle  GFK  in  the 

triangle  FKG,  and  to  which  the  angle 

FGA  is  exterior ;  consequently  (I.  8.) 

FGA  is  greater  than  EFL,  or  the  angle 

EFL  is  less  than  FGA  or  EGA.  When 

the  incident  line  EFG,  therefore,  meets 

AB  above  the  point  G,  it  makes  an 

angle  EFH  greater  than  EGA ;  and 

when  it  meets  AB  below  that  point,  it 

makes  an  angle  EFL,  which  is  less  than   ^'       '^ 

(he  same  angle.     But  in  passing  through  all  the  degrr 


♦  See  Note  IX, 
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greater  to  less,  a  varying  magnitude  must  evidently  rencoun- 
ter^  as  it  proceeds,  the  single  intermediate  limit  of  equality. 
Wherefore,  there  is  a  certain  portion,  CD,  in  which  the  line 
revolving  about  the  point  F  makes  the  exterior  angle  EFC 
equal  to  the  interior  EGA,  and  at  the  same  time  meets  AB 
neither  towards  the  one  part  nor  the  other,  or  is  parallel  to  it 

And  now,  since  EFC  is  proved  to  be  equal  to  EGA,  and 
is  also  equal  to  the  vertical  angle  GFD  s  the  alternate  angles 
FGA  and  GFD  are  equal.  Again,  because  GFD  and  FGA 
are  equal,  add  the  angle  FGB  to  each,  and  the  two  angles 
GFD  and  FGB  are  equal  to  FGA  and  FGB ;  but  the  angles 
FGA  and  FGB,  on  the  same  side  of  AB,  are  equal  to  two 
right  angles,  and  consequently  the  interior  angles  GFD  and 
FGB  are  likewise  equal  to  two  right  angles. 

Car*  Since  the  position  CD  is  individual,  or  that  only  one 
straight  line  can  be  drawn  throu^  the  point  F  parallel  to 
AB,  it  follows  that  the  converse  of  the  proposition  is  likewise 
true,  and  that  those  three  properties  of  parallel  lines  are  criteria, 
Sot  distinguishing  parallels  *• 

PROP.  XXIV.    PROB. 

Through  a  given  point,  to  dravy^  a  straight  Un^  pa- 
rallel to  a  given  straight  line. 

To  draw,  through  the  point  C,  a  straight  line  parallel  to  AB. 

In  AB  take  any  point  D,  join  CD,  and       c 
at  the  point  C  make  (L  4.)  an  angle  DC£ 
equal  to  CDA ;  CE  is  parallel  to  AB.  ^  ^        ^ 

For  the  angles  CDA  and  DCE,  thus  formed  equal,  are  the 
alternate  angles  which  CD  makes  with  the  straight  Unes  CE 
and  AB,  and,  therefore,  by  the  corollary  to  the  last  proposin 
tion,  these  lines  are  parallel 


♦  See  Note  X. 
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PROP.  XXV.    THEOR. 

Parallel  lines  are  equidistant,  and  equidistant 
straight  lines  are  parallel. 

The  perpendiculars  EG,  FH,  let  fall  from  amy  points  E,  F 
in  the  straight  line  AB  upon  its  parallel  CD,  are  equal;  and 
if  these  perpendiculars  be  equal,  the  straight  lines  AB  and  CD 
are  parallel. 

For  join  EH :  and  because  each  of  the  interior  angles  EGH 
and  FHG  is  a  right  angle,  they  are  together  equal  to  two 
right  angleS)  and  consequently  the  perpendiculars  £6  and  FIf 
are  (1.23.  cor.)  parallel  to  each  others   A       E  F         B 

wherefore  (1.23.)  the  alternate  an^es 
HEG  and  EHF  are  equal.  But, 
EF  being  parallel  to  GH,  the  alter-  ^  G-^~  H  I> 
nale  angles  EHG  and  HEF  are  likewise  equal ;  and  thus  the 
two  triangles  HGE  and  HFE,  having  the  angles  HEG  and 
EHG  respectively  equal  to  EHF  and  HEF,  and  the  side  EH 
common  to  both,  are  (L  21.)  equal,  and  hence  the  side  EG  is 
equal  to  FH. 

Again,  if  the  perpendiculars  EG  and  FH  be  equal,  the  two 

triangles  EGH  and  EFH,  having  the  side  EG  equal  to  FH, 

♦  

EH  common,  and  the  contained  angle  HEG  equal  to  EHF, 
are  (I.  3.)  equal,  and  therefore  the  angle  EHG  equal  to  HEF> 
and  (I.  23.)  the  straight  line  AB  parallel  to  CD.. 

PROP.  XXVL    THEOR 

The  opposite  sides  of  a  rhomboid  are  parallel. 

If  the  opposite  sides  AB,  DC,  and  AD,  BC  of  the  quadrl-r 
lateral  figure  ABCD  be  equal,  they  are  also  parallel^ 
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tV)>jomAC.  And  because  AB  is  equal  to  DC,  BC  to  AD, 
and  AC  is  common ;  the  two  triangles 
ABC  and  ADC  are  (I.  2.)  equal.  Con- 
sequently the  angle  ACD  is*  equal  to 
CAB,  and  the  side  AB  (L  23.  cor.)  ^ 
parallel  to  CD ;  and,  for  the  same  reason,  the  angle  CAD  is 
equal  to  ACB,  whence  the  side  AD  is  parallel  to  BC. 

Cor.  Hence  the  angles  of  a  square  or  rectangle  are  all  of 
them  right  angles;  for  the  opposite  sides  being  equal,  are  pa- 
r^lel ;  and  if  the  angle  at  A  be  right,  the  other  interior  one 

* 

at  B  is  also  a  right  angle  (I.  25.),  and  consequently  the  angles 
at  C  and  D,  opposite  to  these,  are  right. 

PROP.  XXVII.    THEOR. 

The  opposite  sides  and  angles  of  a  parallelogram 
are  equal. 

Let  the  quadrilateral  figure  ABCD  have  the  sides  AB,  BC 
parallel  to  CD,  AD ;  these  are  respectively  equal,  and  so  are 
the  opposite  angles  at  A  and  C,  and  at  B  and  D. 

For  join  AC.  Because  AB  is  parallel  to  CD,  the  alternate 
angles  BAC  and  ACD  are  (I.  25.)  equal ;  and  since  AD  is 
parallel  to  BC,  the  alternate  angles  ACB  and  CAD  are  like- 
wiste  equal.  Wherefore  the  triangles 
ABC  and  ADC,  having  the  angles 
CAB  and  ACB  equal  to  ACD  and 
CAD,  and  the  inteijacent  ^ide  AC  ^ 
common  to  both,  are  (I.  21.)  equal.  Consequently,  the  side 
AB  is  equal  to  CD,  and  the  side  BC  to  AD ;  and  these  op- 
posite sides  being  thus  equal,  the  opposite  angles  (1. 26.)  must 
also  be  equal* 

Cor,  Hence  the  diagonal  divides  a  rhomboid  or  parallelo- 
gram into  two  equal  triangles.  Hence  also  an  oblong  is  a 
rectangular  parallelogram  5  for  if"  the  angle  at  A  be  right,  the 
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opposite  angle  at  C  is  right,  and  the  remaining  angles  at  B 
and  D,  being  equal  to  each  other  and  to- two  right  angles, 
most  be  right  angled. 

PROP.  XXVIII.    THEOR. 

If  the  parallel  sides  of  a  trapezoid  be  equal,  the 
other  sides  are  likewise  equal  and  parallel. 

Let  the  sides  AB  and  DC  be  equal  and  parallel ;  the  sides 
AD  and  BC  are  themselves  equal  and  parallel. 

For  join  AC.  -Because  AB  is  parallel  to  CD,  the  alternate 
angles  CAB  and  ACD  are  (I.  23.)  equal ;  and  the  triangles 
ABC  and  ADC,  having  the  side  AB  equal  to  CD,  AC  com- 
mon to  both,  and  the  contained  angle  ^ 
CAB  equal  to  ACD,  are,  therefore,  equal 
(I.  3.)  Whence  the  side  BC  is  equal  to 
AD,  and  the  angle  ACB  equal  to  CAD ; 

* 

but  these  angles  being  alternate,  BC  must  also  be  parallel  to 
AD  (I.  23.  cor.) 

PROP.  XXIX.    THEOR.  ' 

The  diagonals  of  a  rhomboid  mutually  bisect  each 
other. 

If  the  diagonals  of  the  rhomboid  ABCD  intersect  each  other 
in  E ;  the  part  AE  is  equal  to  CE,  and  DE  to  BE. 

For  because  a  liiomboid  is  also  a  parallelogram  (1. 26.),  the 
alternate  angles  BAC  and  ACD  are  equal  (I.  23.)  and  like^ 
wise  ABD  and  BDC.     The  triangles  ^ 
AEB^  and  CED,  having  thus  the  angles 
BAE,  ABE  respectively  equal  to  DCE       \^^^K' 
and  CDE,  and  the  interjacent  sides  AB         ^  ^^ 

and  CP  equal,  are  (L  21.)  wholly  equal.     Wherefore  AE.is 
e^ual  to  the  corresponding  side  CE^  and  BE  to  D£. 


--  " 
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Cor.  Hence  the  diagonals  of  a  rectangle  4re  equal  to  each 
other ;  for  if  the  angles  at  A  and  B  were  right  angles,  the 
triangles  DAB  and  CBA  would  be  equal  (I.  3.)  and  conse- 
quently the  base  DB  equal  to  AC. 


PROP.  XXX.    THEOR. 

Lines  parallel  to  the  same  straight  line,  are  paral- 
lel to  each  other. 

If  the  straight  line  AB  be  parallel  to  CD,  and  CD  paralld 
to  EF  5  then  is  AB  parallel  to  EF. 

For  let  a  straight  line  GH  cut  these  lines.      (Jv 

And  because  AB  is  parallel  to  CD,  the 
exterior  angle  GIA  is  ^ual  (I.  25.)  to  the 
interior  GKC ;  and  since  CD  is  pjarallel  to 
EF,  this  angle  GKC  is,  for  the  same  rea- 
son, equal  to  GLE.  Therefore  the  angle  rC 
GIA  is  equal  to  GLE,  and  consequently  AB  is  parallel  to  EF 
(I.  23.  cor.) 


A. 

\               ^ 

c 

\k        I> 

V     X 

PROP.  XXXI.    THEOIt 

Straight  lines  drawn  parallel  to  the  sides  of  an 
angle,  contain  an  equal  angle.. 

If  the  straight  lines  AB,  AC  be  parallel 
to  DE,  DF^  the  angle  BAC  is  equal  to 
EDF. 

For  draw  the  straight  line  GAD  through 
the  vertices.  And  since  AC  is  parallel  to 
DF,  the  exterior  angle  GAC  is  (I.  2S.) 
equal  to  GDF ;  and,  for  the  same  reason, 
GAB  is  equal  to  GDE  i  there  consequently  re;mains  the  angle 
BAC  equal  to  EDF.     ^ 


I 
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PROP.  XXXII.    THEOR. 

An  exterior  angle  of  a  triangle  is  equal  to  both 
its  opposite  interior  angles,  and  all  the  interior  angles 
of  a  triangle  are  together  equal  to  two  right  angles. 

The  exterior  angle  BCD,  formed  by  the  productionof  the  side 
AC  of  the  triangle  ABC,  is  equal  to  the  two  opposite  interior 
angles  CAB  and  CB A,  and  all  the  interior  angles  CAB,  CBA 
and  BC  A  of  the  triangle  are  together  equal  to  two  right  angles. 

For,  through  the  point  C,  draw  (I.  240  ^he  straight  line 
C£  parallel  to  AB.  And,  AB  being  parallel  to  C£,  the  inte- 
rior angle  BAC  is  (I.  23.)  equal  to  the  exterior  one  ECD  ; 
and,  for  the  same  reason,  the  alternate  angle  ABC  is  equal  to 
BCE.  Wherefore  the  two  angles  CAB  and 
ABC  are  equal  to  DCE  and  ECB,  or  to 
the  whole  exterior  angle  BCD.  Add  to 
each  the  adjacent  angle  BCA  ;  and  all 
the  interior  angles  of  the  triangle  ABC  are 
together  equq,l  to  the  angles  BCD  and  BCA  on  the  same  side 
of  the  straight  line  AD,  that  is,  to  two  right  angles. 

Cor.  1.  Hence  the  two  acute  angles  of  a  right  angled  tri- 
angle are  together  equal  to  one  right  angle  •,  and  hence  each 
angle  of  an  equilateral  triangle  is  two  third  parts  of  a  right 
angle.  ""x 

Cor.  2.  Hence  if  a  triangle  bg.ve  its  exterior  angle,  anid  one 
of  its  opposite  interior  aiigles,  double  of  those  in  another  tri- 
angle ^  its  remaining  opposite  interior  angle  will  also  be  double 
•f  the  corresponding  angle  in  the  other  *. 


♦  See  Note  XL 
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PROP.  XXXm.    THEOR. 

The  angles  round  any  rectilineal  figure  are  toge- 
ther equal  to  twice  as  manyiight  angles  {abating  four 
from  the  result)  as  the  figure  has  sides. 

For  assume  «  point  O  within  the  figure,  and  draw  strught 
lines  OA,  OB,  OC,  OD,  and  OE,  to  the  several  corners.  It 
is  obvious,  that  the  figure  is  thus  resolved  into  as  many  tri- 
angles as  it  has  sides,  and  whose  collected  ^B/ 
angles  must  be  therefore  equal  to  twice  as 
many  right  angles.  But  the  angles  at  the 
bases  of  these  triangles  constitute  the  in- 
ternal angles  of  the  figure.  Consequently, 
from  the  whole  amount  there  is  to  b6  deducted  the  vertical 
angles  about  the  point  O,  and  which  are  (Def»  4.)  equal  to 
four  right  angles. 

Car.  Hence  all  the  angles  of  a  quadrila^teral  figure  are  equal 
to  four  right  angles,  those  of  a  pentelateral  figiire  equal  to  six 
right  angles,  and  so  forth ;  increasing  the  amount  by  two 
right  angles,  for  each  additional  side. 

PROP.  XXXIV.    THEOR. 

TTie  exterior  angles  of  a  rectilineal  figure  are  to- 
gether equal  to  fi^ur  right  angles. 

ITie  exterior  angles  DEF,  CDG,  BCH,  ABI,  and  EAK  of 
the  rectilineal  figure  ABCDE  are  taken  together  equal  to  four 
right  angles. 
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For  each  exterior  angle  DEF,  with  its  adjacent  interior  one 
AED,  is  equal  to  two  right  ai]^^*^  > 
All  the  exterior  anglesi,  therefore, 
added  to  the  interior  anglesi  dre 
equal  to  twice  as  many  riglit 
angles  as  the  figure  has  sided* 
Consequentljr  the  exterior  angles 
Itre  e^ual  to  the  four  right  angles 
which^  by  the  last  ProppsitioUi 
were  abated,  to  form  the  aggre-* 
gate  of  the  interior  angles. 

Cor.  If  the  figure  has  a  re-entirmit  angle  BCD^  the  angle 
BCK  which  occurs  in  place  of 
an  exterior  angle,  must  be  taken 
away  in  forming  the  amount ;  for 
the  corresponding  interior  a^gle 
BCD,  in  this  case,  exceeds  two 
right  angles,  by  BCK.  Hence 
the  angles  ElFG,  DEH,  CDI, 
ABL,  FAM,diminished  by  BCK, 
are  equal  to  four  right  angles. 


PROP.  XXXV.    THEOR. 

If  the  opposite  angles  of  a  quadrilateral  figure  be 
equal,  its  opposite  sides  will  be  likewise  equal  and 
parallel. 

In  the  quadrilateral  figure  ABCD,  let  the  angle  at  B  be 
equal  to  the  opposite  one  at  D,  and  the  angle  at  A  equal  to 
that  at  C ;  the  sides  AB  and  BC  are  equal  and  parallel  to 
DC  and  DA« 


.^  -  ■^— 
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For  all  the  angles  of  the  figure  being  equal  to  four  right 
angles  (I.  33.  cor*)>  and  the  of^oeite 
angles  being  mutually  equal,  each  ^ 

pair  of  ac^acent  aiigles  must  be  equal         X 
to  two  right  angles.  Wherefore  ABC     j[ 
and  BCD  are  .  equal  to   two  right 

angl^,  and  the  lines  AB  and  DC  (I.  23.  cor.)  parallel ',  for 
the  same  reason,  ABC  and  BAD  being  together  equal  to  two 
right  angles,  the  sides  BC  and  AD,  which  limit  them,  are  pa- 
raUeL     But  (1. 27.)  the  parallel  sides  of  the  figure  are  also  equaL 

Cor.  Hence  a  rectangle  has  its  opposite  sides  equal  and  p^ 
rallel. 

PROP.  XXXVI.    PROB, 

To  draw  a  perpendicular  from  the  extremity  of  a 
given  straight  line. 

From  the  point  B,  to  diraw  a  perpendicukr  to  AB,  without 
producing  that  line. 

In  AB  take  jMiy  point  Cj  and  on  BC  (L  1.  cor.)  describe 
an  isosceles  triangle  BDC,  produce  CD  till  DF  equal  it  j  and 
BF  beinjg  joined,  is  the  perpendicular  required. 

For,  since  by  construction  DF  is  equal  to  . 
CD  or  BD,  the  triangle  BDF  is  isosceles, 
and (1.  1 1.)  the  angle  DBF  equat  to  DFB ; 
whence  the  angle  CDB,  being  equal  (1.  <.); 
to. the  interior  angles  DBF  and  DFB,  is  ^ 
double  of  DBF,  or  the  angle  DBF  is  half  of  CDB.  But  the 
triangle  BDC  being  isosceles,  the  angle  CBD  is  equal  to  BCD ; 
consequently  the  angles  DBF  and  DBC  are  the  halves  of  the 
vertical  and  base  angles  of  BDC,  and  therefore  (I.  32.)  the 
whole  angle  CBF  is  the  half  of  two  right  angles,  or  it  is  equal 
to  one  right  angle  *. 


*  SeeNoie  XI f. 
g2 
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PROP.  XXXVII.    PROB. 

On  a  given  finite  straight  line,  to  construct  a 
square.  ^ 

Let  AB  be  the  side  of  the  square  which  it  is  required  to 
construct. 

From  the  extremity  B  draw  (I.  36.) 
BC  perpendicular  to  BA  aud  equal  to 
it)  and,  from  the  points  A  and  C  with 
the  distance  BA  or  BC  describe  two 
circles  intersecting  each  other  in  the* 
point  D,  join  AD  and  CD ;  the  quadri- 
lateral figure  ABCD  is  the  square  requi- 
red. I 

For,  by  this  construction,  the  figure  has  all  its  sides  equal, 
and  one  of  its  angles  ABC  a  right  angle ;  which  comprehends 
the  whole  of  the  definition  of  a  square. 


PROP.  XXXVIII.    PROB. 

To  . Viae  a, vens^gM  «...»,.„.■., 

of  equal  parts. 

Let  it  be  required  to  divide  the  straight  line  AB  into  a  gi- 
ven number  of  equal  parts,  suppose  five. 

From  the  point  A  and  at  any  oblique 
angle  with  AB,  draw  a  straight  line  AC, 
in  which  take  the  portion  AD,  and  re- 
peat it  five  times  fi-om  A  to  C,  join  CB, 
and  from  the  several  points  of  section 
D,  E,  F,  and  G  draw  the  parallels  DH, 
EI,  FK,  and  GL,  (I.  24.),  cutting  AB 
in  H,  I,  K,  and  L :  AB  is  divided  at 
these  points  into  five  equal  parts.    • 
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For  (I.  24.)  draw  DM,  EN,  FO,  and  GP  parallel  to  AB. 
And  because  DH  is  parallel  to  EM,  the  exterior  angle  ADH  is 
equ^  to  DEM  (I.  2S.)  ^  and,  for  the  same  reason,  since  AH 
is  parallel  to  DM,  the  angle  DAH  is 'equal  to  EDM.  Where- 
fore the  triangles  ADH  and  DEM,  having  two  angles  respec- 
tively equal  and  the  interjacent  sides  AD,  DE — are  (I.  21.) 
equal,  and  consequently  AH  is  equal  to  DM.  In  the  same 
manner,  the  triangle  ADH  is  proved  to  be  equal  to  EFN,  to 
FGO,  and  GCP,  and  therefore  their  bases  EN,  FO,  and  GP 
are  ^  equal  to  AH.  But  these  lines  are  equal  to  HI,  IK, 
EL,  and  LB,  for  the  opposite  sfdes  of  parallelograms  are 
equal  (1. 29.).  Wherefore  the  several  segments  AH,  HI,  IK, 
KL,  and  LB,  into  which  the  straight  line  AB  is  divided,  are 
all  equal  to  each  other. 

Scholium.  The  construction  of  this  problem  may  be  facilita- 
ted in  practice,  by  drawing  from  B  in  the  opposite  direction 
a  straight  line  parallel  to  AC,  and  repeating  on  both  of  them 
portions  equal  to  the  assumed  segment  AD,  but  only  four 
times,  or  ope  fewer  than  the  number  of  divisions  required ; 
then  joining  D,  the  first  section  of  AC,  with  the  last  of  its  pa- 
rallel, E  with  the  next,  and  so  on  till  G,  which  connecting 
lines  are  (I.  28.)  all  parallel,  and  consequently  the  former  de- 
monstration still  holds. 
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DEFINITIONS. 


1.  In  a  ri^it-an^ed  triangle,  the  side  lihat  subtends  Ae 
right  angle  is  termed  the  ^potenme  s  either  of  the  sides  which 
contain  it,  the  base  ,•  and  the  other  side,  the  perpendicular. 


2.  The  altitude  of  a  triangle  is  a 
perpendicular  let  fiJl  from  the  vertex 
upon  the  bdfie  or  its  extension. 


3.  The  altitude  of  a  trapezoid  is  the  per-  ' 

pendicular  drawn  from  one  of  its  parallel     /  \. 

sides  to  the  other. 


4.  The  c&mplements  of  rhomboids  about  the  diagonal  of  a 
rhomboid,  are  the  spaces  required  to  complete         

the  rhomboid ;  and  the  defect  of  each  rhom-     /Z^^^^^/if 
bold  from  the  whole  figure,  is  termed  a    ^"^^ — ^ — 
gnomon. 

5.  A  rhomboid  or  rectangle  is  said  to  be  contained  by 
any  two  adjacent  sides. 

A  rhomboid  is  often  indicated  oierely  by  the  two  letters  placed 
at  opposite  corners. 
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PROP.  I.    THEOR. 

Triangles^  which  have  the  same  altitude,  and  stand 
on  the  same  base,  are  equivalent. 

The  triangles  ABC  and  ADC  which  stand  on  the  same  base 
AC  and  have  the  same  altitude,  contain  equal  spaces. 

For  Join  the  vertices  B>  D  by  a  straight  line,  which  pro- 
duce both  ways ;  and  from  A  draw  AE  (I.  24.)  parallel  to 
CB,  and  from  C  draw  CF  parallel  to  AD. 

Because  the  triangles  ABC,  ADC  have  the  same  altitude, 
the  straight  line  EF  is  parallel  to  AC  (I.  25.),  and  consequent- 
ly  the  figures  CE  and  AF  are  parallelo- .  \  ■  ^^  P        .   f 

grams.  Wherefore  EB,  being  equal 
to  AC  (1. 27.),  which  is  equal  to  DF,  is 
itself  equal,  to  DF.   Add  BD  to  each,  aI  c 

and  ED  is  equal  to  BF ;  but  EA  is  equal  to  BC  (1. 27.),  and 
the  interior  angle  AED  is  equal  to  the  ^xteriqr  angle  CBF 
(I.  23.).  Thus  the  two  triangles  EDA,  BFQ  have  the  sides 
ED,  EA  equal  to  BF,  BC,  and  the  contained  angle  AED  equal 
to  CBF,  and  are  therefor^  equal  (I.  3.),  Tajke  these  equal  tri- 
angles CBF  ai^  EDA  from  the  whole  quadrilateral  space 
AEFC,  and  there  remains  the  rhomboid  AEBC  equivalent  to 
ADFC.  Wlience  the  triangles  ABC  and  ADC,  which  are  the 
halves  of  these  rhomboids  (1. 27.  cor.),  are  likewise  equivalent. 

Cor.  Hence  the  rhpmboids  on  the  same  base  and  betweai 
the  same  parallels,  are  equivalent. 

PROP.  II.    THEOR. 

Triangles  which  have  the  same  altitude  and  stand 
on  equal  bases,  are  equivalent. 

The  triangles  ABC,  DEF,  standing  on  equal  bases  AC  and 
DF  and  having  the  same  altitude,  contain  equal  spaces. 
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For  let  the  bases  AC,  DF  be  placed  in  the  same  straight 
lme»  join  BE,  and  produce  it  both  ways,  draw  AG  and  DH 
parallel  to  CB  and  FE  (I.  24.),  and  join  AH,  CK 

Because  the  triangles  ABC,  DEF  are  of  equal  altitude,  GE 

/  0 

is  parallel  to  AF  (I.  25. ),  and  GC,  HF  are  parallelc^ains. 
But  AC,  bemg  equal  to  DF,  and  DF  G        B        k         je 
equal  (I.  27.)  to  HE,- JiiW  also  be 
equal  to  HE,  and  therefore  (I.  28.) 

AE  is  a  rhomboid  or  parallelogram.  A  C  JO  i 
'Whence  the  rhomboid  GC  is  equivalent  to  AE  (II.  1 .  cor.)j  and 
this  again  is,  for  the  same  reaspn,  equivalent  to  HF  i  conse^ 
quently  GC  is  equ^  to  HF,  and  therefore  their  halves  or 
(I.  27.  cor.)  the  triangles  ABC  and  DEF  are  equivalent. 

Cor.  Hence  rhomboids  on  equal  bases  and  between  the 
same  parallels,  are  equivalent. 

PROP.  III.    THEOR. 

Equivalent  triangles  on  the  same  or  equal  bases^ 
have  the  same  altitude. 

If  the  triangles  ABC  and  ADC,  standing  on  the  same  base 
AC,  contain  equal  spaces,  they  have  the  same  altitude,  or  the 
straight  line  which  joins  their  vertices  is  parallel  to  AC. 
.     For  if  BD  be  not  parallel  to  AC,  draw  the  parallel  BE  meet* 
ing  AD  or  that  side  produced,  in  E,  and  join  CE. 

Because  BE  is  made  parallel  to  AC,  the  triangle  ABC  is 
(II.  1.)  equivalent  to  AEC ;  but  ABC  is   ^  p 

by  hypothesis  equivalent  to  ADC,  and  there- 
fore AEC  is  equivalent  to  ADC,  which  is 
absurd.  The  supposition  then  that  BD  is 
not  parallel  to  AC,  involves  a  contradiction. 

The  same  mode  of  demonstration,  it  is  obvious,  will  apply  in 
the  case  where  the  equivalent  triangles  stand  on  equal  bases. 

Cor.  Hence  equivalent  rhomboids  on  the  same  or  equal 
bases,  have  the  same  altitude. 
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PROP.  IV.    THEOR. 

A  straight  line  bisecting  two  sides  of  a  trian^e, 
is  parallel  to  the  base.  c     ' 

The  straight  line  DE  which  joins  the  middle  points  of  the 
sides  AB  and  BC,  is  parallel  to  the  base  AC  of  the  triangle 
ABC. 

For  join  AE  and  CD.  Because  the  triangles  ADC,  BCD 
stand  on  equal  bases  AD,  DB,  and  have  the  same  vertex  or 
altitude^  they  are  (II.  2.)  equivalent,  and  therefore  ADC  is 
half  of  the  whole  triangle  ABC.  For  the 
same  reason,  since  CE  is  equal  to  EB,  the 
triangle  AEC  is  equivalent  to  AEB,  and  is 
consequently  half  of  the  whole  triangle 
ABC.  Whence  the  triangles  ADC  an^  a]  S^  ^ 
AEC  are  equivalent ;  and  they  stand  on  the  same  base  AC, 
and  have  therefore  the  same  altitude  (IL  S.),  or  D£  is  paral- 
lel to  AC. 

Car.  Hence  the  triangle  DBE  cut  off  by  the  line  DE,  is  the 
fourth  part  of  the  original  triangle.  For  bisect  AC  in  G,  and 
join  DG,  which  is  therefore  parallel  to  BC.  The  triangle  ADG 
is  equivalent  to  GDC  (II.  2.),  and  GDC,  beihg  the  half  of  the 
rhomboid  GE,  is  equivalent  to  DEC,  which  again  is  (II.  2.) 
equivalent  to  DEB.  The  triangle  ABC  is  thus  divided  into 
four  equivalent  triangles,  of  which  DBE  is  one.  Hence  ako 
the  rhomboid  GDEC  is  half  of  the  original  triangle*. 

PROP.  V.    PROB. 

To  find  a  triangle  equivalent  to  any  rectilineal 
figure. 


*  -Six  iNv;/r  A7//. 
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JLet  it  bere(]piired  to  reduce  the  five-sided  figure  ABCDE  to 
a  triangle^  or  to  find  a  triangle  that  shall  coBtain  an  equal  space. 

Join  any  two  alternate  pomts  A%  C»  and,  through  theintet* 
mediate  point  B,  draw  BF  parallel  to  AC>  ranting  either 
of  the  adjoining  sides  AE  or  CD  in  F  ^  which  point)  when  the 
angle  ABC  is  re-entrant  wiU  lie  within  the  figure  i  Jain  CF* 
Again>  join  the  alternate  points  C^  £» 
and  through  the  intermediate  point 
D  draw  the  parallel  DG  to  meet  in  G  //J^  \  \\j> 

either  of  the  adjoining  sides  AE  or 
BC9  and  which,  since  the  angle  CDE 
is  salient,  must  for  that  effect  be  pro-     aTf  k        & 

duced ;  and  join  CG.   The  triangle  FCG  is  equivalent  to  the 
five-sided  figure  ABCDE. 

Because  the  triangles  CFA  and  CBA  have  by  construction 
the  same  altitude  and  stand  on  the  same  base  AC>  'they  are 
(II.  1.)  equivalent  5  take  each  away  from  the  space  ACDE, 
and  there  remains  the  quadrilateral  figure  FCDE  equivalent 
to  the  five-sided  figure  ABCDE*  Again^  because  the  triangles 
CDE  and  CGE  are  equals  having  the  same  altitude  and  the 
same  base ;  add  the  triangle  FCE  to  each,  and  the  triangle 
FCG  is  equivalent  to  the  quadrilateral  figure  FCDE,  and  is 
consequently  equivalent  to  the  original  figure  ABCDE* 

In  this  manner,  any  >  polygon  may,  by  successive  steps,  be 
reduced  to  a  triangle )  for  an  exterior  triangle  is  always  ex- 
changed fi)r  another  equivalent  one,  whic|)»  attaching  itself  to 
either  of  the  adjoining  sides^  coalesces  with  the  rest  of  the 
figure  *. 

PROP.  VI.    PROB. 

A  triangle  is  equivalent  to  a  rhomboid  which  has 
the  s^me  altitude  and  stands  on  half  the  base. 

The  triangle  ABC  is  equivalent  to  the  rhomboid  DEFC, 
which  stands  on  half  the  base  DC,  but  has  the  same  altitude. 

*~S€e  Note  XIK 
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For  join  BD  and  EC.     The  triangles  ABD  and  DBC  ha- 
ving the  same  vertex  and  equal  bases,  are     B  i^        y 
(II.  2,)  equivalent.    But  the  diagonal  EC       VsTx.     /  \     / 
bisects  the  rhomboid  DEFC  (1. 27.  cor.),         \     N^/\\  / 
and  the  triangles  DBC  and  DEC,  ba^          A.      J>      c 
ving  the  same  altitude,  are  equivalent  (II.  1.) ;  consequentlj 
their  doubles,    or  the  triangle  ABC  and  the    rhomboid 
DEFC,  are  equivalent. 

PROP.  VII.     PROB. 

To  construct  a  rhomboid  equivalent  to  a  given  rec- 
tilineal figure,  and  having  its  angle  equal-to  a  given 
angle. 

Let  it  be  required  to  construct  a  rhomboid  which  shall  be 
equivalent  to  a  given  rectilineal  figure  and  contain  an  angle 
equal  to  G. 

Reduce  the  rectilineal  figure  to  an  equivalent  triangle 
ABC  (^11.  5),  bisect  the  base  AC  in  the  point  D  (L  7.),  and 
draw  DE  making  an  angle  CDE  equal  -g 
to  the  given  angle  G  (I.  4.),  through 
B  draw  BF  parallel  to  AC  (I.  24.), 
and  through  C  the  straight  line  CF  a!    7*5        c, 

parallel  to  DE  :  DEFC  is  the  rhomboid  that  was  required. 

For  the  figure  DF  is,  by  construction,  a  rhomboid,  contains 
an  angle  CDE  equal  to  G,  and  is  equivalent  to  the  triangle 
ABC  (II.  6.),  and  consequently  to  the  given  rectilineal  figure. 

PROP.  VIII.    THEOR. 

The  complements  of  the  rhomboids  about  the  dia- 
gonal of  a  rhomboid,  are  equivalent. 

Let  EI  and  HG  be  rhomboids  about  the  diagonal  of  the 
rhomboid  BD ;  their  complements  BF  and  FD  contain  equal 
spaces. 
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Since  the  diagonal  AF  bisects  the  rhomboid  EI  (L  27.  cor.}, 
the  trian^  AEF  is  equivalent  to  AIF ;  and,  for  the  same 
reason,  the  triangle  FHC  is  equivalent  to 
FGrC.  From  the  whole  triangle  ABC  on 
the  one  side  of  the  diagonal,  take  away 
the  two  triangles  AEF  and  FHC ;  and 
from  the  triangle  ADC,  which  is  equal  to  it,  take  away,  on  the 
other  ^de,  the  two  triangles  AIF  and  F6C,  and  there  re*: 
mains  the  jrhomboid  BF  equivialent  to  FD. 

PROP.  IX.    PROB. 

With  a  given  straight  line  to  construct  a  rhom- 
boid equivalent  to  a  given  rectilineal  figure,  and  ha- 
ving an  angle  equal  to  a  given  angle. 

Let  it  be  required  to  construct,  with  the  straight  line  L,  a 
rhomboid,  containing  a  given  space,  and  having  an  angle 
equal  to  K. 

Construct  (II.  7.)  the  rhomboid  BF  equivalent  to  the  given 

m 

rectilineal  figure,  and  having  an  angle  BEF  equal  to  K ;  produce 
EF  until  FG  be  equal  to  L,  through 
G  draw  DGC  parallel  to  EB  and 
meeting  the  extension  of  BH  in  C,  A^-^"'^^/ "  /^ 
join  CF  and  produce  it  to  meet  the.  ^ 
extension  of  BE  in  A ;  draw  AD  parallel  to  EF,  meeting  CG 
in  D,  and  produce  HF  to  I :  FD  is  the  rhomboid  required. 
For  FD  and  FB  are  evidendy  complementary  rhomboids, 
and  therefore  (II.  8.)  equivalent ;  and,  by  reason  of  the  paral- 
lels AE,  IF,  the  angle  FID  is  equal  to  EAI  (I.  23.),  which 
again  is  equal  to  BEF  or  the  given  angle  K. 

PROP.  X.  •  THEOR. 

A  trapezoid  is  equivalent  to  the  rectangle  contain- 
ed by  its  altitude  and  half  the  sum  of  its  parallel  sides. 
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The  trapefedid  AfiCD  ia  eqmvalent  to  tbe  MMtangfe  ctm* 
ttthsied  by  its  ^latiide  and  fadif  the  mm  of  tbepArattriiiilas  BC 
and  AD. 

For  draw  CE  pamflel  ito  AB  (L  S4.),  Useot  ED  (1.  7.}  in 
F,  and  draw  FG  parallel  to  AB,  meeting  the  productioii  of 
BC  in  G. 

Because  BC  is  equal  to  A£  (L  37.),  BC  and  AD  avetoge* 
ther  equal  to  AE  and  AD,  or  to  twice  AE  with  ED,  or  te 
twice  AE  and  twice  EF,  that  is,  to  twice  AF  f  cpnscqucttlijr 
AF  is  half  the  sum  of  BC  and  AD.    "]    fi  c-    Gr 

Wherefore  the  rectangle  contained  by 
the  altitude  of  the  trapezoid  and  half    -A^  !e     ^      1> 

the  sum  of  its  parallel  sides,  is  equivalent  to  the  rhomboid  BF 
(II.  1.  cor.) ;  but  the  rhomboid  EG  is  equivalent  to  the  tri- 
angle ECD  (II.  6.),  add  to  each  the  rhomboid  BE,  and  iii^ 
rhomboid  BF  is  equivalent  to  the  trapezoid  ABCD  *• 

PROP.  XL    THEOR- 

The  square  described  on  the  hypotenuse  of  a  right- 
angled  triangle,  is  equivalent  to  the  squares  of  the 
two  sides. 

Let  ACB  be  a  triangle  which  is  right-angled  at  B ;  the 
square  of  the  hypotenuse  AC  is  equivalent  to  the  two  squares 
ofABandBC. 

For  produce  the  base  BA  until  AD  be  equal  to  the  p^'^ 
pendicular  BC,  and  on  DB  describe  (1. 37.)  the  square  DEFB, 
make  EG  and  FH  equal  to  AD  or  BC,  join  AG,  GH,  and 
HC,  and  through  the  points  A  and  C  (I.  24.)  draw  AL  and 
CI  parallel  to  BF  and  BD. 

Because  the  whole  line  BD  is  equal  to  DE,  and  the  part  of 
it,  AD  equal  to  GE,  the  remainder  AB  is  equal  to  DG; 


•  See  Note  XV. 


BOOK  II. 


47 


vherefeM  (I.  a.)  Uiotritti^ACB  and  AOD  wtt  eqnl,  riinoe 

dHST^lmvedi^wlet  AB^  BC  ^nat  ta  DG,  DA»  and  the  con- 

tained  angle  ABC  equal  to  ADO,  botk  of  these  being  right 

angles*    In  the  same  manner)  it  i»       ^         x.  H  T?" 

provedy^that  the  triangle  ACB  is^qnal 

to  GEH)  and  to  HFC.  Conseqaent- 

fy  the  sides  AG,  AG,  GH,  and  HC 

are  all  equaL    But  the  angle  CAB, 

being  equal  to  A6D,  is  equal  to  the 

alternate  angle  GAL  (I.  23.) ;  iEuld' 

LAC  to  each,  and  the  whole  angle  LAB  or  (I.  97.)  EDB  h 

equal  to  GAC,  which  is  therefore  a  right  angle.     Hence  the 

6gure  AGHC,  having  all  its  sides  equal  and  one  of  its  angles 

right,  is  a  square. 

:^^;aih^^die]4fomb(dds  KB  and  KE  are  evidently  rectan- 

gidi&r }  th^y  0t^  dEso  equal,  bdag  contiuned  by  eqiud'  sides  ; 

mid  einch  oPthem  being  double  of  ihe  original  triaiigte  AOBy 

Hhey  are  toge^v^  equal  to  the  feur  triangles  ACB,  AGD» 

£HG,  anddCF^    Tlie  ether  inscribed  figures  LC  and  I A 

at'e  6bWous)f  the  squares  of  KC  and  AD,  whidi  are  equal  to 

thebase  aiurp^Krpeiklicular  of  die  triangle  ABC.     From  the 

whole  square  DEFB,  therefore,  Uke  away  separately  those 

fourencomj^assingtriangles  with  the  two  inteij^cent  rectan- 

^  KB  attd'KE,  and  the  remainders  must  be  equai;  that  is> 

the  square  AGHC  is  equal  in  space  to  both  the  squares 

ADIK  and  KLFC. 


Oikermse  thus. 


Let  the  triangle  ABC  be  right-angled  at  B ;  the  square 
described  on  the  hypotenuse  AC  is  equivalent  to  BF  and  BI 
the  squares  of  the  sides  AB  and  BC 

For  produce  DA  to  K,  and  through  B  draw  MBL  paralr 
lei  to  DA  (L  24!.)  and  meeting  FG  produced  in  L. 
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Became  the  angle  CAK,  adjacent  to  CAPi  is  a  ri^t 
angle,  it  is  equal  to  B  AF :  Srom  each  take  away  the  'angle 
BAK,  and  there  remains  the 
angle  BAG  equal  to  FAK.  But 
the  angle  ABC  is  equal  to 
AFK,  both  being  right  angles. 
Wherefore  the  triangles  ABC 
and  AFK,  having  thus  two 
angles  of  the  one  respectively 
equal  to  those  of  the  other,  and 
the  interjacent  side  AF  equal 
to  AB,  are  equal  (I.  21.),  and 
consequently  the  side  AC  is 
equal  to  AK.  Hence  the  rect- 
angle or  rhomboid  AM  is  equivalent  to  ABLK  (II.  @.  cor.}, 
since  they  stand  on  equal  bases  AD  and  AK,  and  between  the 
same  parallels  DK  and  ML.  But  ABLK  is  (II.  I.  cor.)  equiva- 
lent to  the  rhomboid  or  square  BF,  for  it  stands  on  the  same 
base  AB  and  between  the  same  parallels  FL  and  AH. 
Wherefore  the  rectangle  AM  is  equivalent  to  the  square  of 
AB.  And  in  like  manner,  by  drawing  MB  to  meet  the  pro- 
duction of  HI,  it  may  be  proved,  that  the  rectangle  CM  is 
equivalent  to  the  square  of  BC.  Consequently  the  whole 
square,  Ai>£C,  of  the  hypotenuse,  contains  the  same  space 
as  both  together  of  the  squares  described  on  the  two  sides  AB 
and  BC  *. 


PROP.  XII.    THEOR. 

If  the  square  of  a  side  of  a  triangle  be  equivalent 
to  the  squares  of  both  the  other  sides,  that  side  sub- 
tends a  right  angle. 

Let  the  square  described  on  AC  be  equivalent  to  the  two 
squares  of  AB  and  BC;  the  triangle  ABC  is  right-angled  at  B. 


*'SceNute  Xf^I. 
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Fm  draw  BD  perpendicular  to  AB  (L  S6.)  and  equal  to 
BC^  and  join  AD. 

Becanfle  BC  is  equal  to  BD,  the  aquare  of  BC  is  equal  to 
the  square  of  BD,  and  consequentty  the  squares  of  AB  and 
BC  are  equal  to  the  squares  of  AB  and  BD.  But  die  squares 
of  AB  and  BC  are»  by  hypothesis,  equivalent 
to  the  square  of  AC  \  and  since  ABD  is,  by 
construction,  a  right  angle,  the  squares  of  AB 
and  BD  are  (IL  11.)  equivalent  to  the  square 
of  AD.  Whence  the  square  of  AC  is  equiva- 
lent to  that  of  AD,  and  the  straight  line  AC 
equal  to  AD.  The  two  triangles  ACB  and  ADB,  hi^viag  aH^ 
&e  ades  in  the  one  respectively  eqpial  to  those  in  the  other^ 
are  therefore  equal  (L  2*),  and  consequently  the  anj^  ABC 
is  equal  to  the  correq)onding  angle  ABD,  that  is,  to  a  rig^ 
angle  *• 

PROP.  XIII.    PROB. 

To  find  the  side  of  a  square  equivalent  to  any 
number  of  given  squares. 

Let  A,  B,  and  C  be  the  sides  of  the  squares,  to  which  it  is 
required  to  find  an  equivalent  square. 

Draw  DE  equal  to  A,  and  from  its  es:tremit|r  E  erect  (1. 36.) 
the  perpendicular  £F  equal  to  B,  join  DF,  and  again  peipeur 
dicular  to  this  draw  FG  equal  to  C,  and  join  DG :  DG  is 
the  side  of  the  square  which  was  required. 

For  because  D£F  is  a  idght-angled  triang^ 
the  square  of  DF  is  equivalent  to  the  squares 
of  D£  and  £F  (IL  1 1.),  or  of  A  and  B.  Add 
the  square  of  FG  or  C,  and  the  squares  of  DF 
snd  FG,  which  are  equivalent  to  the  square  of 
DG  (II.  11.),  are  equivalent  to  the  ag0*egate 
squares  of  A,  B,  and  C.  And  by  thus  repeat* 
ing  the  process,  it  may  be  extended  to  any  nmnber  of  squares. 

♦  See  Note  XVII. 
P 
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^0  SLE2CBNT8  OW  fi^XQMETRY* 

PROP.  XIV.    PROS- 

To  find  the  side  of  a  square  equivalent  to  the  dif- 
ference between  two  given  squares. 

Let  A  and  B  be  the  sides  of  two  squares;  it  is  requured  to 
find  a  square  equivalent  to  dieir  diffiarenee. 

Draw  CD  equal  to  the  smaller  Ime  B,  finom  its  esMmffy 
erect  (I.  S6.)  the  indefinite  perpendicu- 
lar DE,  and  about  the  centre  C  with  a  ..>-4^ 
distance  equal  to  the  greater  Une  A  de- 
scribe a  drele  cutting  DE  in  F :  DF  is 
the  side  of  the  squmre  required. 

For  join  CF.   The  triangle  CDF  be- 
ing right-angled,  the  square  of  the  hy* 
potenuse  CF  is  equivalent  to  the  squares 
of  CD  and  DF  (II.  11 .),  and  consequent* 
}y  taking  the  square  of  CD  firoml)oth,  the  excess  of  the  supiare 
of  CF  above  that  of  CD  is  equivalent  to  the  square  of  DF, 
or  the  square  of  DF  is  equivalent  to  the  excess  of  the  square 
of  A  above  that  of  B. 

PROP.  XV.    THEOR. 

In  any  triangle,  the  rhomboids  described  on  two 
sides,  are  together  equivalent  to  a  rhomboid  descri- 
bed on  the  base,  and  limited  by  these  and  by  paral- 
lels to  the  line  vrhich  joins  the  vertex  with  their  point 
of  concourse. 

.  Let  ADE6  and  BGFC  be  rhomboids  described  on  the  two 
sides  A6  aod  BC  of  the  triangle  ABC ;  produce  the  summiti 
DE  and  FG  to  meet  in  H,  join  this  point  with  the  vertex  B, 
to  BH  draw  the  parallels  AK,  CL,  and  join  KL;'-  It  is  ob-^ 
vious  that  AK  and  CL,  being  equal  and  parallel  to  BH,  are 
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equal  and  panJU  to  each  other,  and  that  the  figure 

rhomboid  is 


And  because 


AKLC  is  a  paralleiograin  or 
equivalent  to  the  two  rhomboids  BD  and  BF. 
For  produce  HB  to  meet  the  base  AC  in  I« 
therhom^ids  KI  and  AH 
stand  om  the  same  base  AK 
and  between  the  same  paral^ 
leb>  thejr  are  equitalent  (II. 
1.  cor.)$  but  the  rhomboids 
AH  and'BD,  standing  on 
the  same  base  AB  and  be> 
tween  the  same  parallds,  are  also  eqqiyalent  M^ence  KI  is 
equivdent*  to  BD.  And  in  the  same  maimer^  it  may  be  proved 
that  LI  Is  equiTaknt  to  BF*  Consequendj  the  whole  rfaqm* 
hold  KC  is  equivalent  to  the  two  riiomboids  BD  and  BF  *^ 

PROP.  XVI.    THEOR, 
Hie  rectangle  contained  by  two  straight  lines,  is 
equivalent  to  the  rectangles  contained  under  one  of 
them  and  tiie  several  segments  into  which  tfae^ther 
is  divided. 

The  rectangle  under  AC  .and  AB,  is  equivalent  to  the  irecjt- 
angles  contained  by  AC  and  the  segments  AD,  D£,  and  £B. 

For,  through  the  points  D  and  £,  draw  DF  and  EG  p»- 
ralldi  and  equal  to  AC  (1. 24.)^   ' 

The  figures  AF,  DG,  and  EH  are  evidently  rhomboic^ ; 
they  are  also  rectangular,  for  the  angles 
ADF,AEG,and  ABHareeadi  equalk>the 
opposite  angle  ACF  (1. 21 .).  And  the  op- 
posite sides  DF,  EG,  atid  BH/being  equal 
to  AC,<^the  spaces  into  which  the  rectangle 
BC  is  resolved,  are  equal  to  the  rectangles  contained  by  AC 
and  AD,  DEandEBf. 
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5^  ELEMENTS  OF  OXOMETBY. 

PROP.  XVII.    THEOR. 

The  square  described  on  the.  sum  of  two  stxai^t 
lines,  is  equivalent  to  the  squares  of  those  Knes,  to- 
gether with  twice  their  rectangle.  ♦ 

If  AB  and  BC  he  two  straight  ImeB  placed  continuous  \  the 
square  described  on  dieir  sum  AC,  is  equivdent  to  the  two 
squares  of  AB,  BC,  and  twice  thei  rectang^  contained  by  them. 

For  through  B  draw  BI  (I.  24.)  parallel  to  AD,  make  AF 
equal  to  AB,  and  throu^  F  draw  FH  parallel  to  DE. 

It  is  manifest  that  the  spaces  AG,  OE,  DG  and  CG, 
into  which  the  square  o{  AC  is  diTided, 
are  all  rhomboidal  and  rectangular.  And 
because  AB  is  equal  to  AF,and  theoiqM>- 
site  sides  equal,  the  figure  AG  is  equila- 
teral, and  having  a  right  angle  at  A,  is 
hence  a  square.  Again,  AD  being  equal 
to  AC,  take  away  the  equals  AF  and  AB, 
and  Ihere  remains  DF  equal  to  BC,  and  consequent)^  IG 
equal  to  GH  (I.  27.)  j  wherefore  IH  is  likewise  a  s^piare. 
The  rectangle  DG  is  contained  by  the  sides  FG  and  DF, 
which  are  equal  to  AB  and  BC ;  and  the  rectangle  CG  is 
contained  by  the  sides  GB  and  GH,  which  are  likewise  equal 
to  AB  and  BC.  Consequently  the  whole  square  of  AC  is 
composed  of  the  two  squares  of  AB  and  BC,  together  with 
twice  the  rectangle  contained  by  these  lines. 

PROP.  XVIII.    THEOR. 

The  square  described  on  the  difference  of.  two 
straight  lines,  is  equivalent  to  the  squares,  of  those 
lines,  diminished  by  twice  their  rectangle. 

Let  AC  be  the  difference  of  two  straight  lines  AB  and  BC ; 
the  square  of  AC  is  equivalent  to  the  excess  of  the  two  squares 
of  AB  and  BC  above  twice  their  rectangle. 
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For  make  AD  eqaal  to  AC»  dnw  CH  and  DI  (I.  S4.)  p*- 
raM  to  AF  and  AB,  produce  FO  untfl  OL  be  equal  to  BC» 
and  complete  the  figure  GK» 

It  18  evident,  firom.  tbe  demon* 
stration  of  the  last  Proportion, 
that  DC  is  the  square  of  AC,  and  ^ 
6K  the  square  of  BC.  From  the 
compomid  sur&ce*  AFLKIB, 
which  is  made  up  of  the  squares 
of  AB  and  BC,  take  away  twice 

the  rectangle  AB,  BC,  or  the  two  rectangles  FI  and  CG,  or 
the  rectangle  FI  with  the  rectangle  CI  and  the  square  IL,— > 
and  there  remains  ADEC,  or  the  square  of  the  difierence  AC 
of  the  two  lines  AB  and  BC.  y 


c 


PROP.  XIX.    THEOR 

The  rectangle  contained  by  the  sum  and  di^ 
ference  of  two  straight  lines,  is  equivalent  to  the 
difference  of  their  squares. 

Let  AB  and  BD  be  two  continuous  straight  lines,  of  which 
AD  is  the  sum  and  AC  the  difference ;  the  rectangle  under 

» 

AD  and  AC,  is  equivalent  to  the  excess  of  the  square  of  AB 
above  that  of  BC. 

For,  having  made  AG  equal  to  AC,  draw  OH  parallel  to 
AD  (I.  24.),  and  CI,  DH  parallel  to  AE.    * 

Because  GK  is  equal  to  KC  or  HD,  ismd  EG  is  equal  to 
CB  or  BD,  the  rectangle  EK  is  equal 
to  LD  (11.  2.  cor.) ;  and  consequent- 
ly, adding  the  rectangle  BO  to  each, 
the  space  AEIKLB  is  equivalent  to 
the  rectangle  AH.  But  this  space 
AEIKLB  is  the  excess  cS  the  square 
of  AB  above  IL  or  the  square  of  BC ; 
and  the  rectangle  AH  is  contained  by  AD  and  DH  or  AC. 
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Wherefore  the  iiectangte  under  AD  and  AC  is  efuvaknt  to 
the  di&raice  of  the  squares,  of  AB  asd  BC. 

Cor.  1.  Hence  if  a  straight  line  AB  be  Insected  in  C  and 
cut  unequally  in  D,  the  rectangle  under  the  unequal  s^gpntnta 
AD,  DB^  together  with  the  square  of  GD^  die  inta<fal  be- 
tween the  points  of  section,  ia  eqfUivaleDt  to 

the  square  of  AC,  the  half  line.    For.  AD     j^       c*n  ^ 

I 1 — \ 1 

is  the  sum  of  AC,  CD,  and  DB  is  evidently 
their  difference ;  whence,  by  the  Proposition,  the  rectangle 
AD,  DB  is  equivaleht  to  the  excess  of  the  square  of  AC  above 
that  of  CD,  and  consequently  the  rectangle  AD^  DB,  with 
the  square  of  CD,  is  equal  to  the  square  of  AC 

Cor.  2.  If  a  straight  line  AB  be  bisected  in  C  and  prodo^* 
ced  to  D,  the  rectangle  contained  by  AD  the  whole  line  Ihua 
produced,  and  the  produced  part  DB,  together  with  the  square 
of  the  half  line  AC,  is  equivalent  to  the  square  of  CD,  which 
is  made  up  of  the  half  line  and  the  pro- 
duced part.     For  AD  is  the  sum  of  AC,     AC         B   D 
CD,  and  DB  is  their  difference ;  whence 
the  rectangle  AD,  DB  is  equivalent  to  the  excess  of  the  square 
of  CD  above  AC,  or  the  rectangle  AD,  DB,  with  the  square 
of  AC,  is  equivalent  to  the  square  of  CD. 

Scholium.  If  we  consider  the  distances  DA,  DB  of  the  point 
D  from  the  extremities  of  AB  as  segments  of  this  line,  whe- 
ther formed  by  internal  or  external  section;  both  corollaries 
may  be  compreh$nded  under  the  same  enunciation,  namely^ 
that  if  a  straight  line  be  divided  equaUy  and  unequally,  the 
rectangle  contained  by  the  unequal  segments  is  equivalent  to 
the  difference  of  the  squares  of  the  half  line  and  of  the  inter- 
val between  the  points  of  section. 

PROP.  XX.    THEOR. 

* 

The  square  described  on  a  straight  line,  is  equiva- 
lent to  the  squares  of  the  segments  into  which  it  is 
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dhfiikdy  aAd  twice  Ibe  notug^es  contaitied  by  each 
pBit  of  theise  segmentB. 

The  squffire  of  AB  is  equivalent  to  the  squares  of  AC,  of 

CD  and  of  DB,  with  twice  the  rectangles  of  AC,  CD,  of  AC> 

DB^  and  of  CD,  DB. 

For  make  A£  and  EF  equal  to  AC  and  CD«  draw  EM, 

FL  parallel  to  AB,  and  CH,  DI  parallel  to  AG. 
It  is  numifet  that  AO  is  the  square  of 

AC,  OQ  the  square  of  CD,  and  QK  the 

square  of  DB.     Nor  is  it  less  obvious 

that  the  two  rectangles  CN  and  EP  are 

contained  by  AC,  CD,  that  the  two  rect^ 

angles  NL  and  PI  are  contained  by  CD, 

DB,  and  that  the  two  rectangles  DM 

and  FH  are  contained  by  AC;  DB.  But  . 

those  squares  and  those  double  rectangles  cdmplete  the  whole 

square  of  AB^    WheiTefoxe  the  tmth  of  the  Proposition  is 

established* 

Car.  Hence  if  a  i^traight  line  be  divided  into  three  portions, 
the  squares  of  the  double  s^nients  AD,  BC,  together  with 
twice  the  rectangle  under  the  extreme  sqjmeuts  AC,  BD,  are 
equivalent  to  the  squares  of  the  whole  line  AB  and  of  the  iiv 
termediate  segment  CD.  For  the  squares  FD^  HM,  together 
with  the  equal  reetangles  GP,  NB,  evidently  fiU  up  the  whole 
square  AB,  with  the  rq>etition  of  the  internal  square  OQ ; 
that  is,  the  squares  of  AD  and  !QC,  with  twice  the  xoctan^ 
AC,  DB,  are  equivalent  to  the  squares  of  AB  and  CD* 


PROP.  XXI.  THEOR. 

The  sum  of  the  squares  of  two  straight  lines,  is 
equivalent  to  twice  the  squ^es  of  half  their  sum  and 
of  half  their  difference. 
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Let  ABi^BC  be  two  octttmuonsfitraigfat lines,  Dtlieimddfe 
point  of  AC,  and  oonaeqiiaitly  AD  half  the  sum  of  these  Ijaea 
and  DB  half  their  di£Ebnraice;  the  squares  of  AB  and  BC 
are  together  equivalent  to  twice  the  square  of  AD  with  twice 
the  square  of  DB. 

For  (IL  17.)  the  square  of  AB,  or  the  square  of  the  sum  of 
AD  and  DB,  is  equivalent  to  the  squares  of  these  segmeati, 
with  double  their  rectangle;  and  (II.  18.) 
the  square  of  BC,  or  that  of  the  difierence     -^       P    ? — ? 
of  AD  and  DB,  is  equal  to  the  squares  of 
AD  and  DB,  dimimsbed  by  double  the  rectan^  ccmtaiMed 
by  £he  same  lines  AD,  DB.    Wherefore  the  squares  of  AB 
and  BC  taken  together,  are  equivalait  simply  to  twice  the 
squares  of  AD  and  DB. 

Othermse  thus. 

Bisect  AC  in  D  (L  7.),  and  erect  (I.  5.  cor.)  the  perpendi- 
cular DE  equal  to  AD  or  DC,  join  AE  and  EC,  through  B 
and  F  draw  (1. 24.)  BF  and  FG  parallel  to  DE  and  AC,  and 
join  AF. 

Because  AD  is  equal  to  DE,  the  angle  DAE  (L  11.)  is 
equal  to  DEA,  and  since  (I.  S2.  cor.)  they  make  up  together  one 
Tight  angle,  eadi  of  them  must  be  half  a  right  angle.  In  the 
same  manner,  the  angles  DEC  and  DCE  of  the  triangle  EDC 
are  proved  to  be  each  half  a  right,  angle;  consequently  the 
angle  AEC,  composed  of  AED  and  CED,  is  equal  to  a  whole 
right  aogle.  And  in  the  triangle  FBC,  the  angle  CBF  being 
equal  to  CDE  (I.  23<)  which  is  a  right  angle,  and  the  angle 
BCF  being  half  a  right  ang^e — ^the  re- 
maining angle  BFC  is  also  half  a  right 
an^e  (I.  32.),  and  therefore  equal  to 
the  angle  BCF ;  whence  (I.  1.)  the  Side 
BF  is  equal  to  BC.  By  the  same  rear 
soning,  it  may  be  shown,  that  the  right- 
angled  triangle  GEF  is  likewise  isosceles.  The  square  of  the 
hypotenuse  EF,  which  is  equivalent  to  the  squares  of  EG  and 
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GF(II.  11.)  is  AereE&re  eqnivaleiit  to  twice  the  aqnare  of 
6F  or  of  DB ;  and  tbe  square  of  AE,  in  the  righf^ngled 
triangle  AD£,  is  eqiuYaleiit  to  the  squares  of  AD  and  DE^ 
or  twice  the  sqimre  of  AD.  But  since  ABF  is  a  right  angle» 
the  square  of  AF  is  equivalent  to  the  squares  of  AB  and  BF» 
or  AB  and  BC ;  and  because  AEF  is  also  a  right  ang^,  the 
square  of  the  same  line  AF  is  eqiiivaletit  to  the  squares  of  AE 
and  EF,  that  is»  to  twice  the  squares  of  AD  and  DB.  Where- 
fore the  squares  of  AB,  BC  a;re  together  equivalent  to  twice 
the  squares  of  AD  and  DB. 

Cor.  Hence  if  a  straight  line  AB  be  bisected  in  C  and  cut 
une<piaBy  in  D,  whether  by  internal  or 
external  section,  the  squares  of  the  un-     a       CD     B 
equaT  segments  AD  and  DB  are  toge^     A       c        b      p 
ther  equivalent  to  twice  the  square  of 
the  half  line  AC,  and  twice  the  square  of  CD  the  interval  bo- 
tweexk  the  points  of  division. 

PROP.  XXII.    PROS. 

To  cut  a  given  straight  line,  such  that  the  square 
of  one  part  shall  be  equivalent  to  the  rectangle  con- 
tained by  the  whole  line  and  the  remaining  partw 

Let  AB.be  the  straight  line  whidi  it  is  required  to  divide 
into  two  segments,  such  that  the  square  of  the  one  shall  be 
equivalent  to  the  rectangle  contained  by  the  whole  line  and 
the  other. 

Produce  AB  till  BC  be  equal  to  it, 
erect  (1. 5.  cor.)  the  perpendicular  BD 
equal  to  AB  or  BC,  bisect  BC  in  E 
(I.  7.),  join  ED  and  make  EF  equal  ^ 
to  it ;  the  square  of  the  segment  BF 
is  equivalent  to  the  rectangle  contained  by  the  whole  fine  BA 
and  its  remaining  s^ment  AF. 
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For  cm  BC  ooDfltniel  the  mfoste  BG  (L  dt»)i  iddfls  BB 
equal  to  BF,  and  draw  IHK  and  FI  parattd  to  AC  and  BD 
J  JI.  24.)-  Since  AB  ia  equal  to  BD,  and  BF  to  BH ;  the  i»» 
-matnder  AF  is  equal  to  HD :  and  it  is  fiurther  endenty  that 
FH  is  a  square,  and  that  IC  and  DK  are  liectang^  But 
BC  beii^  bisected  in  £  and  produced  to  F,  t^e redang^ua* 
der  CF,  FB»  or  the  rectangle  IC,  together  with  the  squaie  of 
BEf  is  equivalent  to  the  s^iare  of  EF  or  of  D£  (II.  19*  Cor. 
2.).  But  the  square  of  D£  is  equivalent  to  the  squares  of 
DB  and  BE  (II.  11.);  whence  the  rectangle  IC»«with  the 
square  of  BE,  is  equivakat  to  the  *aquafes  of  DB  and  BE; 
or,  omitting  the  common  aquare  of  BE,  the  rectangle  IC  ia 
equivalent  to  the  square  of  DB.  Tdce  away  from  bodt  the 
rectangle  BK,  and  th^e  remains  the  square  BI,  or  the  square 
of  BF,  equivalent  to  the  rectangle  HG,  or  the  rectang^  ooit* 
tained  by  BA  and  AF. 

Cor.  1.  Since  the  rectangle  under  CF  and  FB  is  equtva-* 
lent  to  the  square  of  BC,  it  is  evident  that  the  line  CF  is  like- 
wise divided  at  B  in  a  manner  similar  to  the  original  line  AB. 
But  this  line  CF  is  made  up,  by  joining  the  whole  line  AB^ 
now  become  only  the  larger  portion,  to  its  greater  segment 
BF,  which  next  forms  the  smaller  portion  in  the  new  com- 
pound. Hence  this  division  of  a  line  being  once  obtained,  a 
series  of  other  lines  possessing  the  same  property  may  readily 
be  found,  by  repeated  additions.  Thus,  let  AB  be  so  cut, 
that  the  square  of  BC  is  equivalent  to  the  rectangle  BA,  AC : 
Make  successively  BD  equal  to  BA,  DE  equal  to  DC,  EF 

AC  B      D  E  IE"  Cr 
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equal  to  EB,  and  F6  equal  to  FD ;  the  Ihies  CD,  BE,  DF» 
and  EG  are  divided  at  the  points  B,  D,  E,  and  F,  such  that, 
in  each  of  them,  the  square  of  the  larger  part  is  equivalent  to 
the  rectangle  contained  by  the  whde  and  the  smaller  part*-^ 
It  is  obvious,  that  this  procedure  might  likewise  be  reversed. 
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If  FD,  EBt  and  DC  be  made  vacoetim^  eqial  to  Ft},  £F 
and  D£,  the  lines  DF,  BE,  and  CD  will  be  Avided  in  the 
same  mamier  at  die  pcnnts  £^  D  and  B» 

Cor.  2.  Hence  alao  the  oonstmotion  of  another  problem  of 
the  same  nature}  in  which  it  ia  required  to produoe  aatraight 
line  AB,:  such  that  the  rectmigle  contained  by  the  whole  line 
thus  produced  and  llie  part  produced,  riudl  be  equiTalmt  to 
the  square  of  the  line  AB  itsdf.  .Divide  AB  in.  C,  so  that 
the  rectan^^e  BA,  AC  is  equivalent  to 
the  square  of  BC,  and  produce  AB  un-  -AlJ^__5__^ 
til  BD  be  equal  to  BC  :  Then,  from 
what  has  been  demongtrated,  it  follows  that  the  rectang^  nn^ 
der  AD  and  DB  is  equiraleBt  to  the  squore  of  AB  *• 

A  mliie  cmvoenienifjbr  the  sake  t^eoneuenesi^  to  designate 
kijuture  this  remarkable  dmsicn  efa  Ime^  cohere  the  reetan^ 
under  the  whole  and  one  part  is  equivalent  to  the  sfuare  of  the^ 

other,  by  the  term  Medial  Section. 

• 

PROP.  XXm.    THEOR.  . 

The  sguare  of  the  side  of  an  isosceles  triangle  is 
equivalent  to  the  square  of  a  straight  line  drawn  from 
the  vertex  to  the  base,  together  with  the  rectangle 
contained  by  the  segments  thus  formed. 

If  BD  be  drawn  from  the  vertex  of  the  isosceles  triangle 
ABC  to  a  point  D  in  the  base ;  the  square  of  AB  is  equiva- 
lent to  the  square  of  BD,  together  with  the  rectangle  under 
the  segments  AD,  DC. 

For  (I.  7.)  bisect  the  base  AC  in  E,  and  join  BE.  Because 
the  triangles  ABE  and  CBE  have  the  sides  AB,  AE  equal  to 
BC,  CE,  and  the  side  BE  common,  they  are  equal  (L  2.}, 
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•  See  Note  XX. 
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and  consequently  the  corresponding  an^es  I 
equals  and  each  of  diem  (Def.  4.)  a  right  an- 
gle.   .Wherefore  the  square  of  AB  is  eqnivap 
lent  to  the  squares  of  A£ and  BE  (II.  11.)$ 
and  since  AC  is  cut  eqnaDy  in  E  and  unequal- 
ly in  D,  the  square  of  AE  is  equivalent  to 
the  square  of  DE,  together  wMi  the  rectan- 
gles AD,  DC  (11.  19.  cor.  1.);  and  conse- 
quently the  square  of  AB  is  equivalent  to  the 
squares  of  BE  and  DE,  together  with  the  rectangle  AD,  DC. 
But  the  square  of  BD  is  equivalent  to  the  squares  of  BE  and 
DE  (IL  11.);  whence  the  square  of  AB  is  equivalent  to  the 
aquare  of  BD,  together  with  the  rectangle  AD,  DC* 

Cbr.  The  square  of  a  straight  line  BD  drawn  from  the 
vertex  of  an  isoscdes  triangle  to  any  point  in  the  base  produ- 
ced, is  equivalent  to  the  square  of  B A  the  side  of  the  trian- 
,^,  together  with  the  rectan^e  con- 
tained by  AD  and  DC,  the  external 
segments  of  the  base. 

For  draw  BE,  as  before,  to  bisect 
the  base  AC.    The  square  of  DE  is 

equivalent  to  the  square  of  AE,  to-     35 ^^  ^^       ^ 

gether  with  the  rectangle  AD,  DC  (II.  19.  cor.  2.) ;  to  each 
of  these,  add  the  square  of  BE,  and  the  squares  of  DE  and 
BE, — that  is,  the  square  of  BD  (II.  11.)— are  equal  to  die 
squares  of  AE  and  BE,  or  the  square  of  BA,  together  with 
the  rectan^e  AD,  DC  *• 


PROP.  XXIV.    THEOB. 


In  a  scalene  triangle,  the  difference  between  the 
squares  of  the  sides,  is  equivalent  to  twice  the  rect- 
angle contained  by  the  base  and  the  distance  of  its 
middle  point  from  the  perpendicular. 


♦  Sec  Note  XXI. 
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Let  Ae  side  AB  of  the  triangle  ABC  be  greaterthan  BC; 
andj  having  let  &B  the  perpendicular  BE,  and  bisected  AC 
in  D,  the  excess  of  the  square  of  AB  above  that  of  BC  is  equi- 
valent  to  twice  the  rectangle  contained  hy  AC  and  DE. 

JF*or  the  square  of  AB  is  e^iivalent  to  the  sqtiafea^f  AE 
and  BE  (IL  11.)^  and  the  square  of  BC  is  equivalent  to  the 
squares  CE  and  BE ;  wherefiMfethe  excess  of  the  square  of 
AB  above  that  of  BC  is  equivfdbnt  to  the 
excess  of  the  square  of  AE  above  that  of 
GEL  But  the  excess  of  die  square  of  AE 
above  that  of  C£»  is  (II.  19.)  equivalent 
to  the  rectangle  contained  by  their  suni  AC  jf  ITe  b 
and  their  difference,  whidi  is  evideitly  the 
double  of  DE;  and  consequently  the  diflbraice  between  the 
squares  of  AE  and  CE,  hcang  equivalent  to  the  rectangle 
contained  by  AC  and  the  douUe  of  DE,  isequivalait  to  twice 
the  rectangle  under  AC  and  DE. 

Cor.  The  difference  between  the  squares  of  the  sides  of  a 
triangle,  is  equivalent  to  the  difference  between  the  squares  of 
the  segments  of  the  base  made  by  a  perpendicular  *• 

PROP.  XXV.    THEOR. 

In  any  triangle,  the  sum  of  the  squares  of  the  sides, 
is  equivalent  to  twice  the  squve  of  half  the  base  and 
twice  the  square  of  the  Srtraight  line  which  joins  the 
point  of  bisection  with  the  vertex. 

Let  BD  be  drawn  fiom  the  vertex  B  of  the  triangle  AQC 
to  bisect  the  base;  the  squares  of  the  sides  AB  and  BC  are 
together  equivalent  to  twice  the  squares  of  AD  and  DB« 

For  let  fidl  the  perpendicular  BE  (1. 6.);  and  if  the  point 
D  coincide  with  E,  the  triaugle  ABC  being 
eridently  isosceles,  the  squares  of  AB  and 
BC  are  the  same  with  twice  the  square  of  AB, 
or  twice  the  squares  of  AE  and  EB,  or  of  AD 
sndDB(ILll.) 

.'^  ♦  SieNutc  XXII. 
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But  if  the  peipendiciilar  M  upon  C»  the  trisbgle  is  rtght- 

•  

aogledy  and  the  squares  of  AB  and  BC 

are  thai  equivalent  to  the  square  of  AC» 

and  twioe  the  square  of  BC»  or  to  twice 

the  sfuarea  of  AD,  DC  and  BC;  but 

(IL  no  twice  the  squares  of  DC  and  BC 

are  equivalent  to  twice  the  square  of  DB, 

and  consequetitly  the  s(^uares  ai  AB  and  BC  are  equivalent 

to  twice*  the  squares  of  AD  and  DB. 

In  every  other  case,  uriiether  the  perpendicular  BE  fidl 
within  or  without  the  base  AC,  the  squares 
of  AE,  EC,  the  unequd  segments  of  AC, 
are  (II.  21.  cor.)  equivalent  to  twice  the 
square  of  AD  and  twice  the  square  of  DE ; 
add  twice  the  square  of  £B  to  both,  and 
the  squares  of  AE,  EB  and  of  CE,  EB^ 
or  the  squares  of  the  hypotenuses  AB,  BC 
equivalent  to  twice  the  square  of  AD, 


and  twice  the  squares  of  DE,  EB,  that  is     "^     ^      ^  ^ 
(II.  1 1.)  to  twice  the  square  of  DB. 


PROP.  XXVI.    THEOR. 

The  square  of  the  side  of  a  triangle  is  greater  or 
less  than  the  squares  of  the  base  and  the  other  side, 
according  as  the  opposite  angle  is  obtuse  or  acute, 
—by  tv^ce  the  rectangle  contained  by  the  base  and 
the  distance  intercepted  between  the  vertex  of  that 
angle  and  the  perpendicular. 

In  the  oblique-angled  triangle  ABC,  where  the  perpendi- 
cular- BD  falls  without  the  base ;  the  square  of  the  side  AB 
which  subtends  the  oblique  angle  exceeds  the  squares  of  the 
sides  AC  and  BC  which  contain  it,  by  twice  the  rectang^ 
under  AC  and  CD. 
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For  the  sqoBxe  of  AD,  or  of  the  siiai  of  AC.and  CD,  is 
(II.  1 7.)  equiyalent  to  the  squares  of  these  lines  AC,  CDt  to- 
gether with  twice  their  rectan^.  Add  the  square  of  DB  to 
each  side,  and  the  squares  of  AD,  DB,  or 
(II.  1 1.)  the-squftre  of  AB  is  equival^t  to  the 
square  of  AC,  and  the  squares  of  CD,  DB, 
togethfiF  with  twice  the  rectangle  AC,  CD; 
but  the  squares  of  CD,  DB  are  (11.  11.) 
squivaknt  to  the  square  of  CB  ;  whence  the 
square  of  AB  exceeds  the  squares  of  AC,  BC,  by  twice  the 
rect^n^e  under  AC  and  CD. 

Again,  in  the  acute-angkd  trian^  ABC,  where  the  per- 
pendicnlar  BD  faDs  within  the  ttiang^;  the 
square  of  the  side'  AB  that  adbtoidt  the  acute 
angle,  is  less  than  the  squarsa  of  the  contwan- 
ing  sides  AC,  BC,  by  twice  the  rectangle 
under  the  base  AC  and  its  intoroqpted  por-* 
tion  CD. 

For  the  square  of  AD,  or  of  the  diflference  between  AC 
and  CD,  is  (II.  18.)  equhwlent  to  the  squares  of  AC  and  CD, 
diminished  by  twice  their  rectangle.  Add  to  each  the  square 
of  DB,  and  the  squares  of  AD  and  DB— -or  the  square  of 
AB — are  equivalent  to  the  square  of  AC,  with  the  squares  ef 
CD  and  DB,  or  the  square  of  BC  diminished  by  twice  the 
rectangle  iknder  AC  and  CD.  Consequently  the  square  of 
AB  is  less  than  the  squares  of  AC  and  BC,  by  twice  the  rect- 
angle under  AC  and  CD. 

.  '  Cor.  If  the  side  BC  be  equal  to  the  base  AC,  the  square 
of  the  other  side  AB  is  equivalent  to  twice  the  rectangle  un- 
der AC  and  AD,  whether  the  perpendicular  BD  fall  without 
or  within  the  triangle  *. 
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PROP.  XXVII.    THEOR. 

The  squares  of  lines  drawn  from  any  point  to  the  op- 
posite  comers  of  a  rectangle  are  together  equivalent 

If  from  a  point  E,  either  within  or  without  the  rectan^ 
ABCDf  straight  lines  be  drawn  to  the  four  comerg,  the 
squares  of  AE>  EC  are  together*  equivalent  to  the  squares  of 
BE,  ED. 

For  join  E  with  F,  the  intersection  of  the  diagonals  AC»  BD. 
Because  (1. 29.  and  cor.)  these  diago- 
nals are  equal,  and  bisect  each  other,     -^jF^ !5^iC 

the  lines  AF,  BF,  CF,  and  DF  are  all 
equaL  Wherefore  the  squares  of  AE, 
/afii'EC  are  equivalent  to  twice  die  square  ^i 
of  EF  (II.  25.),  and  the  squares  of  BE» 
ED  are  likewise  equivalent  to  twice  the 
squareof  BF  and  twicethe  same  square 
of  EF ;  consequently,  the  squares  of 
AF  and  BF  being  equal,  the  squares 
€^AE,  EC,  are  together  equivalent 
to  the  squares  of  BE,  ED  *• 

PROP.  XXVIII.    THEOR. 

The  squares  of  the  sides  of  a/  rhomboid,  are  toge- 
ther equivalent  to  the  squares  of  its  diagonals* 

Let  ABCD  be  a  rhomboid :  The  squares  of  all  the  sides 
AB,  BC,  CD,  and  AD,  are  together  equivalent  to  the  squares 
of  the  diagonals  AC,  BD. 

For  the  diagonals  bisect  each  other 
(I.-^.),  and  consequently  the  squares 
of  AB,  BC,  are  equivalent  to  twice  the 
square  of  AE  and  twice  the  square  of 
BE  (II.  30.) ;  wherefore  twice  the 
squares  of  AB,  BC,  or  the  squares  of  all  the  sides  of  the 


•  See  NoU  XXIV. 
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rhomboid^  are  equivalent  to  four  times  tbe  sqpiare  of  A£  and 
four  times  the  square  of  BE,  that  is,  to  the  squares  of  AC 
and  BD. 

PROP.  XXIX.    THEOR. 

The  squares  of  the  sides  of  a  quadrilateral  figure 
are  together  equivalent  to  the  squares  of  its  diago- 
nals, together  with  four  times  the  square  of  the 
straight  h'ne  joining  their  middle  points. 

Let  ABCD  be  a  quadrilateral  figure,  in  which  the  straight 
lines  AC,  BD,  drawn  to  the  opposite  comers,  are  bisected  at 
the  points  E,  F;  the  squares  of  AB,  BC,  CD,  and  DA,  are 
together  equivalent  to  the  squares  of  AC,  BD,  together  with 
four  times  the  square  of  EF. 

For  join  EF.  And  because  AC  is  bisected  in  F,  the 
squares  of  AB  and  BC  are  equivalent  to  twice  the  square  of  AF 
and  twice  the  square  of  BF  (II.  25.) ; 
and,  for  the  same  reason,  the  squares 
of  CD  and  DA  are  equivalei^  to  twice 
the  square  of  AF  and  twice  the  square 
of  DF.  Consequent^  the  squares  of 
all  the  sides  AB,  BC,  CD,  and  DA, 
are  equivalent  to  four  times  the  square 
of  AF— or  the  square  of  AC — ^with 

twice  the  square  of  BF  and  of  DF.  But  t^ice  these  squares 
of  BF  and  DF  is  equivalent  (11.  21.)  to  four  times  the  square 
of  BE,  or  the  square  of  BD,  with  four  times  the  square  of 
EF;  whence  the  squares  of  all  the^sides  of  the  quadrilateral 
figure  are  together  equivalent  to  the  squares  of  its  diagonals 
AC,  BD,  with  four  times  the  square  of  the  straight  line  EF 
which  joins  their  points  of  equal  section  *. 


♦See  Note  XXV. 

s 


ELEMENTS 


OF 


GEOMETRY. 


BOOK  III. 


DEFINITIONS. 


1.  Amr  porti<m  of  the  dicumfe- 
lenoe  of  a  cirde  is  caDed  an  are, 
and  the  straight  line  which  joins 
the  two  extremities,  a  chord. 


2.  The  space  induded  between  an  arc  and  its  chord,  in 
named  a  segment. 


S.  A  sector  is  the  portion  of  a  circle  con- 
tained by  two  radii  and  the  arc  between 

them. 

4.  The  tangent  to  a  circle  is  a  straight 
"line  which  touches  the  drcumferenoe,  or 
ineets  it  only  in  a  single  point 
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5.  Circles  are  said  to  touch 
mutually,  if  they  meet»  but  do  not 
cut  each  other. 


6.  The  point  where  a  straight  line  touches  a  circle,  or  one 
circle  touches  another,  is  called  the  point  oi  contact. 


7.  A  straight  line  is  said  to  he.  inflected 
from  a  point,  \v4ien  it  terminates*  in  another 
straight  line,  or  at  the  circumference  of  a 
circle. 
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PROP.  I.    THEOB. 


A  c^de  is  bisected  by  its  diameter. 

Tbe  circle  ADBE  is  4ilyi4ed  into  two  equal  portions  by  the 
diameter  AB. 

For  let  the  porticm  ADB  be  reversed  an^  fippHed  to  AEB, 
the  straight  line  AB  ai^d  its  middle 
pointy  QT  tl^e  centre  C,  remaining  the 
same.  And  since  the  radii  of  the  cir- 
cle are  all  eqaal,  or  the  distance  of  C 
from  any  point  in  the  boundary  ADB 
is  equal  to  its  distance  from  any  point 
of  the  (^posite  boundary  A£P»  eyery 
point  P  of  the  former  must  meet  with 

a  corresponding  point  of  the  latter,  and  consequently  the  two 
portions  ADB  and  AE^  will  entirely  coincide. 

CSor.  The  portion  ADB  limited  by  a  diameter,  is  thus  a 
semicirclef  and  di^  arc  ADB  is  a  semicircumferenee. 


PROP.  II.    THEOR. 


A  straight  line  cuts  the  circumference  of  a  circle 
only  in  two  points. 

If  the  straight  line  AB  cut  the 
drcmnference  of  a  circle  in  D,  it  can 
only  meet  it  again  in  another  point 
E- 

For  join  D  and  the  coitre  C;  and 
because  from  the  point  C  only  two 
equal  straight  lines,  such  as  CD  and 

C£,  can  be  drawn  to  AB  (I.  18.  cor.),  the  circle  described 
^pm  C  0irough  the  point  D  will  cross  AB  again  pnly  a\  £, 
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PROP.  III.    THEOR. 
The  chord  of  an  arc  lies  wholly  within  the  circle. 

The  straight  line  AB  which  joins  two  poiiits  JihBia  die 
circumference  of  a  cirde^  lies  whdty  within  the  figure. 

For,  from  the  centre  C,  draw  CD  to 
any  point  in  AB,  and  join  CA  and  CB. 
V  Because  CD  A  is  tbe  exterior  an^  of 
the  triangle  CDB,  it  is  greater  (I.  8.) 
than  the  interior  CBD  or  CBA;  but 
CBA,  being  (I.  11.)  equal  to  CAB  or 
CAD,  the  angle  CDA  is  consequently 
greater  than  CAD,  and  its  opposite  side 
CA  (I.  14.)  greater  than  CD,  or  CD  is  less  than'CA,  and 
therefore  the  point  D  must  lie  within  the  circle. 

Cor.  Hence  a  circle  is  concave  towards  its  centre. 


PROP.  IV.    THEOR. 

r  • 

A  straight  line  drawn  from  the  c^trc^  of  a  circle 
at  right  angles  to  a  chord,  likewise  bisects  it;  and, 
conversely,  the  straight  line  which  joins  the  centre 
with  the  middle  of  a  chord,  is  perpendicular  to  it 

The  perpendicular  let  fall  from  the  centre  C  upon  the  chord 
AB,  cuts  it  into  two  equal  parts  AD,  DB. 

For  join  CA,  CB:  And,  in  the  triangles  ACD,  BCD,  the 
side  AC  is  equal  to  CB,  CD  is  common  to 
both,  and  the  right  angle  ADC  is  equal 
to  BDC ;  these  triangles,  being  of  the 
same  affection,  are  equal  (1. 22.)  and  conse* 
quendy'the  corresponding  side  AD  is  equal 
to  BD. 

Again,  let  AD  be  equal  to  BD ;  the  bi- 
secting  line  CD  is  at  right  angles  to  AB. 
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For  j(»n  CA,  CB.  The  triangles  ACD  and  BCD,  haviiig 
the  sides  AC,  AD  equal  to  CB,  "BiDf  aad  the  remaining  side 
CD  oommon  to  both,  axe  equal  (I.  2.),  and  consequently  the 
angle  CDA  is  eqnal  to  CDB,|  and  each  of  them  a  right  angle. 

Cor*  Hence  a  straight  line  catting  two  concentric  circles 
>  has  equal  portions  intercepted. 

PROP.  V.    THEOR. 

A  straight  line  which  bisects  a  chord  at  right 
angles,  passes  throu^  the  centre  of  the  circlCf 

If  the  perpendicular  F£  bisect  a  chord  AB,  it  wjll  pa«B 

duroudi  O  the  centre  of  the  circle. 

•  ♦ 

For  in  F£  take  any  point  D,  and  j<Hn 
DAandDB.  The  triangles  ADC  suid 
BDC,  having  the  side  AC  equal  to  BC, 
CD  common,  and  die  rijg^t  angle  ACD 
equal  to  BCD>  are  equal  (I.  5.),  and 
oonseqnentljr  the  base  AD  is  equal  to  BD. 
The  point  D  is,  therefore,  the  centre  of 
a  circle  described  through  A  and  B  i  jand  thus  the  centres  of 
the  circles  that  can  pass  through  A  and  B  are  all  found  in  the 
strai^t  Ime  £F.  The  centre  O  of  the  jcirde  AEBF  mint 
hence  occur  in  that  perpendicular. 

Cor.  The  centre  of  a  circle  may  hence  be  found  by  bisect- 
ing the  chord  AB  by  the  diameter  £F  (jt.  7.),  and  })isectin|; 
this  again  in  0.  ^ 

•  •  • 

PROP.  VI.    THEOR. 

The  greatest  line  that  can  be  iqflecte()  within  9 
drcle,  is  the  diameter. 
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The  diiupjqter  AB  i?  greater  than  dnjr 
chord  DE. 

;For  join  CD  and  CE,  I^e  two  sides 
I>C  and  EC  of  the  triangterDCE  are 
together  ^eater  than  the  third  side  DE 
(I.  15.) ;  but  DC  and  C£  are  equal  tq 
AC  and  CB>  or  to  the  whole  diameter 
AB.     Wherefore  AB  i^  greater  than  DR 

,        PROP,  Vn.    THEOR.        .:. 

If  from  any  eccentric  point,  two  straight  lines  be 
drawn  tp  the  circuipference  of  a  circle;  the  one 
which  passes  nearer  th^  centre,  is  greater  than  that 
which  lies  more  remote* 

Let  C  be  the  centre  of  a  circle, 
and  A  a  different  point,  from 
which  two  straight  lines  AD  and 
AE  are  drawn  to  the  circumfe- 
rence ;  of  these  lines,  AD,  which 
lies  nearer  to  B  the  opposite  extre^ 
mity  of  the  diameter,  is  greater 
tlian  AE.  % 

For  the  triangles  ADC  and 
AEC  have  the  side  CD  equal  to 
CE,^  the  side  CA  common  to  both, 
but  the  contained  angle  DCA 
s  greater  than  ECA;  wherefore  (I. 
19.)  the  base  AD  is  likewise  great- 
er than  the  base  AE. 

Cor.  1.  Hence  the  straight  line 
ACB,    which  passes  through  the 
centre,  is  the  greatest  of  all  those 
that  can  be  drawn  to  the  circumference  of  the  circle  from  the 
eccentric  point  A.    For  it  is  evident  from  the  Proposition, 
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that  Ae  neuter  the  point  D  approaches  to  B,  the  greater  is 
•AD ;  consequently  the  point  B  fonns  the  extreme  limit  of 
ZQajorily,  or  AB  is  the  greatest  line  that  can  be  drawn  from  A 
to  the  drciunfef* ence. 

•  Cor.  2.  Hence  akoj  whether  the  eccentric  point  be  within  or 
without  the  circle,  the  straight  line  AH  is  the  shortest  that 
can  be  drttwn  firom  A  to  4he  circtunference.  For  A£  is  less 
than  AD,  and  AG  less  than  AF;  and  the  nearer  the  termi* 
nating  point  approaches  to  H,  which  is  obviously  the  most 
remote  from  B,  the  shorter  must  be  its  distance  from  A. 
Wherefore  the  point  H  marks  the  limit  of  minority,  and  AH 
is  the  shortest  line  that  can  be  drawh  fix)m  A  to  the  circum* 
ference  of  the  circle. 


PROP.  VIII.   THEOR. 

From  any  eccentric  point,  not  more  than  two  equal 
straight  lines  can  be  drawn  to  the  circumference,  one 
on  each  side  of  the  diameter. 

Let  A  be  a  point  which  is  not  the 
centre  of  the  circle,  and  AD  a  straight 
line  drawn  from  it  to  the  circumfe- 
rence. 

Find  the  centre  C  (III.  5.  cor.)  join 
CA  and  CD,  draw  (I.  4.)  CE  making 
an  angle  ACE  equal  to  ACD  and  cut* 
ting  the  circumference  in  E,  and  join 
AE :  Th^  straight  Hues  AE,  AD  are 
equal. 

For  the  triangles  ADC,  AEC,  b^ 
ving  the  side  CD  equal  to  CE,  the 
side  AC  conuaoon,  and  the  contained 
angle  ACD  equal  to  ACE,  are  equal  (L  S,),  and  consequent- 
ly the  base  AD  is.  equal  to  AE. 
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Bttty  exeej^t  AE»  no  ataraigbt  line  can  be  Armm  frott  A  an 
the  same  side  of  the  diameter  HB»  that  shall  be  equal  to,AD< 
For  if  the  line  terminate  in  a  point  F  between  £  aad  B^  it 
will  be  greater  than  AE  (IIL  7.) ;  and  if  the  Mne  terminate  in 
G  between  £  and  H,  it  wiQ»  for  the  same  reason^  be  less  than 
AE.  .    .M        . 

Cor.  That  point  from  which  more  than  two  efoal  straight 
lines  can  be  drawn  to  the  circmnference^  is  the  centre  of  the 
circle. 


.••A 


PROP.  IX.    THEOR. 

One  circle  ^11  not  cut  another  in  morcf  than  two 
points. 

* 

Let  DCF  and  DCE  be  two  dr- 
des j  of  which  A  and  B  are  the  cen- 
tres ',  join  B  with  the  intersections  C 
and  D. 

And  because  B  is  a  point  different 
from  the  centre  A  of  the  cirdeDCF, 
not  more  than  two  equal  straight 
lines  BC  and  BD  can  be  drawn  from 
it  to  the  circumference  of  that  circle 
{III.  8.) ;  consequently  the  circle,  described  from  B  as  a  cen« 
tre  and  through  the  points  C  and  D>  wiU  not  again  meet  the 
circumference  DCF. 


PROP.  X.    THEOR. 


A  circle  may  be  described  through  three  points 
which  are  not  in  the  same  straight  line. 


Let  A|  B,  C,  be  three  points  not  lying  in  the  same  diree* 
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tkm^  die  drcmnference  of  a  drdie  may  lie  made  to  pass 
tlinnigli  these  points* 

For  (L  7.)  bisect  AB  by  the  p^rpen- 
dicular  DF,  and  BC  by  the  perpendi- 
cular EF.  These  straight  lines  DF,' 
EF  wiH  meet ;  because,  DE  being  j<Hn* 
ed,  the  angles  EDF,  DEF  are  less  thw 
BDF,  BEF,  and  consequently  are  to- 
gether less  than  two  right  angles,  and  DF,  EF  are  not  parol* 
lei  (I.  23.)  but  concur  to  form  a  triangle  whose  vertex  is^F* 

Again,  every  drde  that  passes  thrcMigh  the  two  points  A 
and  JRi  has.  its  centre  in  the  perpendicular  DF  (III.  5.) ;  and* 
^r  the  88X90  reasony  every  circle  that  passes  through  B  and 
C  has  its  cttitre  in  EF  i  consequent^  the  circle  which  wookl 
pass  through  all  the  three  points,  miist  have  its  centre  in  F^ 
the  point  common  to  both  perpendiculars  DF  and  EF. 

It  is  manifest,  that  there  is  onfy  one  circle  which  can  be 
made  to  pass  through  the  three  points  A,  B,  C;  for  the  in- 
tersection of  the  straight  lines  DF  and  EF,  which  marks  the 
centre,  is  a  single  point. 

Cor.  Hence  the  mode  of  describing  a  cirdie  about  a  given 
tiiangle  ABC. 

PROP.  XI.    THEOR. 

Equal  chords  are  equidistant  from  the  centre  of  a 
circle ;  and  chords  which  are  equidistant  from  th^ 
centre,  are  likewise  equal. . 

* 

Let  AB,  DE  be  equal  chords  inflected  within  the  same  cir- 

« 

ole ;  their  distances  from  the  centre,  or  the  perpendiculars 
CFf  CG»  let  fall  itpon  them,  are  equal. 

For  the  .pesrpepdiculars  CF  and  CG  bisect  the  chords.  AB 
and  P£  (III.  4>,},  and  consequently  BF,  DG,  the  halves  of 
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these,  are  likewise  eqoal.    The  ri^rt^angled  triangles  CBF 

and  CDG,  which  are  thus  of  the  same 

aiFectibn,  having  the  two  sides  BC,  BF 

equal  respectively  to  DC,  DG,  and  the 

corresponding  angle  BFC  equal  to  DGC, 

are  equal  (I.  22.),  and  consequently  the 

side  FC  is  equal  to  GC. 

Again,  if  the  chords  AB,  D£  be  equal- 
ly distant  from  the  centre,  they  are  themselves  equal. 

For  the  same  construction  remaining :  The  triangles  CBF 
and  CDG  are  still  of  thd  same  a&ction  $  and  have  now  the 
two  sides  CB,  CF  equal  to  CD,  CG,  and  the  angle  BFC 
equal  to  DGC ;  consequently  they '^  are  equal,  and  the  side 
BF  equal  to  DG ;  the  doubles  of  these,  therefore,  or  the 
whole  chords  AB,  DE,  are  equal. 

fl 

,  PROP.  XII.    THEOR. 

The  greater  chord  is  nearer  the  centre  of  the  cir- 
cle;  and  the  chbtd  which  is  nearer  the  centre  is  like- 
wise the  greater. 

Let  the  chord  DE  be  greater  than  AB ;  its  'distance  from 
the  centre,  or  the  perpendicular  CG  let  fall  upon  it,  is  less 
than  the  distance  CF. 

For  in  the  right-angled  triangle  BCF, 
the  square  of  the  hypotenuse  BC  is  equi- 
valent to  the  squares  of  BF  and   FC ' 
(II.  11.) ;  and,  for  the  same  reason,  the 
square  of  the  hypotenuse  DC  of  the  right- 
angled  triangle  DCG  is  equivalent  to  the 
squares  of  DG  and  GC.     But  BC  and 
DC  are  equal,  and  consequently  dieir  squares ;   wherefore 
the  squares  of  DG  and  GC  are  equitalent  to  the  squares 
of  BF  and  FC.    And  since  DE  is  greater  than  AB,  its 
half  DG  is  greater  than  BF,  and  consequently  the  square 


^ 


BOOK  III.  77 

of  DG  is  greater  thi^L  £he  jquare  of  BF ;  the  square  of  GC  i^ 
therefore,  less  than  the  sqnajPR^of  FC,  becaiue»  when  joined 
to  the  squares  of  DG  and  BJP,  they  produce  the  same  amoant» 
or  the  square  of  the  radius  of  the  circle.  Hence  the  perpen- 
dicular GC  itself  is  less  than  FC. . 

Again,  if  the  chord  D£  be  nearer  the  centre  than  AB,  it 
is  also  greater.  )• 

For  the  same  construction  remaining :  It  is  proved  that 
the  squares  of  BF  and  FC  are  together  equal  to  the  squares 
of  DG  and  GC ;  but  GC  being  less  than  FC,  the  square  of 
GC  is  less  than  the  square  of  FC,  and  consequently  the  square 
of  DG  is  greater  than  the  square  of  BF  (  whence  the  side  DQ 
is  greater  than  BF,  and  its  double,  or  the  chord  DE,  greater 
than  AB. 

PROP.  XIII.    THEOR. 

In  the  same  or  equal  circles,  equal  angles  ajt  the 
centre  are  subtended  by  equal  chords,  and  tenni- 
nated  by  equal  arcs. 

If  the  angle  ACB  at  the  centre  C  be  equal  to  DCE,  the 
chord  AB  is  equal  to  DE,  and  the  arc  AFB  is  equal  to  DGK 

For  let  the  sector  ACB  be  applied  to  DCE.     The  centre 
remaining  in  its  place,  the  radius  CA  will  lie  on  CD ;  and 
the  angle  ACB  being  equal  to  DCE,  the  radius  CB  will  adapt 
itself  to  CK  And  because  all  the  radii 
are  equal,  their  extreme  points  A  and 
B  must  coincide  with  D  and  E;  where- 
fore the  straight  lines  which  join  those 
points,  or  the  chords  AB  iEUid  DE, 
must   coincide.     But  the  arcs   AFB 
and  DGE    that    connect    the    same 

4 

points,  will  also  coincide ;  for  any  in- 
termediate point  F  in  the  one,  being  at  the  same  distance 


i 
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IBrom  the  centre  ae  every  point  of  the  other,  must,  on  its  ap^ 
plication,  find  ahrays  a  corresponding  point  O. 

The  same  mode  of  reasoning  is  appEcaUe  to  the  case  of 
equal' circles. 

Cor.  Hence,  in  the  same  or  eqpsl  oirdes,  equal  arcs  are 
subtended  by  equal  chords,  and  terminate  equal  angles  at  the 
centre. 

PROP.  XIV.    THEOR. 

In  the  same  or  equal  circles,  equal  chords  subtend 
equal  arcs  of  a  like  kind. 

If  the  chord  AB  be  different  from  the  diameter,  -it  will  evi- 
dently subtend  at  the  same  time  two  unequal  portions  of  the 
circumference  of  a  circle,  the  one  terminating  the  angle  ACB 
at  the  centre  and  less  than  the  semicircumference,  the  other 
greater  than  this  and  terminating  the  reversed  angle. 

In  the  equal  circles  GAHB 
and  IDKE  the  chord  AB  sub- 
tends the  arcs  AGB  and  AHB, 
which  are  respectively  equal  to 
DIE  and  DKE  subtended  by 
the  equal  chord  DE. 

For  join  CA,  CB,  and  FD, 
FE.  The  two  triangles  CAB  and  FDE,  having  all  the  sides 
of  the  one  equal  to  those  of  the  other,  are  equal  (I.  2.)  ;^  and 
consequently  the  angle  ACB  is  equal  to  DF£.  Wherefore 
the  arcs  AGB  and  DIE,  which  terminate  these  equal  angles, 
are  (III.  IS.)  themselves  equal ;  and  hence  the  remaining  por- 
tions AHB  and  DKE  of  the  equal  circumferences  are  like- 
wise equal  , 

Tliis  demonstration,  it  is  evident,  vnUl  likewise  apply  in  the 
ease  of  the  same  circle. 
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PROP.  XV.    PROB. 
To  bisect  an  arc  of  a  circle. 


Let  it  be  required  to  divide  the  arc  AEB  into  two  equal 
portioiiB. 

Draw  the  chord  AB»  and  bisect  it  (L  7.)  by  the  perpendi- 
cular EF  cutting  the  arc  AB  in  E :  The  arc  A£  is  equal  to 
EB.  ' 

For  the  triangles  ADE,  BDE,  have 
the  side  AD  equal  to  BD,*the  side  DE 
common,  and  the  containing  right  angle 
ADE  equal  to  BDE;  they  are  (I.  S.) 
consequently  equal,  and  the  base  AE 
equal  to  BE.  But  these  equal  chords 
AE,  BE  must  subtend  equal  arcs  of  a 
like  kind  (III.  14.),  and  the  arcs  AE, 
BE  are  evideniiy  each  of  them  less  than  a  semidrciftifer^ice. 

Cor.  The  correlative  arc  AFB  is  also  bisected  by  the  per* 
pendicular  EF. 


PROP.  XVI.    PRDB. 


Given  an  arc,  to  complete  its  circle. 


Let  ADB  be  an  arc ;  it  is  required  to  trace  the  circle  to 
which  it  belongs. 

Draw  the  chord  AB,  and  bisect  it  by 
the  perpendicular  CD  (1. 7.)  cutting  the 
arc  in  D,  join  AD,  and  from  A  draw 
AC  making  an  angle  DAC  equal  to 
ADC  (I.  4.} :  The  intersection  C  of  this 
straight  line  with  the  perpendicular,  is 
the  centre  of  the  circle  required. 


8D 
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For  Join  CB.  The  triangles  ACE  and 
BCE,  having  the  side  £A  eqpAl  to  EB, 
the  side  EC  common,  and  the  contained 
angle  AEC  equal  to  BEC,  are  equal  (I. 
3.)f  fi^d  consequently  AC  is  equal  to  BC. 
But  (I.  12.)  AC  is  also  e^ual  td  CD,  be- 
cause the  angle  DAC  was  made  equal  to  ADC.  Wherdbre 
(III.  8.  eoi*.)  the  three  straight  lines  CAyCD,  and  CB  being 
all  equal,  the  point  C  is  the  centre  of  the  circle. 

PROP.  XVn.    THEOIL 

The  angle  at  the  centre  of  a  circle  is  double  of 
the  angle  which,  standing  on  the  same  arc,  has  its 
vertex  in  the  circumference. 

t 

Let  AB  be  an  arc  of  a  circle ;  the  angle  which  it  terminates 
nt  the  centre,  is  double  of  ADB  the  corresponding  angle  at 
the  circumference. 

For  jom  DC  and  produce  it  to  the  opposite  circumference* 
This  diameter  DCE,  if  it  lie  not  on  one  of  the  sides  of  the  angle 
ADB,  must  either  fall  within  that  angle  or  without  it. 

First,  let  DC  coincide  with  DB.  And 
because  AC  is  equal  to  DC,  the  angle 
ADC  is  equal  to  DAC  (1.  11.);  but  the 
exterior  angle  ACB  is  equal  to  both  of 
these  (L  32^.)  and  therefore  equal  to  double 
of  either,  or  the  angle  ACB  at  the  centre 
is  double  of  the  angle  ADB  at  the  cir- 
cumference. 

Next,  let  the  straight  line  DCE  lie 
within  the  angle  ADB.  From  what  has 
been  demonstrated,  it  is  apparent,  that 
the  angle  ACE  is  double  of  ADE,  and 
the  angle  BCE  double  of  BDE ;  where- 
fore the  angles  ACE,  BCE  taken  toge- 
ther, or  the  whole  angle  ACB,  are  double  of  the  collected 


BOOK  III* 


81 


angles  ADE,  BDE,  or  the  angle  ADB  at  the  circiiinfi»- 
rence. 

Lastly,  let  DCE  fidi  without  the  wgle 
ADB.  Because  the  angle  BCE  is  double 
of  BDE,  and  the  angle  ACE  is  double  of 
ADE ;  the  excess  of  BCE  above  ACE, 
or  the  angle  ACB  at  the  centre,  is  double 
of  the  excess  of  BDE  above  ADE,  that 
is,  of  the  angle  ADB  at  the  circumference*. 


PROP.  XVIIL    THEOR. 

The  angles  in  the  san^e  segment  of  a  circle  are 
eqval. 

Let  ADB  be  the  si^pnent  of  a  circle  y 
the  angles  AFB,  AGB  contained  in  it, 
or  which  stand  on  the  opposite  portion 
AEB  of  the  circumference,  are  equal  to 
each  other* 

For  join  CA,  CB.  The  angle  ACB 
at  the  centre  is  double  of  the  angle  AFB 
or  AQ@  at  the  circumference  (III.  17*) » 
these  angles  AFB,  AGB,  which  stand 
on  the  same  arc  AEB,  are,  therefore* 
the  halves  of  the  same  central  angle 
ACB*  and  are  consequently  equal  tp 
each  other. 

Cor.  Hence  equal  angles  at  the  drcumferenp^  must  stand 
on  equal  arcs ;  for  their  doubles  or  the  central  angles,  being 
equal,  are  terminated  by  equal  arcs  (III.  13.)  Hence  also 
equal  angles  that  stand  on  the  same  base,  have  their  vertices 
in  the  same  segment  of  a  circle. 


'  See  Nate  XXVL 
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PROP.  XIX.    THEOR. 

The  opposite  angles  of  a  quadrilateral  figure  con- 
tained  within  a  circle,  are  together  equal  to  two 
right  angles. 

Let  ABCD  be  a  quadrilateral  figure  described  in  a  circle^ 
the  angles  A  and  C  are  together  equal  to  two  right  angleS) 
and  so  are  those  at  B  and  D. 

For  join  EB  and  ED.  The  angle  BED  at  the  centre  is 
double  of  the  angle  BCD  at  the  circum- 
ference (III.  17.);  and  for  the  same  rea- 
son, the  reversed  angle  BED  is  double 
of  BAD.  Consequently  the  angles  BCD 
and  BAD  are  the  halves  of  angles  about 
the  point  £,  and  which  make  up  four 
right  angles ;  wh^efore  the  angles  BCD' 
and  BAD  are  together  equal  to  two 
rightangles. 

In  the  same  manner,  by  joining  EA  and  EC,  it  may  be 
proved,  that  the  angles  A3C  and  ADC  are  together  equal  to 
two  right  angles.  ^'   * 

Cor,  Hence  a  circle  may  be  described  about  a  quadrilate- 
ral figure  which  has  its  opposiie  angles  equal  to  two  riglit 
angles ;  for  if  a  circle  be  made  to  circumscribe  the  triangle 
BCD  (III.  10.  cor.),  the  angles' opposite  to  thb  base  BD  are 
equal  to  two  right  angles,  and  therefore  equal  to  the  angles 
BCD  and  BAD ;  consequently  the  angle  BAD  is  equal  to  an 
angle  in  the  segment  BAD,  and  hence  (III.  18.  cor.)  they 
are  contained  in  the  samie  segment,  or  the  circumference  of 
the  circle  passes  through  all  the  four  points  A,  B,  C,  and  D- 

PROP.  XX.    THEOR. 
Parallel  chords  intercept  equal  arcs  of  a  circle. 

Let  the  chord  AB  be  parallel  to  CD  5  the  intercepted  arc 
AC  is  equal  to  BD. 
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For  join  AD.  And  because  the 
straight  lines  AB  an4  CD  are  parallels 
the  alternate  angles  BAD  and  ADC 
are  equal  (I.  23.)  ;  wherefore  these 
angles,  having  their  vertices  in  the  cir- 
cumference of  the  circle,  must  stand  on 
equal  arcs  (III.  18.  cor^,  4md  conse- 
quently the  arcs  AC  and  BD  ^e  equal  to  each  otiMr. 

Cor.  Hence,  conv^^y,  the  0raig}it  lines  which  intercept 
eq)ial  arcs'  qit  a  ciitle  ar^  poirallel }  and  h^ce  anotb^  mode  of 
drawing  a  parallel  through  a  givcB  point  to  a  given  stnug^t 
line*. 


PROP.  XXL    THEOR. 

The  inclination  of  two  straight  lines  is  equal  to  the 
angle  tenninated  at  the  circumference  by  the  siim 
Qt  difference  of  the  arcs  which  they  intercept,  ac- 
cording as  their  vertex  is  within  or  without  the  circle. 

If  the  two  straight  lines  AB  and  CD  intersect  each  other 
in  the  point  £  within  a  circle;  the  angle  AED  which  they 
form,  is  equal  to  an  angle  at  the  circumference  and  standing 
on  the  sum  of  the  intercepted  arcs  AD  and  BC. 

For  draw  the  chord  BF  pardlel  to  CD  (IIJ.  20.  cor.), 
Because  ED  and  BF  are  paraUel,  the 
angle  AED  (I.  23.)  is  eqpial  to  the  inte- 
rior angle  ABF,  which  stands  on  the 
arc  AF ;  but  since  the  chords  BF  and   . 
CD  are  parallel,  the  »rc  BC  is  equal  to 
DF  (III.  20.)  and  consequently  the  arc 
AF,  which  terminates  at  the  circumfe- 
rence  an  angle  equal  to  AED,  is  the  sum  of  the  two  inter- 
cepted arcs  AD  and  BC. 


j>. 


1^ 


*  See  Note  XXVIL 
p2 


84  ELEMENTS  OF  GEOllffETBY. 

Again,  if  the  straight  lines  AB  and 
CD  meet  at  E,    without  the  circle^ 
their  inclination  AED  is  equal  to  an 
angle  at  the  circumference,  having  for  - 
its  base  the  excess  of  tiie  arc  AD  »- 

« 

bove  BC.  ^v 

For  BF  being  drawn  parallel  to  CD, 
the  arc  BC  is  equal  to  FD,  and  conse* 
quendy  the  arc  AF  is  the  excess  of  AD 
above  BC  $  but  the  angle  ABF  which  stands  on  AF,  is  equal 
to  the  inferior  angle  AED. 

Cor.  Hence  if  two  chords  intersect  each  other  at  right 
angles  within  a  circle,  the  opposite  intercepted  arcs  are  equal 
to  the  semicircumference  *. 

PROP.  XXIL    THEOR. 

The  angle  in  a  semicircle  is  a  right  angle,  the 
angle  in  a  greater  segment  is  acute,  and  the  angle 
in  a  smaller  segment  is  obtuse.  ^ 

Let  ABD  be  an  angle  in  a  semicircle,  or  that  stands  on 
the  semicircumference  AED ;  it  is  a  right  angle. 

For  ABD»  being  an  angle  at  the 
circumference,  is  half  of  the  angle  at 
the  centre  oh  the  same  base  AED 
(III.  17.);  it  is,  therefore,  half  of  the 
angle  ACD  formed  by  the  opposite 
portions  CA,  CD  of  the  diameter,  or 
half  of  two  right  angles,  and  is  con- 
sequently equal  to  one  right  angle. 

Again,  let  ABD  be  an  angle  in  a  segment  greater  than  a 
semicircle,  or  which  stands  on  a  less  arc  AED  than  the  semi- 
circumference ;  it  is  an  acute  angle* 


*  See  Note  XXVIIL 
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For  join  CA>  CD.  The  angle  ABD 
is  half  of  the  central  angle  ACD,  which 
is  evidently  less  than  two  right  angles  i 
wherefore  ABD  is  less  than  one  right 
angle,  or  it  is  acute. 

But  the  angle  AED,  in  the  smaller 
s^ment,  is  obtuse.     For  A£D  stands 
OB  the  arc  ABD,  which  is  greater  than  a  semidrcumference, 
and  is  the  base  of  an  angle  at  the  centre,  the  reverse  <^ 
ACD,  and  greater,  therefore,  than  two  right  angles  i  A£D 
is  hence  an  obtuse  angle. 

Scholium.  From  the  remarkable  property,  that  the  angle  in 
a  semicircle  is  a  right  angle,  may  be  derived  an  elegant  me- 
thod of  drawing  peipendiculars  *. 


PROP.  XXIII.    THEOR. 


If  a  circle  be  described  on  the  radius  of  another 
circle,  any  straight  line  drawn  from  the  point  where 
they  meet  to  the  outer  circumference,  is  bisected  by 
the  interior  one. 


Let  AEC  be  a  circle  described  on 
the  radius  AC  of  the  circle  ADB,  and 
AD  a  straight  line  drawn  from  A  to 
termmate  in  the  exterior  cm;mnfe- 
rence ;  the  part  AE  in  the  smaller  cir- 
cle is  equal  to  the  part  ED  intercepted 
between  the  two  circmnferences. 

For  join  CE.  And  because  AEC  is  a  semicircle,  the 
angle  contained  in  it  is  a  right  angle  (III.  22.) ;  consequently 
the  straight  line  CE,  drawn  from  the  centre  C,  is  perpendi- 
cular to  the  chord  AD,  and  therefore  (III.  4.)  bisects  it. 


•  See  Nate  XXIX. 
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PROP.  XXIV.    THEOR. 

» 

The  perpendicular  at  the  extremity  of  a  diameter 
is  a  tangent  to  the  circle,  aad  the  only  tangent  which 
can  be  applied  at  that  point. 

Let  ACB  be  the  diameter  of  a  circle,  to  which  the  straight 
line  EBD  is  drawn  at  right  angles  from  the  e:(tremily  B ;  it 
will  touch  the  circumference  at  tliat  point. 

For  CB,  being  perpendicular, 
is  the  shortest  distance  of  the  cen- 
tre C  from  the  straight  line  EBD 
(I.  18.)  $  wherefore  every  other 
point  in  this  line  is  farther  &om 
the  centre  than  B,  and  conse- 
quently falls  without  the  circle. 

But  the  perpendicular  EBD  is 
the  only  straight  line  which  can  be  drawn  through  the  point 
B  that  will  not  cut  the  circle.  For  if  HBF  were  such  a  line, 
the  perpendicular  CG,  let  fall  upon  it  from  the  centre,  would 
be  less  than  CB  (I.  18.),  and  would  therefore  lie  within  the 
circle;  consequently  HBG,  being  extended,  would  again 
meet  the  circumference,  before  it  effected  its  escape. 

Cor.  Hence  a  straight  line  drawn  from  the  point  of  contact 
at  right  angles  to  a  tangent,  must  be  a  diameter,  or  pass 
through  the  centre  of  the  circle. 

Sckolium.  The  nature  of  a  tangent  to  the  circle  is  easily 
discovered -from  the  consideration  of  limits.  For  suppose  the 
straight  line  DE,  extending  both  ways, 
to  turn  about  the  extremity  B  of  the 
diameter  AB  -,  it  will  cut  the  circle  first 
on  the  one  side  of  AB,  and  afterwards 
on  the  other.  But  the  arc  AH  being 
less  than  a  semicircumference,  the 
angle'  HBA  which  the  line  D'E^ 
makes  with  the  diameter  is  acute 
(III.  22.) ;  and,  for  the  same  reason,  the  angle  KBA  is  acpte, 
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and  xstmseqaeody  ite  adjacetot  angle  IVBA  is  obtase.  Tlus 
the  reTdlVing  line  DE>  when  it  meets  the  semicirciimference 
AHB)  makes  an  acute  angle  with  the  diameter ;  but  when  it 
comes  to  meet  the  opposite  semicircumference,  it  makes  an  ob- 
tuse angle.  In  passing,  therefore,  through  all  the  intermediate 
gradations  from  minority  to  majority,  the  line  D£  must  find 
a  certain  individual  position  in  which  it  is  at  right  an^es  to 
the  diameter,  and  cuts  the  circle  neither  on  the  one  side  nor 
the  other. 

A  similar  inference  might  be  derived  from  Prop.  20.  of 
this  Book  I  oiie  of  the  parallel  chords  being  supposed  to  con- 
tract, until  its  extreme  points  are  about  to  coalesce  in  the 
position  of  the  tangent. 

PROP.  XXV.    THEOR. 

tfy^^&om  -the  pcnnt  ^>f  cmrtsetf  a-Btfttight  line  be 
ipa\¥fi  to^eot-the  eti%iB»fere»«e,  the  andes  which  it 
makes  with  the  ta/jgent  afe  equal  to  those  In  the  al- 
ternate  segments  of  the  circle. 

Let  CD  be  a  tangent,  and  BE  a  straight  line  drawn  from 
the  point  of  contact,  cutting  the  circle  into  two  segments 
BAE  and  BFE ;  the  angle  EBD  is  equal  to  EAB,  and  the 
angle  EBC  to  EFB. 

For  draw  BA  perpendicular  to  CD  (L  5,  cor.),  join  AE, 
and,  from  any  point  F  in  the  opposite  arc,  draw  FB  and  FE. 

Because  BA  is  perpendicular  to  tlie  tangent  at  B,  it  is  a 
diameter  (III.  24.  cor.),  and  consequent- 
ly AEFB  is  a  semicircle  j  wherefore 
AEB  is  a  right  angle  (III.  22.),  and  the 
remaining  acute  angles  BAE,  ABE  of 
the  triangle,  being  together  equal  to 
another  right  angle,  are  equal  to  ABE 
and  EBD,  which  compose  the  right 
angle  ABD.  Take  the  angle  ABE 
away  from  both,  and  the,  angle  BAE  remains  equal  to  EBD 


A' 
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Again^  the  (^^xraite  itngles  BA£  and  BFE  of  the  quadiv 
lateral  iGgiire  BAEF,  being  equtd  to  two  right  angles  (III.  19.}, 
are  equal  to  the  angle  EBD  with  its  adjacent  angle  EBC ; 
and  taking  away  the  equals  BAE  and  EBD,  there  remains 
the  angle  BFE  equal  to  EBC. 

Cor.  If  a  straight  Utie  meet  the  circumference  of  a  dxdei 
and  make  an  angle  with  an  inflected  line  equal  to  that  in  the 
alternate  segment,  it  touches  the  circle. 

PROP.  XXVI.    PROR 

To  draw  a  tangent  to  a  circle,  from  a  giyen  point 
without  it. 

Let  A  be  a  given  point,  from  which  it  is  required  to  draw 
a  straight  line  that  shaD  touch  the  circle  DGH. 

Find  the  centre  C  (III.  5.  con),  join  OA  and  draw  D£ 
(I.  5.  cor.),  perpendicular  to  CA,  from 
C  with  the  distance  CA  describe  a  cir- 
cle meeting  DE  in  F,  join  CF  cutting 
the  interior  circumference  in  G;  AG 
being  joined,  is  the  tangent  which  was 
required. 

For  the  triangles  ACG  and  FCD  have 
the  sides  CA,  CG  equ^  to  CF,  CD,  and 
the  containing  angle  ACF  common  to 
both ;  they  at-6,  therefore,  equal  (I.  3.),  and  consequently  the 
angle  CGA  is  equal  to  CDF.     But  CDF  is  a  right  angle  ; 
whence  CGA  is  likewise  a  right  angle,  and  AG  a  tangent  to 
the  circle  (III.  24.) 

Or  thus. 

On  AC  as  a  diameter  descHbe  the 
circle  AGCK,  cutting  the  given  cir- 
cle in  the  points  G,  K  :  Join  AG, 
AK ;  either  of  these  lines  is  the  tan- 
gent required. 

For  join  CG,  CK.  And  the  angles 
CGA,  CKA,  being  each  in  a  semicircle,  are  right  angles 
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(III.  22.),  and  contequeiitiy  A6»  AK,  touch  the  circle  DGHK 
at  the  points  O,  K  (IIL  24.). 

Cor,  Hence  tangents  drawn  from  the  same  point  to  a  circle 
are  equal ;  for  the  triangles  ACG  and  ACK  having  the  side 
CG  equal  to  CK,  C  A  common,  and  the  an^es  at  G  and  K 
right,  are  equal  (1. 22.),  and  consequently  AG  is  equal  to  AK. 

PROP.  XXVII.     PROS. 

On  a  given  straight  line,  to  describe  a  segment  of 
a  circle,  that  shall  contain  an  angle  equal  to  a  given 
angle. 

I^t  AB  be  a  straight  .)ine»  on  which  it  is  required  to  de- 
scribe a  segment  containing  an  angle  equal  to  C. 

If  C  be  a  right  angle,  it  is  evident  that  the  problem  will  be 
performed)  by  describing  a  semicircle  oh  AB.  But  if  the  angle 
C  be  either  acute  or  obtuse ;  draw 
AD  (I.  4.)  making  an  angle  BAD 
equal  to  C  (I.  36.),  erect  A£  per- 
pendicular to  AD,  draw  £F  (I.  5. 
cor.)  to  bisect  AB  at  right  angles 
and  meeting  AE  in  E,  and,  from 
this  point  as  a  centre  and  with  the 
distance  EA  describe  the  required 
segment  AGB. 

Because  EF  bisects  AB  at  right  B 
angles,  the  circle  described  through  A  must  also  pass  through 
(III.  5.)  the  point  B ;  and  since  EAD  is  a  right  angle,  AD 
touches  the  circle  at  A  (III.  24.),  and  the  angle  BAD,  which 
was  made  equal  to  C,  is  equal  (III.  25.)  to  the  angle  iu  the  al- 
ternate segment  AGB. 

PROP.  XXVIII.    THEOR. 

Two  circles  which  meet  in  the  straight  line  join- 
ing their  centres  or  in  its  continuation,  touch  each 
other. 
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Let  the  circles  DCE,  FCG  meet  «t 
C,  in  the  direction  of  the  straight  Hne ' 
which  joibs  their  e^tres  A,  B  $  they 
touch,  each  other  at  that  point* 

For  dtaw  BH  to  another  point  H  in 
the  circumference  DCE.  And  because 
B  is  distinct  from  the  centre  A,  the  line 
BH  is  greater  than  BC  (III.  *7.  cor.  2.), 
and  consequently  the  point  H  lies  with- 
out the  circle  FCG.  Except,  there&re,  at  the  single  point 
C.  the  circumference  DCE  does  not  meet  FCG. 

Cor.  Hence  a  straight  line  extending  through  the  centres 
of  two  circles,  will  pass  through  theiV:  points  of  contact. 


PROP.  XXIX.    THEOR. 

Two  straight  lines  drawn  through  the  goint  of  con- 
tact  of  two  circles,  intercept  arcs  of  which  the  chords 
are  parallel. 


Let  the  circles  ACE  and  ABD  touch  mutually  in  A,  and 
from  this  point  the  straight  lines  AC,  AE  be  drawn  to  cut  the 
circumferences  \  the  chords  CE  and  BD  are  paralleL 

For  draw  the  tangent  FAG,.  (III.  26.),  which  must  touch 
both  circles. 

In  the  case  of  internal  contact,  the  angle 
GAE  is  equal  to  ACE  in  the  alternate 
segment,  (III.  25.)  j  and,  for  the  same 
reason,  GAE  or  GAD  is  equal  to  ABD ; 
consequently  the  angles  ACE  and  ABD 
are  equal,  and  therefore  (1. 23.)  the  straight 
lines  CE  and  BD  are  parallel. 
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When  the  contact  is  externaly 
the  angle  GAE  is  still  equal  to 
ACE,  and  its  vertical  angle  FAD 
is,  for  the  same  reason,  equal  to 
ABD ;  whence  ACE  is  eqnal  to 
ABjD ;  a^fd  these  being  alternate 
angles,  the  straight  line  CE  (I.  23.)  is  parallel  to  BD. 


PROP.  XXX.    THEOR. 


If  from  any*point  in  the  diameter  of  a  circle  or  its 
extension,  straight  lines  be  drawn  to  the  ends  of  a 
parallel  chord ;  the  squares  of  these  lines  are  toge- 
ther equivalent  to  the  squares  of  the  segments  into 
which  the  diameter  is  divided. 

Let  BEFD  be  a  circle,  and  from  the  point  A  in  its  extend- 
ed diameter  the  straight  lines  AE  and  AF  be  drawn  to  the 
ends  of  the  parallel  chord  EF ;  the  squares  of  A£  and  AF 
are  together  equivalent  to  the  squares  of  AB  and  AD. 

For  from  the  centre  C,  let  fall  the  perpendicular  CG  upon 
EF  (I.  6.),  and  join  AG  and  CE. 

Because  CG  cuts  die  chord  EF  at 

right  angles,  GE  is  equal  to  GF  (III. 

4>.) ;  wherefore  the  squares  of  A£  and 

AF  are  equivalent  to  twice  the  squares 

of  AG  and  GE  (II.J^Q.)    But  ACG 

being  a  right-angled  triangle,    the 

square   of  AG  is  equivalent  to  the 

squares  of  AC  and  CG  (11.  11.),  or 

twice  the  square  of  AG  is  equivalent 

to  twice  the  squares  of  AC  and  CG. 

Wherefore  the  squares  of  AE  and 

AF  are  equivalent  to  twice  the  three 

squares  of  AC,  CG,  and  GE.    Of  these,  the  two  squares  of 

CG  and  G£  are  equivalent  to  the  square  of  CE  or  CB,  for 
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die  triangle  CGE  is  right-angled.  Consequently  the  squares 
of  A£  and  AF  are  equivalent  to  twice  the  squares  of  AC  and 
CB.  But  the  straight  line  BD  being  cut  equally  at  C  and 
unequally  at  A,  the  squares  of  the  unequal  s^pnents  AB  and 
AD  are  together  equivalent  to  twice  the  squares  of  AC  and 
CB  (11.  21.  cor.) ;  whence  the  squares  of  AE  and  AF  are  to- 
gether  equivalent  to  the  squares  of  AB  and- AD. 

« 

PROP.  XXXI.    THEOR. 

If  through  a  point,  within  or  without  a  circle,  two 
perpendicular  lities  be  drawn  to  meet  the  circumfe- 
rence, the  squares  of  all  the  intercepted  distances 
are  together  equivalent  to  the  square  of  the  diameter. 

Let  E  be  a  point  within  or  without  the  circle,  and  AB,  CD 
two  straight  lines  drawn, through  it  at  right  angles  to  the  cir- 
cumference I  the  i^uares  of  the  four  segments  EA,  EB,  ED, 
and  EC,  are  together  equivalent  to  the  square  of  the  diame- 
ter of  the  circle. 

-   For  draw  BF  parallel  to  CD,  and  join  AF,  AD,  CB,  and 
DF. 

Because  BF  is  parallel  to  CD,  the  arc 
BC  is  equal  to  the  arc  FD  (HI.  20.))  and 
consequently  the  chord  BC  is  also  equal 
to  the  chord  FD  (III.  15.  cor.) ;  but  BC 
being  the  hypotenuse  of  the  right-angled 
triangle  BEC,  its  square,  or  that  of  FD 
is  equivalent  to  the  squares  of  EB  and  EC 
(II.  11.),  and  AED  being  likewise  right- 
angled,  the  square  of  AD  is  equivalent  to 
the  squares  of  EA  and  ED.      Whence 
the  squares  of  AD  and  FD  are  equiva- 
lent to  the  &ur  squares  of  EA,  EB,  ED, 
and  EC.  But  since  ED  is  parallel  to  BF, 
die  interior  angle  ABF  is  equal  to  AED 
(I.  23.),  and  therefore  a  right  angle ;  consequently  ACBF  is 
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a  semicircle  (III.  23.  cor.)  and  AF  the  diameter.  The  angle 
ADF  in  the  opposite  semicircle  is  hence  a  right  angle  (III.  22. ), 
and  the  square  of  the  diameter  AF  is  equal  to  the  squares  of 
AD  and  FD,  or  to  the  sum  of  the  squares  of  the  finir  seg^ 
ments  EA,  £B,  ED,  and  EC  intercepted  between  thecircum^ 
ference  and  the  point  E. 

PROP.  XXXH.    THEOR. 

,  If^through  a  point,  within  or  without  a  circle,  two 
-istea^^^lifiefi  be  dTawn!f^seh^t~  ii^ -ti^^ 
the  rectangle  under  the  segments  of  th^  one,  is  equi- 
valent to  that  contained  by  the  segments  of  the 
other. 

Let  the  two  straight  lines  AD  and  AF  be  extended  through 
the  point  A,  to  cut  the  circumference  BFD  of  a  circle ;  the 
rectangle  contained  by  the  segments  A£  and  AF  of  the  one, 
is  equivalent  to  the  rectangle  under  AB  and  AD,  the  distan- 
ces intercepted  from  A  in  the  other. 

For  draw  AC  to  the  centre,  and  produce  it  both  ways  to 
terminate  in  the  circumference  at  G  and  H ;  let  fidl  the  per- 
pendicular CI  upon  BD  (I.  6.),  and  join  CD. 

Because  CI  is  perpendicular  to  AD,  the  difference  between 
the  squares  of  CA  and  CD,  the  sides  of  the  triangle  ACD  is 
equivalent  to  the  difference  between 
the  squares  of  the  segments  AI  and 
ID  the  segments  of  the  base  (II.  21. 
cor.) ;  and  the  difference  between 
the  squ^es  of  two  straight  lines  be- 
ing equivalent  to  the  rectangle  under 
their  sum  and  their  difference  (II. 
19.),  the  rectangle  contained  by  the 
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sum  and  di£Eerenoe  of  AC^  GD  is 
equivalent  to  the'  rectangle  contain- 
ed by  the  sum  and  di&renoe  ef  AI9 
ID4  Bat  sinice  the.raduls  CG  is 
equal  to  CH,  the  sum  of  AC  and 
CD  is  AH,  and  their  difference  is  ' 
AG ;  and  because  the  perpendicular 

CI  bisects  the  chord  BD  (III.  4.),  the  sum  of  AI  and  ID  is 
AD9  and  their  difference  AB.  Wherefore  the  rectangle  AH, 
AG  is  equivalent  to  the  rectangle  AB,  AD.  In  the  same  way 
it  is  proved,  that  the  rectangle  AH,  AG  is  equivalent  to  tlie 
rectangle  AE,  AF ;  and  consequently  the  rectangle  AE,'  AF 
is  equivalent  to  the  rectangle  AB,  AD. 


Or  tkus. 

Draw  the  diameter  GAH,  and  join  CB  and  CD.  And  be- 
cause BCD  is  an  isosceles  triangle  and  CA  is  drawn  from'the 
vertex  C  to  ii  point  in  the  direction  of  its  base,  the  difference 
between  the  square  of  C  A  and  CD  or  CG  is  equivalent  to  the 
rectangle  contained  by  the  segments  AB,  AD  of  the  base  (II. 
24.  cor.).  In  like  manner,  it  is  proved  that  the  same  difierence 
between  lie  square  of  CA  and  CG  is  equivalent  to  the  rect- 
angle contained  by  the  segments  AE,  AF ;  whence  the  rect- 
angle under  AB,  AD  is  equivalent  to  the  rectan^  under 
AE,  AF. 

Cor^  1 .  If  the  vertex  A  of  the  straight  lines 
lie  within  the  circle  and  the  point  I  coincide 
with  it,  BD,  being  then  at  right  anglds  to 
'  CA,  is  bisected  at  A  (III.  4.),  and  the  rect- 
angle AB,  AD 'is  the  same  as  the  square  of 
AB.  Consequently  the  square  of  a  perpendicular  AB  limit- 
ed by  the  circumference,  is  equivalent  to  the  rectangle  under 
the  segments  AG,  AH  of  the  diameter. 
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Cbr.  2,.  If  the  vertex  A  He  without  the 
circle  and  tl^^  ppjiit  I  coincide  with  B  or 
D,  the  angle  ABC  being  then  a  right 
angle,  the  incident  line  AB  must  be  a 
tangent  (III.  24.),  and  consequently  the 
two  points,  of  seetion  B  ai^(l  D  must  coa-  « 
lesce  ia  a  single  point  of  contact  Wherefore  the  rectan^e 
under  the  distances  Afi,  AD  becomes  the  same  as  the  square 
of  AB;  and  consequently  the  rectangle  contained  by- the  seg* 
ments  AG,  AH  of  the  diameter^  is  equivalent  to  die  square  of 
the  tangent  AB. 

PROP.  XXXIII.     PROB. 

To  construet  a  square  equivalent  to  a  given  recti. 

lineal  figure. 

Let  the  rectilineal  figure  be  reduced  by  Proposition  7. 
Book  IL  to  an  equivalent  rectangle,  of 
which  A  and  B  are  the  two  containing       |       -^        . 
sides;,  draw  an  indefinite  stra%ht  line 
CE)^  in  which  take  the  part  CD  equal  to 
A  and  DE  to  B,  ojql  CE  describe  a  send* 
cirdey  ^d  erect  the  perpendicular  DF 
from  the  diameter  to  meet  the  meumfe- . 
rence:  DF  is  the.sidepf. the  square  equivalent  to  thegivai 
rectilineal  figure. . 

For,  by  Cor.  l.to  the  last  Proposition,  the  square  of  the 
perpendicular  DF  is  equivalent  to  the  rectangle  under  the 
segments  CD,  DE  of  the  diameter,  and  is  consequently  equi- 
valent to  the  rectan^e  contained  by  the  sides  A  and  B  of  a 
rectangle  that  was  mi^e  equivalent  to  the  rectilineal  figure. 

PROP.  XXXIV.     THEOR. 

A  quadrilateral  figure  may  have  a  circle  described 
abput  it,  if  the  rectangles  under  the  segments  made 
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by  the  intersection  of  its  diagonals  be  equivalent,  or 
if  those  rectangles  are  equivalent  which  are  contain- 
ed by  the  external  segments  fi>rmed  by  producing 
its  opposite  sides. 

Let  ABCD  be  a  quadrilateral  figure,  of  which  AC  and  BD 
are  the  diagonals,  and  such  that  the  rectangle  A£,  EC  is 
equivalent  to  the  rectangle  BE,  £D ;  a  circle  may  be  made 
to  pass  through  the  four  points  A,  B,  C,  and  D. 

For  describe  a  circle  through  the 
three  points  A,  B,  C  (III.  10.  corO> 
and  let  it  cut  BD  in  G.  Because  AC 
and  BG  intersect  each  other  within 
a  circle,  the  rectangle  AE,  EC  is 
equivalent  to  the  rectangle  BE,  EG 
(III.  31.) ;  but  the  rectangle  AE,  EC 
is  by  hypothesis  equivalent  to  the 

rectangle  BE,  ED.     Wherefore  BE,  EG  is  equivalait  to 

•         

BE,  ED;  and  these  rectangles  have  a  common  base  BE, 
consequently  (II.  3.  cor.)  their  altitudes  EG  and  ED  are 
equal,  and  hence  the  point  G  is  the  same  as  D,  or  the  circle 
passes  through  all  the  four  points  A,  B,  C,  and  D* 

Again,  if  the  opposite  sides  CB  and  DA  be  produced  to 
meet  at  F,  and  the  rectangle  CF,  FB  be  equal  to  DF,  FA> 
a  d«le  may  be  described  about  the  figure. 

For,  as  before,  let  a  circle  pass  through  the  three  points 
A,  B,  C,  but  cut  AD  in  H.  And  from  the  property  irf  the 
circle,  the  rectangle  CF,  FB  is  equivalent  to  HF,  FA ;  bnt 
the  rectangle  CF,  FB  is  also  equivalent  to  DF,  FA ;  whence 
the  rectangle  HF,  FA  is  equivalent  to  DF,  FA,  and  the  base 
HF  equal  to  DF,  or  the  point  H  is  the  same  as  D  ^. 
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DEFINITIONS, 


1.  A  rectilineal  figure  ia  said  to  be  inscnhed 
in  a  circle^  vhen  all  its  angular  points  lie  on 
the  circumference. 


2.  A  rectilineal  figure  circumscribes  a 
circle^  when  each  of  its  sides  is  a  tan- 
gent 


3.  A  drde  is  inscribed  in  a  rectilineal  fi- 
gurci  when  it  touches  all  the  sides. 
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*  4*  A  circle  is  described  about  a  rectilineal 
figure  or  circumscribes  it,  when  the  circumfe- 
rence passes  through  all  the  angular  points  of 
the  figure. 


5.  Polygons  are  equilateral,  when  their  sides,  in  the  same 
order,  are  respectively  equal:  They  Brey^quiangular^  if  an 
equldity  obtains  between  their  corresponding  angles. 


6.  Polygons  are  said  to  be  regular,  when  all  their  sides  and 
their  angles  are  equal. 
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PROP.  I.    PROB. 

'-         •         '•  ■         •     » 

Given  an  isosceles  triangle^  to  construct  another 
on  the  same  base,  but  with  half  the  vertical  angle. 

Let  ABC  be  an  isosceles  triangle  standing  on  AC ;  it  is  re- 
quired, on  the  same  base,  to  construct  another  isosceles  tri- 
angle, that  shall  have  its  vertical  angle  half  of  the  angle  ABC 

Bisect  AC  in  D  (I.  7.),  join  DB,  which 
produce  till  BE  be  equal  to  BA  or  BC, 
and  join  AE,  CE :  AEC  is  the  isosceles 
triangle  required. 

For,  the  stra^ht  line  BE  being  equal  to 
BA  and  BC,  the  point  B  is  the  centre  of 
a  circle  which  passes  through  A,  E,  and  C; 
and  consequently  the  angle  ABC  is  double  '- 

of  AEC  at  the  circumference  (III.  17.),  or  the  vertical  fmgle 
AEC  is  half  of  ABC.  But  the  triangles  AED  and  CED, 
having  the  side  DA  equal  to  DC,  the  side  DE  common  to 
both,  and  the  right  angle  AD£  (III.  4.)  equal  to  CDE  are 
(I.  3.)  equal,  and  consequently  AE  is  equal  to  CE^  Where- 
fore the  triangle  AEC  is  likewise  isosceles* 

PROP.  II.    PROB. 

Given  an  acute*angled  isosceles  triangle,  to  con- 
struct another  on  the  same  b^s^,  >v}iich  shall  have 
double  the  vertical  angle. 

Let  ABC  be  an  acute-angled  isosceles 
triangle  \  it  is  required,  on  the  base  AC, 
to  construct  another  isosceles  triangle, 
having  its  vertical  angle  double  of  the 
angle  ABC. 

Describe  a  circle' through  the  three 
points  A,  B,  and  C  (III.  10.  cor.),  aftd  draw  AD,  CD  to 
the  centre  D  J  the  triangle  *ADC  is  the  isosceles  triangle  re- 
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quired.  For  the  angle  ADC,  being  at  the  centre  of  the  dr- 
de,  is  (III.  17.)  donUe  of  ABCj  the  angfe  at  the  drcumfe' 
rence* 
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PROP.  HL    THEOR. 

If.  an  isosceles  trianglQ  have  each  angle  at  the  base 
double  of  the  vertical  angle,  its  base  will  be  equal  to 
the  greater  segment  of  one  of  its  sides  divided  by  a 
medial  section* 

Let  ABC  be  an  isosceles  triangle  which  has  each  of  the 
angles  BAC,  BCA  double  of  the  yertical  angle  ABC ;  the 
base- AC  is  equal  to  the  greater  segment  of  the  nde  BA  form- 
ed by  a  medial  section. 

For  draw  CD  to  bisect  the  angle  BCA  (I.  5.},  an4  about 
ihe  triangle  BDC  describe  a  circle  (III.  10.  con). 

Because  the  angle  BCA  is  double  of 
ABC  and  has  been  bisected  by  CD^  the 
angles  ACD,  BCD  are  each  of  them 
equal  to  CBD,  and  consequently  the 
side  BD  is  equal  to  CD  (L  12.).  But 
the  triangles  BAC  and  DAC>  having 
the  angle  ACD  equal  to  ABC,  and  the 
angle  at  A  common  to  both,  must  have  also  (I.  S2.)  the  re- 
"maining  angle  CDA  equal  to  BCA  or  CAD ;  whence  (1. 12.) 
the  triangle  DAC  is  likewi)se  ii^osceles,  and  the  side  AC  equal 
to  CD  i  and  CD  being  equal  to  BD^  therefore  AC  is  equal  to 
BD.  And  since  the  angle  ACD  i^  equal  to  CBD  in  the  at 
temate  segment  of  the  circle,  the  straight  line  AC  touches  the 
circumference  at  C  (III.  25.  cor.)  i  wherefore  the  rectangle 
contained  by  AB  and  AD  (III.  3|«  cor.  2.)  is  equivident  to  the 
square  of  AC,  or  the  square  of  BD.  Cpnsequenttjr  the  base 
AC  of  this  isosceles  yiangle  is  equal  to  the  greater  segment 
9P  of  the  sid^  AB  cut  by  a  medial  section. 
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Cor*  Henoe  the  interior  triangle  ACD  is  likewite  isosodes 
and  of  the  same  nature  with  ABC,  having  the  greater  seg- 
ment of  AB  for  its  fiide,  and  the  smaller  segment  for  its  base* 

PROP.  IV.    PROB. 

« 

Given  either  one  of  the  sides  or  the  base,  to  con- 
struct an  isosceles  triangle,  so  that  each  of  the  angles 
at  the  basemaj  be  double  of  its  vertical  angle. 

First,  let  one  of  the  sides  AB  be  given,  to  coilstmct  sndi 
an  isoscdes  triangle.  «    .     '   i 

Divide  AB  by  a  medial  section  at  C  (II.  22.),  and  on  CBf 
as  a  base  with  the  distance  AB^  each  of  the  ddes)  describe 
an  isosceles  trianj^e  (I.  1.)  < 

Next,  kt  the  base  AB  be  given,  to     -A     C*  •  '-B  ^ 
construct  an  isosceles  triangle  o£  iSAs'^Jy^^^    ■    -^  -      q 
nature. 

Prodpce  AB  to  C,  such  that  tiie  rectwg^  AC^^CB  be 
equal  to  the  square  of  AB  (II.  22.  cor.  2«)^  and' on  the  base 
AB,  with  the  distance  AC  for  each  c£.  the  sides,,  describe  an 
isosceles  trian^e. 

Hiese  isosceles  trian^es  will  fiil61  the  conditions-  reqniredi 
For  it  is  evident,  from  the  last  Proposition,  that  isoscdes 
triangles  const^dted  on  CB  and  AB,  with  each  of  the  angles 
at  the  base  double  the  vertical  angle,  would  have  AB  and  AC 
ibr  their  sides,  and  consequently  (I.  2.)  must  coincide  widkthe 
trian^  now  d«Kndbed. 

Cor,  H^ice  an  isosceles  trian^e  of  this  kind  has  its  verti- 
cal angle  equal  to  the  fifth  part  citwo  right  angles ;  for  each 
of  the  angles  at  tlie  base  being  doul^  of  the  vertical  angle, 
they  are  both  equal  to  four  times  it,  and  consequently  this 
vertical  Bngle  is  the  fifth  part  of  all  the  angles  9f  the  triangle, 
ar  of  two  right  angles. 
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PROP.    V.      PROB. 


On  a  given  finite  straight  line,  to  describe  a  regu- 
lar  pentagon. 

Let  AB  be  the  straight  line^  on  which  it  is  required  to  de- 
scribe  a  regular  pentagon. 

On  AB  erect  (IV.  4.)  the  isosceles  triangle  ACB  having 
each  of  the  angles  at  the  base  double  of  its  vertical  an^,  on 
AB  again  construct  (IV.  2.)  another  isosceles  trijanglQ  whose 
vertical  angle  AOB .  is  double  of 
ACB>  and  ^bout  the  vertex  O  place 
(I.  I.)  the  isosceles  triangles  AOD, 
DOC,  COE,  and  EOB ;  These  tri- 
angles, with  AOB,  will  cqmpose  a 
regular  pentagon. 

Foir  the  angle  AOB,  being  the 
double  of  ACB^  which  is  the  fifth 
part  dftwo  right  angles  (IV.  4.  cor.}> 

must  be  equal  to  the  fifth  part  of  four  right  angles ; .  and  con- 
sequently five  angles^  each  of  them  equal  to  AOB,  will  adapt 
themselves  about  the  point  O.  But  the  bases  of  those  central 
triangles,  and  ^which  form  the  sicUs  of  tlie  pentagon,  are  all 
equal ;  and  the  angles  at  their  bases  being  likewise  equal, 
they  are  equal  in  the  collective  pairs  which  constitute  the  in- 
ternal angles  of  the  figure :  It  is  therefore  a  regular  penta- 
gon. 

Or  thus. 

Having  erected  the  isosceles  triangle  ACB,  fi'om  the  cen- 
tre A  with  the  distance  AC  describe  an  arc .  of  a  circle,  and 
from  the  centre  B  with  the  same  distance  describe  anotlier 
arc,  and  from  C  inflect  the  straight  lines  CE,  CD  equal  to 
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AB :  Tiie  pomts  B,  E  i^iark^out  the  pentagon.  For  it  is  ap- 
parent, that,  the  three  straight  lines  AO,  BO^  and  CO  bring 
equal  (IV.  2.),  and  the  triangles  ACB,  CAE,  and  CBD  be- 
ing likewise  equal,  the  point  O  must  have  tlie  same  relation 
to  all  of  them,  and  consequently  the  central  triangles  COD 
and  COE  are  equal  to  AOB. 

PROP.  VI.    PROB. 

f 

On  a  given  finite  straight  line^  to  describe  a  regu- 
lar hexagon. 

Let  AB  be  the  given  stra^ht  line,  on  which  it  is  required 
to  describe  a  regular  hexagpn. 

On  AB  ccmstruct  (I.  1.)  the  equilateral  triangle  AOB,  and 
repeat  equiil  triangles  about  the  vertex  O*,  tliese  triangles  will 
together  compose  llie  hexagqn  required. 

Because  AOB  is  an  equilateral  triangle,  each  of  its  angles 
is  equal  to  the  third  part  of  >two, 
right    angles    (I.   32.   cor.    1.) ; 
wh^efore  the  vertical  angle  AOB 
is  the  sixth  part  of  four  right 

angles,  or  six  of  such  angles  may       c^^ ^ ^1^ 

be  placed   about  the  point   O. 

But  the  bases   of  the  triangles 

AOB,  AOC,  COD,  DOE,  EOF, 

and  BOF  are  aB  equal;  and  so 

are  the  angles  at  the  bases,  and  which,  taken  by  p6.irs,  form 

the  internal  angles  of  the  figure  BACDEF.     This  figure  k, 

therefore,  a  regular  hexagon.  ^      - 

.••    ''  > 

PROP.  Vri.    PROB.         ' 

t 

On  a  given  finite  straight  line,  to  describe  a  regu- 
lar octagon. 

Let  AB  be  the  given  straight  llne^  on  which  it  is  required 
to  describe  a  regular  octagon. 


D                E 

c/ 

AA 

\ 

\A/ 

.V                 B 
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Bifletet  AB  (1  6.)  by  tlie  perpendkabir  CD,  wUch  waOu 
equal  to  CA  ot  CB,  join  DA  and  DB,  product  CDvQtQ 
DO  be  equal  to  DA  or  DB,  dnm 
AO  and  BO>  tlnis  forming  (IV.  L) 
an  angle  equal  t0  die  half  of  ADB> 
and^  about  the  vertex  O,  repeat  the 
equal  triangles  AOB,  AOE,  EOF, 
FOG,  GOH,  HCfl,  lOK,  and 
KOB  to  compose  the  octagon* 

For  the  distances  AD/  BD  are 
evidently  equal;  and  because  CAj  CD,  and  CB  are  all  equal 
the  angle  APBJs  contained  iu  a  semiciscley  ai^d  is  therefore 
a  right  angle  (III.  17.).  Consequently  AOB  is  equal  to  the 
half  of  a  right  angle,  and  ejght  such  angles  wiB  adapt  them- 
selves aboud  the  point  O*  Whence  the  figure  BAEFGHIK, 
having  eight  equal  sides  and  equal  BOf^ieB,  ista  tegular  oeta* 


gon. 


PROP.  Vin.    PROB. 


f . 


'  On  a  given  finite  straight  line,  to  describe  a  regu^ 
lar  decagon. 

4 

Let  AB  be  the  straight  line,  on  wliich  it  is  required  to  de« 
scribe  a  regular  decagon. 

On  AB  construct  (IV.  4.)  an  isosceles  triangle  having  each 
of  the  angles  at  its  base  double-  of  the  vertical  angle,  and,  a- 
faout  the  point  O,  place  a  series  of 
triangles  all  equal  to  AOB:  A  re- 
gular decagon  will  result  from 
this  composition. 

For  the  vertical  im^e  AOB  of 
the  isosceles  triangle  is  equal  to 
the  fifth  part  of  two  right  angles 
(IV.  4.  cor.),  or  to  the  tenth  part 
«f  four  right  angles  j  whence  ten  $uch  angles  may  be  formed 
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sbaat&e  poiat  O.    The  figyre  BACD£FGHIK»  having 
therefoielenetiBal  aides  wd  eqpud  imgles,  ^ 

PROP.  IX.    PROB. 

*  * 

On  a  given  finite  straight  U w,  to  describe  a  regi»: 
lar  dodecagon. 

Let  AB  be  die  straight  line,  on  whidi  it  is  required  to  de- 
scribe a  rq^ular  tirdve-«ided  figure. 

On  AB  construct  (I.  1.)  die  equilateral  triangle  ACS,  and 
again  (IV.  1.)  the  isosceles  triangle  AOB,  having  its  vertical 
angle  equal  to  the  half  of  ACB,  and  repeat  this  triangle 
AOB  about  the  point  O ;  ar^ular 
dodecagon  wlQ  be  thus  fonnedt 

For  ACB  bdng  an  equilateral 
triangle,  each  of' its  angles  is  the 
third  part  of  two  right  angles  (I. 
S2.  cor.  1.);  consequently  the  angle 
AOB  is  the  sixth  part  of  two  right 
angles  or  the  twelfth  part  of  four 
nght  angles,  and  twelve  such  angles  can,  therefore,  be  placed 
about  the  vertex  O. 

ScAdium.  Hence  a  regular  twenty-sided  figure  nu^y  be  de- 
scribed on  a  given  straight  line,  by  first  oonstructiiig  on  it 
an  isosceles  triangle  having  each  of  the  angles  at  the  b^se  dou^ 
ble  of  the  vertical  angle,  and  then  erecting  another  isosodes 
trian^e  vrith  its  vertical  angle  equal  to  the  half  of  this.  And^ 
by  thus  changing  the  elementary  triangle,  a  regular  pdiygns 
'  may  be  always  described,  with  twice  the  number  of  sides. 

*        » 

PROP.  X.    PRQB;.^       . 

In  a  given  triangle,  to  wscribe  a  circle. 

Let  ABC  be  a  triangle,  in  which  it  is  requhred  to  ^iscribe 
a  oircle. 
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Dr«w  AD  and  CD  (L  5.)  to  bisect  the  ang^  CAB  md 
ACB>  and  from  their  point  of  concourse  D,  with  its  distance 
D£  from  the  base,  describe  the  circle  £FG:  This  circle  will 
touch  the  triangle  intemaHy. 

For  let  M  the  perpendiculars  DG  and  DF  upon  the  sides 
AB  and  BC  (I.  6.).    The  trian^ 
ADE,  ADG,  having  the  angle  DAE  ^ 

equal  to  D AG^  the  right  angle  DEA 
equal  to  DGA,  and  the  interjacent 
^de  AD  common,  are  equal  (I.  21.), 
and  therefore  tlie  side  D£  is  equal  to 
DG.  In  the  same  manner,  it  is 
proved,  from  the  equality  of  the  triangles  CDE,  CDF,  that 
D£  is  equal  to  DF  $  consequently  DG  is  equal  to  DF,  and 
the  circle  passes  through  the  thriee  points  £^  G,  and  F.  But 
it  also  touches  (III,  24.)  the  sides  of  the  triangle  in  those 
points,  for  the  angles  DEA,  DGA,  and  DFC  are  all  of  them 
right  angles. 

PROP.  XL    PROB. 

In  a  given  circle,  to  inscribe  a  triangle  equiangu- 
lar to  a  given  triangle. 

Let  QDH  be  a  circle,  in  which  it  is  required  to  inscribe  a 
triangle  that  shall  have  its  angles  equal  to  those  of  the  tri- 
angle ABC. 

Assuming  any.  point  D  in  the  circumference  of  the  circle, 
draw  (III.  24.)  the  tangent 
£DF,  and  make  the  angles 
EDG,  FDH  equal  to  BOA, 
BAC,  and  jom  GH  :  The  tri- 
angle GDH  is  equiangular  to 
ABC. 

For  EF  being  a  tangent,  and 
DG  drawn  from  the  point  of  contact,  the  angle  EDG,  which 


BOOK  IV.  107 

was  made  equal  to  BCA,  is  equal  to  the  angle'  DHG  in  the 
alternate  segment  (III.  96.) ;  consequently  DHG  is  equal  to 
BCA.  And  for  the  same  reason^  the  angle  DGH  is  equal  to 
BAG  5  wherefore  (I.  82.)  the  remaining  angle  GDH  of  the^ 
triangle  GHD  is  equal  to  the  remaining  angle  ABC  of  tlie 
triangle  A€1B,  and  these  triangles  are  mutually  equiangular. 

PROP.  XII.    PROB. 

About  a  given  circle,  to  describe  a  triangle  equi- 
angular to  a  given  triangle.  .' 

Let  GIH  be'  a  circle,  abbut  which  it  is  required  to  describe 
a  trianglfe,  having  its  angles  equal  to  those  of  the  triangle 

ABG.^^^'--''-^'^  ••—    •         ,.'...  ? 

Draw  idiijr  radhis  TG,  aiid  with  it  make  (I,  4.)  the  angles 
GFI,  GFH  equal  to  the  exteiioi'  angl66  BAE,  BCD  of  the 
trian^e  ABC,  and,  from  the  pointis  G,  I,  and  H  draw  the 
tangents  KM,  KL,  and  LM  to  form  the  triangle  KLM : 
This  triangle  is  equiangular  ib  ABC. 

For  all  the  angles  of  the  quadrilateral  figure  KIFG  being 
equal  to  four  right  angles,^ 
and  the  angles  KIF  and 
KGF  being  each  a  right 

angle  (III.  24.),  the  remain-  /f  X^    ^N^AT"  <?  ^'0 

ing  angles  GKI  and  GFI 
are  together  equal  to  two  3t 
right  angles,  and  are  consequently  equal  to  the  angles  BAO 
and  BAE  on  the  same  side  of  the  straight  line  ED.  ^rBtit'the 
angle  GFI  was  made  equal  to  BAE ;  whence  GKI  is  equfti 
to  CAB..  In  hke  taanner,  it  is  proved  that  the  an^e  GMH 
is  equal  to  ACiB ;  and  the  angles  ^t  K  and  M  beil^  thus 
equal  to  .BAC  and  BCA,  the  remaining  angle  at  L  jis  (I. 
S2;), equal  to  that.al  B^  and  the  two  triangle^  are,  tliereforc, 
equiangular.  ,   •  /        '*  • 
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PROP.   XIII.      PROB. 

In  and  about  a  given  circle,  to  inscribe  and  cir- 
cumscribe dn  equilateral  triangle. 

Let  AEB  be  a  circle^  in  which  it  is  required  to4iscribean 
isosceles  triangle.  / 

Draw  the  diaineter  AB^  dei^be  (I.  1.)  the  equilateral  tri- 
angle ADB,  join  CD  meeting  the  circumference  in  £,  draw 
(I.  24.)  EF,  EG  parallel  to  AD,  BD,  and  join  FG :  The 
triangle  EFG.is  equilateraL 

For  the  tidangles  ADC,  BDC  haying  the  twoisidos  DA| 
AC  equal  to  DB,  BC^  ^nd  the  third  side  DC  comnionto 
both,  are  (I.  2.)  equal,  and  the  angle  DCA  is  equal  to  DCB4 
whence  the  arc  A£  is  (lU.  14.)  equal  to  BE.  And  the  ^- 
ai^le  ADB  (I.  11.  cor.)  being 
likewise  equiangular,  the  angle 
DBA  is  equal  to  DAB,  and  the 
arc  AEM  equal  to  BEL,  and  the 
remaining  arc  ME  equal  to  LE. 
But  EF  and  EG  being  parallel  to 
LA  and  MB,  the  arcs  AF  and 
BG  are  (III.  20. )  eqiial  to  LE  and 
ME,'  and  to  each  other ;  hence 
(IIL  20.  cor.)  FG  is  parallel  to 
AB,  and  the  inscribed  triangle  FEG  is  (L  31.)  equiangulai^ 
and  ccmsequen^  equilateral. 

AgaiD,  let  k  be  required  to  describe  an  equilateral  triangk 
about  tfa^  drde  AEB. 

'  Th^  fiiatt^  ecmstruction  remaining ;  at  the  points  F,  E,  knd 
Gj 'apply  the  tangents  HI,  HK,  and  KI,  to  form  the  drcum- 
scribing  triangle  IHK  :  This  triangle  is  equilati»aL 

For  because  IH  is  a  tangent  and  FG  k  inflected  from  the 
point  of  contact,  the  angle  IFG  is  equal  to  the  angle  FEG  in 
the  alternate  s^pnent  (III.  25.),  and  therefore  IH  is  parallel 
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to  EG  (I.  2S.  cor.).  In  like  manner  it  it  proredf  that  HK| 
KI  are  parallel  to  6F,  FE^  and- consequently  (L  SI.)  the 
an^  of  the  triai^le  IHK  are  equal  ib  thote  of  FEO»  and 
therefore  equal  to  each  other. 

Cor*  Hence  the  drcumscribing  equilateral  triaiiglecontaina 
four  times  that  which  is  inscribed ;  for  the  figures  EFIG, 
EHFG,  and  EFGK  are  evidently  equal  rhombuses,  andcon* 
tain  equilateral  triangles  which  are  all  equaL  Hence  also  the 
side  of  the  circumscribing,  is  double  of  that  of  the  insGribed* 
equilateral  triangle. 

PROP-  XIV,    THEOR. 

A  straight  line  drawn  from  the  vertex  of  an  equi- 
lateral triangle  inscribed  in  a  circle  to  any  point  in 
the  opposite  circumference,  is  equal  to  the  two 
chords  inflected  from  the  same  point  to  the  extre- 
mities of  the  base. 

Let  ABC  be  an  equilateral  triangle  inscribed  in  a  circle^ 
and  BD,  AD,  and  CD  chords  drawn  from  it  to  a  point  D  in 
the  circumference ;  BD  is  equal  to  AD  and  CD  taken  toge* 
ther. 

For,  make  DE  equal  to  DA,  and  join 
AE.  The  angle  ADB,  being  (III.  18.)  e. 
qual  to  ACB  hi  the  same  segment  is  equal 
(I.  32.  cor.)  to  the  third  part  of  two  right 
angles.  But  the  triangle  ADE  being  isos- 
celes by coi|8truction,the  angles  DAE,  DEA 
at  its  base  are  equal  (I.  11.),  and  each  of 
them  is,  therefore,  ^qnal  to  half  of  the  remaining  two-thirda 
oTtWo  right  angks^  or  to  one^thiM  part.  Consequently  ADE 
is  an  equilateral  triangle  (li  12.  cor.),  and  the  angle  DAE 
equal  to  CAB ;  take  CAE  from  both,  and  there  remains  the 
angle  DAC  equal  to  EAB  \  but  the  angle  ABD  is  equal  ta 
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ACD  in'  the  same  segment.  And  thus  the  triangles  ADC  and 
AEB  have  the  angles. DAG,  BCA  equal  to  EAB,  EBA,  and 
the  intieijacent  side  AC  equal  to  AB ;  thqr  are  consequently 
equal  (1. 21.),  and  the  side  DC  is  equal  to  EB.  But  D£  was 
made  equal  to  DA ;  wherefore  DA  and  DC  are  togetlier.  equal 
to  DE  antl  EB,  or  to  DB. 


PROP.  XV.    PROB. 

About  and  in  a  given  square,  to  circumscribe  and 
inscribe  a  circle. 

Let  ABCD  be  a  figure,  about  which  it  is  required  to  cir- 
cumscribe a  circle. 

Draw  the  diagonals  AC,  DB,  intersecting  each  other  in  0, 
and,  from  that  point  with  the  distance  AO,  describe  the  circle 
ABCD :  This  circle  will  circumscribe  the  square. 

Because  the  diagonals  of  the  square  ABCD  ^re  equal  and 
bisect  each  other  (I.  29.  and  cor.), 
the  straight  lines  0A>  OB,  OC,  and 
OD  are  all  equol,  and  consequent^ 
ly  the  circle  described  through  A 
passes  through  the  other  points 
B,  C,  and  D. 

Again,  let  it  be  required  to  in- 
scribe a  circle  in  the  square  ABCD. 

From  O  the  intersection  of  the 
diagonals  and  with  its  distance  from  the  side  AD,  describe 
the  circle  EGHF :  This  circle  will  touch  the  square  inter- 
nally. 

For  let  fall  the  perpendiculars  OG,  OH,  and  OF  (I.  6.). 
And  because  the  straight  Knes  AB,  BC,  CD,  and  DA  are 
equa},  they  are  ^ually  distant  from  the  centre  O  of  the  exte- 
rior  circle  (III.  11.) ;  wherefore  the  perpendiculars  OEi  OG, 
OH,  and  OF  are  all  equal,  and  the  interior  circle  passes 
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Ill 


throii|^  the  points  G»  H,  and  F;  but  (L  24.)  it  likewise 
toubhes  the'sides  o£  the  square,  since  they  are  peipendlcular 
to  the  radii  drawn  from  O. 

Cor*  H^ce  an  octagon  may  be  inscribed  widiln  a  square^ 
For  let  taaigents  be  applied,  at  the  points  I,  K,  L,  and  M^ 
where  the  diagonals  cut  the  interior  circle.  It  is  evident,  that 
the  triangle  AOE  is  equal  to  DOE,  lOP  to  EOF,  and  EOZ 
to  MOZ^  whence  the  angles  FOE  and  ZOE  are  equal,  b^ 
ing  the  halves  of  EOA  and  EOD,  and  consequent^  the  txir 
aagles'  PEO  and  ZEO  are  equal.  Wherefore  FZ,  the  double 
of  PE,  is  equal  to  FQ,  the  double  of  FI;  and  the.  angle 
£ZM  is,  for  a  like  reason,  equal  to  EFI.  And,  in  this  xnan- 
ner,  ail  the  sides  and  all  the  angles  about  the  eight-sided  figure 
PQRSTWYZ  are  proved  to  be  equal 


FROF-  XVI.    PROB. 

In  and  about  a  given  circle,  to  inscribe  and  cir- 
cumscribe a  square. 

Let  EADB  be  a  circle  in  which  it  is  required  to  inscribe  a 
square. 

Draw  the  diameter  AB,  the  perpendicular  £D,  and  join 
AD,  DB,  BE,  and  EA :  The  inscribed  figure  ADBE  is  a 
square. 

The  angles  about  the  centre  C,  being  right  angles, .  are 
equal  to  each  other,  and  are,  therefore^  subtend^  c^y  equcd 
chords  AD,  DB,  BE,  and  AE,  but  one 
of  the  angles  ADB,  being  in  a  semicircle,        (*       T)        H 
IS  (I,  22.)  a  right  angle,  and  consequent- 
ly ADBE  is  a  square.  , 

Next,  let  it  be  required  to  circumscribe 
a  square  about  the  circle. 

Apply  tangents  FG,  GH,  HI,  and  FI 
at  the  extremities  of  the  perpendicular  diameters  :  These  will 
fonn  a  squaro.      ._  ,  ^    . 
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For  aH  the  anj^  of  the  qaadrihteral  figure  CIO  beaq^  to- 
gether equal  to  four  right  anglesy  and  tfaoie  at  C^  A^  and  D 
being  each  a  ri^t  an^^  the  remaining  an^  at  G  it  aho  a 
right  angle,  CO  is  a  rectan^^^  and  AC  being  equal  to  CD, 
it  is  likewise  a  square.  In  the  same  mannep,  CH,  CI,  and 
CF  are  proved  to  be  squares ;  the  sides  FG,  GH,  HI,  asd 
IF  of  the  exterior  figure,  being  therefore  the  doubles  (rf*  equal 
fines,  are  mutually  equal,  and  the  angle  at  G  bong  a  ri(^ 
angle,  FH  is  consequently  a  squares 

Cor.  Hence  the  circumscribing  iquare  is  double  of  the  ix^ 
scribed  square,  and  this  again  is  double  of  the  square  de^ 
on  the  radius  of  the  drde. 


PROP.  XVIL    PROB. 

To  inscribe  and  circumscribe  a  circle  in  and  a- 
bout  a  given  regular  pentagon. 

Let  ABCDE  be  a  rq;ular  pentagon,  in  which  it  is  requi- 
red to  inscribe  a  cirde. 

Draw  AO  and  EO  to  bisect  the  angles  at  A  and  E,  join  C 
with  the  point  of  concourse  O  and  produce  it  to  meet  AE  in 
F,  and  from  O  as  a  centre,  with  the  distance  OF,  describe  a 
cirde  FGHIK :  This  drde  will  touch  the  pentagon  inter- 
nally. 

For,  from  the  point  O,  let  &11  peipendiculars  on  the  op- 
posite sides  of  the  figure.  The 
angles  EAO  and.  AEO,  being 
the  halves  of  the  angles  of  the 
pentagon,  are  equal,  and  con- 
sequently the  triangle  AOE  is 
isosceles,  and  the  perpendicular 
OF  bisects  the  base.  And  the 
triangles  AOO  and  BOO,  ha- 
ving the  angles  OAO  and 
OGA  equal  to  OBGand  OGB 
and  the  common  side  OG,  are  (L  5.)  equal.     Again  the  tri- 
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angles  BOO  and  BOH  have  now  the  angles  OBO  and  OGB 
equal  to  OBH  and  OHB,  with  the  side  BO  common  to  botb» 
and  are  therefore  equaL  In  like  manner,  all  the  triangles 
about  the  centre  O  are  proved  to  be  equal ;  consequently  the 
perpendiculars  OF,  OG,  OH,  01,  and  OK  are  equal,  and  the 
cirde  touched  llie  pentagon  in  the  points  F,  G,  H^  I,  and  K. 

Next,  let  it  be  required  to  describe  a  circle  aboiit  the  pen- 
tagon. 

From  the  sarnie  centre  O,  witii  the  distance  OA)  describe 
a  circle :  It  wiU  pass  through  the  points  B,  C,  D,  £ ;  for  the 
triangles  about  O  being  all  e^ual,  the  straight  lines  OA,  Ofij 
OC,  OD,  and  0£  must  be  likewise  equal. 

PROP.  XVIII.    PROB. 

In  and  about  a  given  circle,  to  inscribe  and  cir- 
cumscribe a  regular  pentagon. 

Let  ABCDE  be  a  circle  in  which  it  is  required  to  inscribe 
a  regular  pentagon. 

Construct  an  isosceles  triangle  having  each  of  its  angles  at 
the  base  double  of  itis  vertical  angle  (IV.  4.),  and  equiangular 
to  this,  inscribe  the  triangle  ACE  within  the  arcle  (IV.  11.), 
draw  AD,  £B  bisecting  the  angles  CAE,  CEA  (I.  5«),  and 
join  AB,  BC,  CD,  and  DE :  The  figure  ABCDE  is  a  regu^ 
lar  pentagon. 

For  the  angles  AEB,  BEC  are 
each  the  half  of  CEA,  and  there* 
fore  equal  to  ACE  5  but  the  an- 
gles  EAD,  DAC  are  likewise  e- 
qual  to  ACE.  Hence  these  an- 
gles, being  all  equal,  must  stand 
on  equal  arcs  (III.  18.  cor.) ;  and 
the  chords  of  these  arcs,  or  the 
sides  AB,  BC,  CD,  DE,  and  AE  are  equal  (III.  13.  cor,), 
And  because  the  segments  EAB,  ABC,  BCD,  CDE,  ap4 
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D£A  are  evidently  equai,  the  interior  angles  of  the  figure 
are  all  equal  (III.  18.),  and  it  is^  therefore^  a  regular  pen- 
tagon. 

Next,  let  U  be  required  to  circumscribe  a  r^ular  penta- 
gon about  the  circle. 

At  the  popit^  A,  H,  C9  D9  and  £  apply  tangents  $  these 
will  form  a  regular  pentagon,  ^ 

For  FAK  being  a  tangent,  the  angle  KAE  is  equal  to 
ACE  (III.  25.);  and  in  like  manner  it  is  shown  that  the 
angles  AEK,  DEI,  EDI,  CDH,  DCH,  BCG,  CBG,  ABF, 
BAF  are'  all  equal  to  ACE.  The  isosceles  triangles  AKE, 
BFA,  having,  therefore,  the  angles  at  the  base  equal  ^d  the 
bases  themsdves  AE,  AB, — are  equal  (I.  21.) ;  for  the  same 
reason,  the  triangles  BGC,  CHD,  DIE,  EKA,  are  equal. 
Whence  the  internal  angles  of  the  figure  are  equal,  and  its 
sides,  being  double  of  those  of  the  annexed  triangles,  are  hke- 
wise  equal :  The  figure  is,  therefore,  a  regular  pentagon. 


PROP.  XIX.    PROB, 

In  and  about  a  regular  hexkgon,  to  inscribe  and 
circumscribe  a  circle. 

Let  ABCDEF  be  a  regular  hexagon,  in  which  it  is  requi- 
red to  inscribe  a  circle* 

Draw  AO  and  FO,  bisecting  the  angles  BAF  and  AFE 
(I.  ^.) }  and  from  the  point  of  intersection  O,  with  its  distance 
from  the  sid^  AF>  describe  a  circle :  Thi^  circle  will  touch  the 
hexagon  internally. 

For  let  fall  perpendiculars  fi*om  O  upon  the  sides  of  the 
figure.  It  may  be  demonstrated,  as  in  Prop.  XVII.  that  the 
triangles  A0»,  BOC,  COD,  DOE,  and  EOF  are  all  equal 
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to  AOF ;  and,  in  like  manner,  it  will  appear  that  the  inter- 
mediate bisected  triang^  are 
equal  Hence  the  perpendica* 
lars  OG,  OH,  OI,  OK,  OL, 
and  DM,  are  all  equal,  and  a 
circle  must  touch  these  at  the 
points  G,  H,  I,  K,  L,  and  M* 
.  Again,  let  it  be  required  to . 
describe  a  circle  about  the 
hexagon. 

From  the  same  point  O,  as 
a  centre,  with  the  distance  OA,  describe  a  circle,  which  must 
pass  throu^  the  points  B,  C,  D,  £,  and  F ;  for  the  straight 
lines  O  A,  OB,  OC,  OD,  0£,  and  OF  were  proved  to  be  eqaal. 

Cor,  Hence,  in  any  regular  polygon,  the  centre  of  the  in- 
scribing and  drcumscribing  circle  is  the  same*  and  may  be 
determined  in  general,  by  drawing  lines  to  bisect  the  adjacent 
angles  <rf' the  figure.  , 

PROP.  X^.   -PROP. 
To  inscribe  a  regular  hexagon  in  a  given  circle- 
Let  it  be  required,  in'the  cirdd  FBD,  to  insicribe  a  hexagon. 
Draw  the  radius  O  A,  on  which  constmct  the  equilateral 

triangle  ABO  (1. 1.  cor.),  and.re^)eat  the  eqiial  triangles  about 

the  vertex  O :  These  triangles  will  compose  a  hexagon. 
For  the  triangle  ABO,  beiiig:  Unilateral,  each  of  ibs  angles, 

AOB,  is  the  third  part  of  two  right  angles;  and  consequently 

six  of  such  angles  may  be  placed 

about  the  centre  O.  But  the  bases 

of  the  triangles  AOB,  BOC,  COD, 

DOE,  and  EOF  form  the  sides 

of  the  figure,  and  the  angles  at 

those  bases  its  internal  angles  ; 

wherefore  it  is  a  regular  hexagon.  :H'"'^*- — ^— ^K 

CoTi  1.  Tangents  applied  at  the  points  A,  B,  C,  D,  E,  and 

n2 
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Ff  would  evidently  form  a  regular.  eiixuDfiscnbibghexiig^ 
An  equilateral  triangle  might  be  intodbeii  by  joining  the  al* 
temate  points  ^  and,  by  applying^thogents  aft  those  points,  bd 
equilateral  triangle  would  be  m^e  toitiicumscribe  the  cir^ 

Cor,  2.  The  side  AB  of  the  inscribed  hex^kgon  is.  equal  to 
the  radius ;  and  since  ABD  is  a  xight-angled.triangle^and  dtt 
squares  of  AB  and  BD  are  equal/id^  die;  iqviore  of  423  or  ti) 
four  times  the  square  of  AO,  the  ^uare  of  BD  the  ipde  of  an 
inscribed  equilateral  triangle  is  iiSple  the  square  of  the  radiuft 

Cor.  3.  The  perimeter  of  the  inscribed  hexagon  iaeqpib) 
six  times  the  radius,  or  three  tiiDesihe'diameter^  of  the  circle. 
Hence  the  circumfer^ce  of  a  cit'detbeing^  from  its  perpetual 
curvature,  greatei-  tfaa&.ahy  intentiediate  system  of  eiraiglit 
lioes^  is  more  than  trqile  itd 


PROP.  XXI.    PROB. 
To  inscribe  a  regular  decagon  in  a  given  circle. 


I » 


Let  ADH  be  a  circle,  m  which  it  is  required  to  inscribe  a 
regular  decagoki  •   = 

!Praw  the  radius  OA>  and  With  OA> as  its. side  describe  the 
isosceles  triangle^AOB,  h&vii^'eadi.of  its  an^s  at  the/base 
double  of  its  vertical  angle  (IV.'  4i.),  repeat  the  eqdai  triangles 
about  the  centre  O  :  These  triangles  -will  compose  a  decagon. 

For  the  verdcid;  ang^e  AQB  df 
tibe  component  isosceles  triangle,  ii 
the  fifth  part  of  two  right  angles^ 
(IV.  4.  port),  and  consequently  ten 
guch  angles  fan  be  placed  about 
he  point  O.     But  the  sides  and  > 
angles  of  the  resulting  figure  are 
all  evidently  equal ;  it  is,  therefore, 
a  regular  decagon. 

Cor.  Hence  a  regular  pentagon  will  be  formed,  by  joining 
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the  aiteflM^  {K^nld  A5  C|  E,  G,  I>  and  A.  It  it  abo  mani- 
fest^ tfiat^a  decagoti  and  a  pentagon  may  be.  circiunficribed 
about  the^cijpcle,  by  applying  tangents  at  their  several  anga- 
kr pdats^  '  -- 

PROP.  XXIL    THEOR. 

The  square  of  the  side  of  a  pentagon  inscribed  in 
a  circle,  is  equivalent  to  the  squares  of  the  sides  of 
the  inscribed  hexagon  and  decagon. 

Lc*  ABCDEF  be  half  of  a  decagon  inscribed  in  a  circle, 
whcTse  diameter  is  AF ;  the  square  of  AC  the  side  of  the  in- 
cribed  pentagon,  is  equivalent  to  the  square  of  AB  the  side 
of  the  inscribed  decagon,  and  the  square  of  the  radius  AO 
which  is  equal  to  a  side  of  the  inscribed  hexagon, 

Fot  join  AD,  AE,  and  draw  OB,  OC,  OD,  and  OE.  Tie 
angle  FAD  at  the  circumference,  beinghalf  of  the  angle  FOD 
at  the  centre  (III.  17.),  is  equal  to  the  angle  AOB ;  and,  for 
the  same  reason,  the  angle  FAB,  being  half  of  FOB,  is  equal 
to  FOD  or  COA.  The  triangles  ABO  and  AGO,  hating, 
therefore,  the  angles  AOB,  OAB  equal  to  OAG,  AOG,  and 
the  side  AO  common  to  both,  are  equal  (I.  21.)  and  isosceles, 
and  consequently  the  base  AB  is  equal  toOG.  But  the  angles 
FAE  and  EAD,  standing  on 
equal  arcs,  are  equal  (III.  18. 
cor.) ;  wherefore  the  triangles 
0  AH 'and  GAH,  having  the 
side  AG  equal  to  AO,  the 
side  AH  common,  and  the 
ccmtained  angle  OAH  equal  to  GAH,  are  equal  (I.  S.),  and 
hence  OH  is  equal  to  GH,  and  the  angles  AHO  and  AHG 
are  equal  ^ud  right  angles.  And  because  AO  is  equal  to  CO- 
and  AH  perpendicular  to  it,  the  sqpiaria  lof  AC  is  eqyivalent 
to  twice  the  rectangle  under  OC  and  CH  (II.  26.  cor,),  or  the 
rectangle  under  OC  and  twice  CH,  which  is  evidently  the 
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sum  of  OC  and  C6«  The  square  of  AC  is,  tkerdfaref  equi- 
valent to  the  square  of  OC,  with  the  rectangle  und^r  ^OG  and 
CG  'i  but  OG  being  equal  to  AB,  the  radius  OC  is  divided 
by  a  medial  section  at  G,  and  consequently  the  rectangle  un- 
der OC .  and  CG  is  eqtdvalent  to  the  square  of  OG  or  AB. 
Whence  the  square  of  AC  is  equivalent  to  the  two  squares  of 
AO  and  AB. 

Cot.  i.  The  triple  chord  AD  ^f  the  decagon,  is  equal  to 
the  sides  AO  and  AB  of  the  inscribed  hexagon  and  decagon. 
For  AO  being  equal  to  DO,  the  angle  O  AD  is  equal  to  ODA 
(1.  11.);  but  OAD,  or  FAD,  is  equal  to  the  angle  DOC 
(III.  17.),  and  oonsequently  the  angle  DOG  is  equal  to  ODG, 
and  the  side  OG  equal  to  DG  (I.  12.)  Wherefore  AD  being 
equal  to  AG  and  GD,  is  equal  to  AO  with  OG  or  AB. 

Cor.  2.  Hence  the  sides  of  the  inscribed  decagon  and  pen- 
tagon may  be  found  by  a  single  construction.  For  draw  the 
perpendicular  diameters,  AC  and 
EF,  bisect  OC  in  D,  join  DE, 
make  X>G  eqtial  to  it,  and  join 
GE.  It  is  evident,  that  AO  is  cut 
medially  in  G  (II.  22.),  and  conse- 
quently that  OG  is  equal  to  a  side 
of  the  inscribed  decagon.  But 
GOE  being  a  right-angled  triangle, 
the  square  of  GE  is  equivalent  to  the  squares  of  GO  and  OE 
(IL  11.),  or  the  squares  of  the  sides  of  the  decagon  and  hex- 
agon ;  whence  GE  is  equal  to  the  side  of  the  inscribed  pen- 
tagon. It  also  follows,  that  CG  is  equal  to  CI  or  CP,  the 
triple  chords  of  the  inscribed  decagon  *• 


PROP.  XXIII.    PROB. 


In  a  givien  circle,  to  inscribe  regular  polygons  of 
fifteen  and  of  thirty  sides. 


•  See  Note  XXXL 


BOOK  IV.  119  ' 

Let  AB  and  BC  be  the  sides<of  an  inscribed  decagon,  and 
AD  the  side  of  a  hexagon  inscribed ;  the  arc  BD  will  be  the 
fifteenth  part  of  the  circumference  of  the  circle,  and  DC  the 
thirtieth  part. 

For,  if  the  circumference  were  di-  vk^ 

vided  into  thirty  equal  portions,  the 
arc  AB  would  be  equal  to  three  of 
these,  and  the  arc  AD  to  five;  con- 
sequently the  excess  BD  is  equal  to 

two  of  these  portions,  or  it  is  the  fifteenth  part  of  the  whole 
circumference.  Again,  the  double  arc  ABC  being  equal  to 
six  portions,  and  ABD  to  five,  the  defect  DC  is  equal  to  one 
portion,  or  to  the  thirtieth  part  of  the  circumference. 

Scholium.  From  the  inscription  of  the  square,  the  penta- 
gon, and  the  hexagon, — ^may  be  derived  that  of  a  variety  of 
other  regular  polygons :  For,  by  continually  bisecting  the  in- 
tercepted arcs  and  inserting  new  chords,  the  inscribed  figure 
will,  at  each  successive  operation,  have  the  number  of  its  sides 
doubled.  Hence  polygons  will  arise  of  6,  8,  and  10  sides  \ 
then,  of  12,  16,  and  20;  next  of  24,  32,  and  40;  again,  of 
48,  64,  and  80;  and  so  forth  repeatedly.  The  excess  of  the 
arc  of  the  hexagon  and  above  that  of  the  decagon,  gives  the 
arc^f  a  fifteen-sided  figure ;  and  the  continued  bisection  of 
this  arc  will  mark  out  polygons  with  30,  60,  or  120  equal 
sides,  in  perpetual  succession.  The  same  results  might  akd 
be  obtained  from  the  differences  of  the  preceding  arcis  *- 

Of  the  regular  polygons,  three  only  are  susceptible  of  per- 
fect adaptation,  and  capable  therefore  of  covering,  by  their 
repeated  addition,  a  plane  surface.  These  are  the  equilateral 
triangle,  the  square,  and  the  hexagon.  The  angles  of  an 
equilateral  triangle  are  each  two-thirds  of  a  right  angle,  those 
of  a  square  are  right  angles,  and  the  angles  of  a  hexagon  are 


♦  See  Note  XXX 11. 
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each  equal  to  four»third  paitB  of  a  ri^t  angle»  Hesice  there 
may  be  constituted  about  a  point,  six  equilateral  'trianglesi 
four  squares,  and  three  faex^ons^  But  no  other  regular 
polygon  can  admit  of  a  li]^e  disposition.  The  pentagon,  for 
instance,  having  each  of  its  angles  equal  to  six-fifths  of  a 
right  angle,  would  not  fill  up  the  whole  space  abooit  a  point, 
on  being  repeated  three  times ;  yet  it  would  do  more  than 
cover  that  space,  if  added  four  times.  On  the  other  hand, 
since  each  angle  of  a  polygon  which  has  more  than  six  sides 
must  exceed  four  third  parts  of  a  right  angl^  three  such 
polygons  cannot  stand  round  a  point.  Nor  can  the  ^ace 
about  a  point  ever  be  bisected  by  the  af^cadon  of  any  re- 
gular polygons,  of  whatever  number  of  sides ;  for  their  angles 
tee  always  necessarily  each  less  than  two  right  an^es  \ 


See  Note  XXXIII. 
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OF  PROPORTION, 


The  preceding  Books  treat  of  magnitude  as  cofh 
Crete,  or  having  mere  extension ;  and  the  simpler 
properties  of  Unes^  of  ai^l^,  and  of  surfaces,  were 
deduced,  by  a  continuous  process  of  reasonings 
grounded  originally  on  superposition.  But  this 
mode  of  investigation,  however  satisfactozy  to  the 
mind,  is,  ttom  its  nature,  very  limited  audi  kbprious« 
By  introducing  the  idea  of  Number  into  geometry, 
a  new  scene  is  opened,  and  a  far  wider  prospect 
rises  into  view.  Magnitude,  being  considered  as 
discrete^  or  eomposed  of  integrant  pajrts,  becomes 
assimilated  to  multitude ;  and  under  that  aspect,  it 
presents  a  vast  system  of  relations,  which  may  be 
traced  out  with; the  utmost  facility. 
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Numbers  were  first  employed,  to  denote  the  col- 
lection of  distinct,  though  kindred,  objects ;  but  the 
subdivision  of  extent^  whether  actually  effected  or 
only  conceived  to  exist,  bestowing  a  sort  of  indi- 
viduality, they  came  afterwards  to  acquire  a  more 
comprehenrive  wUctioo.  In  coi.[Ji«g  together 
two  quantities  of  the  same  kind,  the  one  may  contain 
the  other,  or  be  contained  by  it ;  that  is,  the  one  may 
result  from  the  repeated  addition  of  the  other,  or  it 
may  in  its  turn  produce  this  other  by  a  successive 
composition.  The  one  quantity  is,  therefore,  equal, 
either  to  so  n^any  times  the  other,  or  to  a  certain 
aliquot  part  of  it. 

Such  seems  to  be  the  simplest  of  numerical  rela- 
tions. It  is  very  confined,  however,  in  its-  applica- 
tion, and  is  evidently,  in  that  shape,  insufficient  al- 
together for  the  purpose  of  general  comparison.  But 
this  object  is  attained,  by  adopting  some  interme- 
diate reference.  Though  a  quantity  neither  contain 
another  exactly,  nor  be  contained  by  it ;  there  may 
yet  exist  a  third  and  smaller  quantity,  which  is  at 
once  capable  of  measuring  them  both*  This  measure 
corresponds  to  the  arithmetical  unit ;  and  as  number 
denotes  the  collection  of  units,  so  quantity  may  be 
viewed  as  the  aggregate  of  its  component  measures. 

But  mathematical  quantities  are  not  all  suscep- 
tible of  such  perfect  mensuration.  Two  quantities 
may  he^  conceived  to  be  so  constituted,  as  not  to  ad- 
mit of  any  other  that  will  measure  them  completely, 
or  be  contained  in  both  without  leaving  a  remain- 
der. Yet  this  apparent  imperfecticMi,  which-  pro- 
ceeds entirely  frojn  the  iniitiitQ  va]^ie#f>. ascribed  to 


possible  magnitude,  creates  no  real  obstacle  to  the 
progress  of  fwcurate  science.  The  measure  or  pri- 
mary element,  being  assumed  successively  still 
amaller  and  smaller,  its  corresponding  remainder 
must  be  peipetually  diminished.  This  continued 
exhaustion  will  hence  approach  to  its  disolute  tenn,  . 
Dearer  than  by  any 

Quantities  in  gen  her  exact- 

ly or  to  any  require  be  repre- 

sented abstractly  by  tie  science 

of  Geometry  is  at  1  dominion 

of  Arithmetic. 

It  is  obvious,  that  quantities  of  any  kind  must 
have  the  same  composition,  when  each  contains  its 
measure  the  same  number  of  times.  But  quantities, 
viewed  in  pairs,  may  be  considered  as  having  a  simi- 
lar composition,  if  the  corresponding  terms  of  each 
pair  contain  its  measure  equally.  Two  pairs  of 
quantities  of  a  similar  composition,  being  thus  form- 
ed by  the  same  distinct  aggregations  of  their  ele- 
mentary parts,  constitute  a  proportion  *. 

•  See  Note  XXXIV. 
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DEFINITIONS. 

1*  Quantities  are  homogeneous,  which  can  be  added  toge- 
ther. 

2.  One  quantity  is  9|td  to.  mntain^  another,  when  the  sab- 
ti»ction  of  this— coqttoued  if-  necessary-*-*leaYea  no  remain- 
der. 


a'.'. 


3.  A  quantity  which  is  contained  in  another,  is  said  to 
ineasure  it. 

4.  The  quantity  which  is  measured  by  another,  is  called 
its  muUijpki  and  that  which  measures  the  other,  its  sadh 

5.  Like  multiples  and  submultiples  are  those  which  contain 
their  measures  equally,  or  which  equally  measure  their  corre- 
sponding compounds. 

6.  Quantities  are  cornmensuraMe,  whidi  have  a  finite  com- 
mon measure ;  they  are  incommensurable^  if  they  will  admit  of 
no  such  measure. 

7.  That  relation  which  one  quantity  is  conceived  to  bear  to 
another  in  regard  to  their  composition,  is  named  a  ratuh 

8.  When  both  terms  of  comparison  are  equal,  it  is  called 
H  ratio  of  equality:  if  the  first  of  these  be  greater  than  the 
second,  it  is  a  ratio  of  majority;  and  if  the  first  be  less  than 
the  second,  it  is  a  ratio  o(  minority. 

9.  A  proportion  or  analogy  consists  in  the  identity  of  ratios. 
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10.  ¥6nr  j|aahtiide$  are  said  to  be  prcporiiomdy  when  t,  snb- 
mott^le  of  the  ftrat  b  ooiitained  in  th^  second  as  oft^i  afl  a 
libe  sabnmltiple  crf'ihe  third  is  cdntdtled  in  the  fourth. 

11*  Of  proportional  quantities,  the  first  of  each  pair  is  na- 
med the  aviteeed^iUf  and  the  secohd  the  consequent. 

\%  The  a»fecedeDlis  are  homclt^dm  t&ttxis  \  and  so  are  the 
consequents. 

IS.  Qfte  antecedent  is  said  to  d^  to  its  consequent,  as  ano' 
ther  antecedent  io  its  consequent 

14.  The  first  and  last  terms  of  a  proportion  are  called  th^ 
extremesy  and  the  intermediate  ones,  the  Tneans. 

15.  A  ratio  is  direct^  if  it  follows  the  order  of  the  terma 
compared ;  it  is  inverse  or  reciprocal^  whai  it  holds  a  reversed 
order. 

Thus,  if  the  ratio  of  A  to  B  be  direct ,  that  of  B  to  A  is  the  woerse 
or  reciprocal  ratio. 

16.  Quantities  form  a  c{mi^mf^£2j7ropor/f on,  when  the  inter- 
vening terms  stand  in  the  double  relation  of  consequents  and 
antecedents. 

17.  When  t  prbportion  consists  of  three  terms,  the  middle 
one  is  said  to  be  a  mean  proportional  between  the  two  ex- 
tremes. 

li«  The  ratio  which  one  quantity  has  to  another  may  be 
tonsidered  as  compounded  of  aB  the  connecting  ratios  among 
any  interposed  quantities. 

Thus,  the  ratio  of  A  to  D  is  vieived  as  compounded  of  that  of  A  to 
B,  that  of  B  to  €,  and  that  of  C  to  D. 

« 

19.  Of  quantities  in  a  continued  proportion,  the  first  is 
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^•id  to  have  to  ibe  third,  a  ratio  the  dufdicaie  of  what  it  has 
to  the  second}  to  have  to  the  fourth,  a  triplicate  mtioi  to  the 
fifth,  a  quadruplicate  rjitio;  and  so  forth,  .according  to  the 
number  of  equal  ratios  inserted  between  the  extreme  terms. 

SO.  If  quantities  be  ctnitinually  proportional,  the  i^tio  of 
the  first  to  the  second  is  cded  the  subduplicate  of  the  ratio  of 
the  first  to  the  third,  the  suhtripUcate  of  the  ratio  of  the 
first  to  the.  fourth,  &c. 

21,  A  istraigbt  line  is  said  to  be  cut  in  extreme  and  mean 
ratio  J  when  the  one  segment  is  a  meafi  proportional  betweea 
the  other  s^ment  and  the  whole  line. 


To  facilitate  the  language  of  demonstration  relative  to  num- 
bers or  abstract  quantities,  it  is  expedient  to  adopt  a  dear  and 
concise  modo  of  notation. 

1.  The  sign  =  expresses  equality ^  "^  majority ^  and  .^  mi' 
nority :  Thus  A = B  denotes  that  A  is  equal  to  B, ;  A-:p^B  signi- 
fies that  A  is  greater  than  B,  and  Ar^^  imports  that  A  is 
less  than  B. 

2.  The  signs  +  and  —  mark  the  addition  and  subtraction 
of  the  qu^tities  to  which  they  are  prefi^ced :  Thus,  A+B  de- 
notes that  B  is  to  be  joined  to  A,  and  A — B  signifies  that  B 
is  to  be  taken  away  from  A.  Sometimes  these  two  synibols 
are  combined  together:  Thus,  A=t:B  represents  either  the 
aum  of  A  and  B,  or  the  excess  of  A  above  B^ 

3.  To  express  multiplicationif  the  quantities  are  placed  close 
together  j  or  they  may  be  connected  by  the  point  (.),  or  the 
cross  X  :  Thus,  AB,  ot  A.B,  or  A  X  B,  denotes  the  product  of 
A  by  B }  and  ABC  indicates  the  result  of  the  continued  mul<> 
tiplication  of  A  by  B,  and  of  this  product  again  by  C. 
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4f.  When  the  same  number  is  repeatedly  mnltipliedy  the 
product  is  termed  its  power ;  and  the  number  itselfy  in  refe- 
rence to  that  power,  is  called  the  rooU  The  notation  is  hore 
stin  farther  abridged,  by  retaining  only  a  single  letter  with  a 
small  figure  over  it,  to  mark  how  often  it  is  understood  to  be 
repeated :  This  figure  serves  also  to  distinguish  tike  order  of 
the  power.  Thus  AA,  or  A^,  signifies  that  A  is  multiplied 
by  A^  and  that  the  product  is  the  second  power  of  A  j  and 
AAA,  or  As  in  like  manner,  imports  that  AA  is  agaiii  mul« 
tiplied  by  A,  and  that  the  result  is  the  third  power  of  A. 

5.  The  roots  are  denoted,  by  prefixing  a  contracted  V^  or 

die  symbol  V,    Thus  VA  or  VA  marks  the  second  root  of 

s 

A,  or  that  number  of  which  A  is  the  second  power  \  VK  sig- 
nifies the  third  root  of  A,  or  the  number  which  has  A  for  its 
third  power. 

6.  To  represent  the  multiplication  of  complex  quantities, 
they  are  included  by  a  parenthesis.  Thus,  A(B+C — ^D)  de- 
notes that  the  amount  of  B+C — D,  considered  as  a  single 
quantity,  is  multiplied  into  A.  \ 

7.  Ratios  and  analogies  are  expressed,  by  inserting  polntk 
in  pairs  between  the  terms.  Thus  A  :  B  denotes  the  ratio  of 
A  to  B,  and  the  compound  symbols  A  :  B  :  :  C  :  D,  signify 
that  the  ratio  of  A  to  B  is  the  same  as  that  of  C  to  D,  or  that 
A  is  to  B  a«  C  to  D. 
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PROP.  L    THEOR. 

The  product  of  a  number  into  the  sum  or  difference 
rftwo  numbers,  b  equal  .o  4e  ,u«  or  diifeence  rf 
its  products  by  those  numbers. 

Let  A,  Bf  and  C  be  three  numbers ;  the  product  of  the  sum 
or  difTerehce  of  B  and  C  by  the  number  A,  is  equal  to  the 
sum  or  difference  of  the  products  AB  and  AC. 

For  the  product  AB  is  the  same  as  each  unit  contained  in 
B  tejpeated  A  times^  and  the  product  AC  is  the  same  as  the 
units  ill  C  likewise  repeated  A  times ;  whence  the  sum  of  the 
products  AB  and  ACi  is  equal  to  the  units  contained  in  both 
B  and  C,  all  repeated  A  times,  cnr  it  is  equal  to  the  sum  of  the 
numbers  B  and  C  multiplied  by  A. 

Agaiuj  for  the  same  reason,  the  difference  between  the  pro- 
ducts AB  and  AC  must  be  equal  to  the  difference  between 
the  units  contained  in  B  and  in  C,  repeated  A  times ;  that  iS| 
it  must  be  equal  to  the  difference  between  the  numbers  B  and 
*C  multiplied  by  A. 

Car.  1.  Hence  a  number  which  measures  any  two  numbersi 
will  measure  also  their  sum  and  their  difference. 

Cor.  2.  It  is  hence  manifest,  that  the  first  part  of  the  pro- 
position maybe  extended  to  more  numbers  than  two ;  or  that 
AB+AC+AD+,  &c.=A(B+C+D+,  &cO 

PROP.  IL    THEOR. 

The  product  which  arises  from  the  continued  mul- 
tiplication  of  any  numbers,  is  the  same,  in  whatever 
order  that  operation  be  performed. 

Let  A  and  B  be  two  numbers ;  the  product  AB  is  equal  to 
BA. 
For'the  product  AB  is  the  same  as  each  unit  in  B  added 
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together  A  timeB,  that  is,  the  Mine  as  A  hsdf  repeated  B 
times,  or  B  A.  ** 

Next,  let  there  be  three  numberiB  A,  B,  and  C  $  the  pro- 
ducts ABC,  ACB,  BAC,  BCA,  CAB,  W  CBA  are  all 
equal. 

For  put  D= AB  or  BA ;  then  DCrzCD^  that  is,  ABCsr 
CAB,  aiidBAC=CBA. 

Ag^n,  put  £=:AC  or  CA;  then  £B=BE,  that  is,  ACB 
=BAC,andCAB=BCA. 

Lastly,  put  F=:  BC  or  CB ;  then  FA= AF,  that  is,  BCA 
= ABC,  and  CBA  s=  ACB. 

And  thus  the  several  products  are  all  mutiiaOy  equal. 

It  is  al^p  manifest,  that  the  same  mode  of  reasoning  might 
be  extended  to  the  products  of  apy  multitude  of  number?* 

PROP.  III.    THEOR. 

Homogeneous  quantities  are  proportional  to  their 
like  multiples  or  submultiples. 

Let  A,  B  be  tmo  quantities  of  the  same  kind,  and^A,  jpB 

I  

their  like  multiples ;  A  ;  B  :  :  j'A  :  J'B* 

For,  since  A  and  B  are  capable  of  being  mesisured  to  any 
reqdired  degree  of  precision,  suppose  A  :s:mu2  and  B=n*a; 
dien  j7 A  =:jp.ma,  and  ^B  =zp.na.  But  (V.  2.)  p,ma = m^pa^  and 
p,na=:n.pa.  Wherefore  a  and  pa  are  like  submuhiples  of  A 
and  of  ^  A,  which  contain  them  respectively  m  times ;  and  these 
like  submultiples  are  both  contained  equally,  or  n  times,  in  B 
and  in ^B.  Consequently  (Y*  def.  10.)  the  quantities  A,  B,  and 
pA,  ^B  are  proportional;  and  A,  pA  are  the  antecedents,  and 
B,  j)B,  the  consequents,  of  the  analogy. 

Again,,  because  tiie  ratio  of  pA  tp\pB  is  tbiis  the  same  ai» 
that  of  A  to  B,  which,:  in  reference  to  |? A  and  joB,  are  only 
like  submultiples,  it  follows  that  homogeneous  quantities  $f^ 
f^so  proportional  to  their  like  submultiples. 

K 
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PROP.  IV.    THEOR. 

tn  prbportional  quantities,  according  as  jthe  first 
term  is  greater,  equal,  or  less  than  the  second,  the 
third  term  is  greater,  equal,  or  less  i^taai  the  fourth. 

Let  A  :  B  : :  C  :  D  5   then  if  A^B,  Cj^D  5  if  A=B, 

c=b  v«^a  if  A^'B,  <;^:>i).  ^ 

For,  if  A  be  fi;reater  than  B,  A  :  B  is  a  ^atib  6t  iatejonty, 
whence  C  :  £>,'  being  the  same  witn  it,  is  likewise  a  ratio  of 
majority,  and  consequently  C  is  greater  than  D.  ' 

If  A  be  eqnal  to  B,  A  :  B  must  be  a  ratio  of  equality,  and 
hence  tl! :  D  is  also  a  ratio  of  equality,  or  C  is  equal  to  D. 

But,  if  A  be  less  than  B,  A  :  B  is  a  ratio  of  minority^  and 
so  is,  therefore,  C  :  D,  or  C  is  less  than  D. 

PROP.  V.    THEOR. 

Of  four  proportionals,  if  the  first  be  a  Multiple  or 
flabomltlqple  t>f  the  sec<Mid,  thfe  third  is  A  hbb  mul- 
tiple or  submultiple  6f  the  fouitfa* 

Let  A  :  B  : ;  C  :  D;  if  A=f>B,  then  CspD. 

For,  suppose  the  approximate  measure?  of  A  and  C  to  be 
a  and  c,  and  let  A=:7Rp./z,  and  Czzmvx.  It  is  evident,  from 
the  hypothesis,  that,  AspBrrfffp.a,  or  Bzzmui/  but  the  con- 
sequents B  and  D  must  contain .  their  measures  equally  (V. 
def.  !(>•),  an^  therefore  Dzzmx.    Whence  C=iqp.C3=(V.  2.) 

Again,  if  ;  A = B ;  thenivpl  j^rC  3c  D. 
^  For,letA=na,andC=^/ therefore B2=gA=;iaa=;:  (V.2.) 
tiq.Uf   and,  from  the  definition  of  proportion,  J)t::nq*c:=: 
(V.  2,)j.»c=jC. 
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.VI.   THEOR.  .,  . 

♦     ...    » 


If  four  numbers  Hfe  pyopprtiohal,  t^e  product  of 
the  extremes  is  equal  to  that  of  the  means ;  and  of 
two  equal  products^,  tha  factprs,  af e  jconvertible  into 
an  analogy,  of  which  these  ibrm  severally  the  ex- 
treme iiidthfe  hie^n  tferinfi. '    '■'"••     i' 

LetAjiBiiCiD;  thm  AIJ=b3C  ;,  .^ .    j       ^ 

For  (V.  3.)  A.D  :  B.D  :  :  B.C  :  B.D;  aaid  the  iecond 
term  of  this  analogy  being  equal  to  the  fourth,  t&erefore 


'I 


(V.4,)'ADi=:BC.  •      '.    ;         •       ): 

Again,  let  AD=BC  $  then  A  :  B  : :  C  :  D,       a  i  :  ( « -'-'J 
For,  by  iifefiti^  of.ratios,!  AD  :.BD : :  SC 1 6£)>  and Mlice 

(V.  30A-i'»::iCtD.  •:*.:  :    .[..r  ...  -'..i,   ^   .^ 

Cbr".  1 .  jtieilcie  the  gxvegtetf  aoA  INist  tirmaiof  ^a,  pprflj^ortidtti 


are  either^xtrem^ or  v^mtmn  \- ;  .7     . .      . ..I.-  .    I  ;-  )    [ 


posing  or  intercbanguig  its  extreme  and  mean  tfiSUpm-i-^P^^ 

this  prmciple,  is  founded  die  two  following  tfieorems. 

i        *      '   .  I  • 

PROP.  VII.    THEOB. 

Dersion^  ox  the  second  is  to  the  first,  as  the  fourt^h  to 
the  third. 

Let  A  ;  B, : :  C  :  D ;  then  itVBersely  B  -:  Axi  :.  D  ;  C. . 

For  the  extreme  and  mean  terms  are  thus  coily  mutunlly 
interchanged,  and  consequently  the  sa»e  e^ualky  of  produclji 
AD  and  BC  3tiil  obtains, 

PROP.  VIII.    THEOR.         ' 

Numbers  are  likewise  proportional  fey  alttmation) 
or  the  first  is  to  the  third,  as  the  second  to  the  fourth. 

i2 
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Let  A  :  B  : :  C  :  D^  then  altemateUf  A  :  C  : :  B  :  D. 

For  the  extreme  temttr  are*fitill  i^tidned,  and  the  mean 
terms  are  merehr  trannxwed  with  req^ect  tq  each  other;  the 
same  equality^  therefore^  of  products  liere  a£sb  subsists. 

PROP.  IX.    THEOR. 


.  >  • 


The  terms  of  an  analogy  are  proportional  by  cm- 
position  ;  or  the  sum  of  the  first  and  second  is  to  the 

second,  as  the  sum  of  the  third  and  fourth  to  the 

•  ••    , 

fourth^ 

« 

Let  A  :  B  : :  C  :  D  $  then  by  composition  A+B  :  B ! : 
C+D  :  D. 

Because  A^  B": :  C  :  D,  the  product  ADsBC  (V.  6.); 
add  to  each  of  these  the  product  BD,  ahd  AI)+BD=BC+ 
BD.  Birt  (V.  1.)  AD+Bl>a:D(A+B),  and  BC+BD= 
B(C+D}^  wherefore  (V.  6.)  atttuning  the  factors  of  these 
equal  prednoto  for  theexitrdm^  «<id  mean  terms, 'A+B :  B : : 
G+D:IX     :  -  :  >  . 

.     ...♦'•• 

PROP.  X.    THEOR. 

The  terms  of  an  analogy  are  proportional  by  divi- 
sion ;  or  the  difference  of  the  first  and  second  is  to 
the  second,  as  the  difference  of  the  third  and  fourth 
to  the  fourth. 

Let  A  :  B  : :  C :  D ;  suppose  A  to  be  greater  than  B,  then 
will  C  be  greater  than  D  (V.  4.) :  It  is  to  be  proved  that 
A— B  :  B  : :  C— D  :  D. 

For,  suice  A  :  B  : :  C  :  D,  the  product  AD=BC  (V.  6.), 
and,  taking  BD  from  both,  the  compound  product  AD — BD 
is  equal  to  BC — BD ;  wherefore,  by  resolution,  (A-^B)  D=: 
B(Cr-D},  and  <k>nsequaitt)r  A^B  :  B  : :  C— D  :  D« 
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If  B  be  greatier  than  A^  then  BD— AD=:BI>^BC^  and, 
by  resofation,  (B— A)  Dr:B  (D— C);  whmee  B^A  :  B  : : 


I ' 


PROP.  XL    THEOR. 

The  terms  of  an  analogy  are  proportional  by  cwi- 
version;  that  is,  the  first  is  to  the  sum  or  difierence 
of  the  first  and  second,  as  the  third  to  the  sum  or 
difference  of  the  third  and  fourth. 

Let  A  :  B  : ;  C  :  D,  and  suppose  A^r^^B ;  then  A  :  A=i=B 
: :  C  :  CrtiD. 

For,  since  (V.  6.)  the  product  AD=BC,  add  or  subtract 
these  to  or  iErom  the  product  AG;  and  AC=±=AD=:;  ACdfcBC. 
Wherefore,  by  ;re6olution,  A(G:i=D) = C( AdfcB),  and  conse- 
quently A  :  A=t=B  :  :  C  :  C=t:D. 

If  A-il.B,  then  AD— AC=BC— AC,  and,  by  resohition, 
A(D— C)=rC(B— A),  whence  A  :  B— A  : :  C  :  D— C.      ^ 

Cor,  Hence,  by  inversion,  A=t=B  :  A  :  :  C=±:D  :  C,  or 
B— A  :  A  :  :  D— C  :  C. 

« 

PROP.  XII.    THEOR. 

The  terms  of  an  analogy  are.  proportional  by  mix- 
ing ;  or  the  sum  of  the  first  and  second  is  to  the  dit' 
ference,  as  the  suiif  of  the  third  and  fourth  to  their 

difference. 

.  LetA  :  B  ::  C :  D,  and  suppose  A-p^B ;  thenA+B:A-— B 
: :  C+D  :  C— D. 

For,  by  conversion,  A  :  A+B : :  C :  C+D,  and  attemiite- 
lyA:C::A+B    C+D.    • 

Again,  by  conversion,  A  :  A-^B  ; :  C  :  C — ^D,  and  alter- 
nately A  :  C  : :  A— B  :  C — D.    Whence,  by  identity  of  ra- 
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The  same  reasoning  will  hdd  if  A  be  lew  thiOl  B»  the 
order  of  these  terms  being  only  changed. 

w 

PROP.  XIII.    THEOR. 

A  ptoportion  will  subsist,  if  the  homologous  terms 
be  multiplied  by  the  same  numbers. 


I    1 


Let  A  :  B  : :  C  :  D^  then  jpA  ;  ;B  :  :pC  i.qJX    . 

For,  since  A  :  B  :  :  C :  D,  alternately  A  :  C  : :  B  :  D;  but 

the  ratio  df  A  to  C  is  the  stime  as  jdA  :^C*(V.  3.),  and  tbe 
ratio  of  6  to  D  is  the  same  as  q^  :  qD,  Wherefore  p A  :  pC 
: :  qVl :  qDy  audi  by  alternation, ^A:  qH  vtpC  :  qD. 

Cbr.  The  Proposition  may  be  esctended  likewise  to  the  di- 
vttiion  of  hom6logous  terms,  by  employing  stibmultiples. 

PPOP.XIV.    THEOR. 

ft 

The  greatest  and  least  terms  of  a  proportion,  arc 
together  greater  than  the  intermediate  ones* 

Let  A  :  B  :  :  C  :  D;  and  A  being  supposed  to  be  the 
greatest  term,  the  o^er  eirtreme^  D  is  the  least  (V.  6.  cor.  1.): 
The  sum  of  A  and  D  is  greater  than  the  sum  of  B  and  C* 

Because  A  :  B  : :  C  :  D,   by  conversion   A  :  A  —  B  : : 
Oi  !C-^D,  and  alternately  A :  C : :  A*-^B :  C — ^D  ^  but  A,  be- 

i^B  4^>0*^4^^^<  ^IP^^»  is  the^'efor^  greater  than  Q  ^nd  conse- 
quently (V.  4.)  A — B  is  greater  than  C — ^D ;  to  each  add 
B+D,  and  (A+D)-::::^(B+C.V 

•  i'nie  same  ifiode  of  reasoning  is  applicable,  should  any 
other  term  of  the  analogy  be  supposed  to  be  the  greatest. 

Cor.  Hence  lAne  mean  tel*m  of  thriee  proportionals,  is  less 
than  half  the  sum  of  .both  extremes  ^r  .  ^ 


>■   mil    *  I    t       ilrf         III 


^     ♦  See  Note  XXXV. 
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PROP.  XV.    THBOR- 

JftwQi  9palpgie9  have  the  saine  antecedentei,  aao- 
thw  W^lQgy  m^y  be  fonood*  havmg  the  ponsequente 
of  tlie  one  as  antecedentSy  and  those  of  the  other  an 
consequents. 

I-et  A:B::C:DandA:E::C:F;  then  B  :  E  : : 
D:F. 

Tot,  alternating  the  first  aiiaiogy,  A  :  C  :  :  B  :  D,  and  al- 
ternating the  second,  A  :  C  : :  E  :  F ;  whence,  by  identity  of 
ratios,  B  :  D  : :  £  :  F^ — ^whioh  inference  is  named  a  direct 
equality n, 

PROP.  XVI,    THEQJi. 

If  the  consequents  of  one  analogy  be  antecedents 
inanpther,  a  third  anajogy  will  obtain,  having  the 
same  antecedents  as  the  former,  and  the  sj^ne  con- 
sequj^nts  as  the  latter, 

Let  A  :  B  :  :  C  ;  D,  and  B  :  E  : :  D  :  F;  then  A  :  E  : : 
C  :  F. 

For,  alternating  bojth  analogies,  A  :  C  : :  B  :  1),  knd 
B :  t>  ::£:  F ;  wheoLce,  by  identity  of  ratios,  A  :  C  :  sEstFi 
— ^w)4cb  (tx^i^hision  is  alao  named  a  dM'eci  equaliig/. 

1  ! 

PROP.  XVII.    THEOR. 

If  tWo  analogies  have  the  same  means,  the  ex- 
tremes' of  tTlfe  one,  with  those  of  the  other  as  mean 

..•'*■•    '^  ''  -  . .    . 

terms,  wijl  form  a  third  analogy. 

.'   «    •         .      - 

Let  A.:  B  : :  C  :  D,  and  E:  B  : :  C  :f  4  &eti  A'4  E  :t 

F :  D.  '-  '  ' 


1S6        *  SUEMENTS  OV  OBOBIETRT. 

For,  sinoe  A  :  B  : :  C  :  D,  AD= BC  (V.  6.) ;  and  benuse 
E:B::C:F,  EFsBC.  Whence  ADb^F,  and  A :  £  : : 
F:D. 

ff 

Cor.  Hence  the  extreme  and  mean  terms  being  inter* 
diangeAUe,  it  likewise  foHowB,  thiit,  if  A  :  B  : :  G  :  D,  and 
A  :  E  : :  F  :  D,  then  B  :  E  : :  F  :  C. 

PROP.  XVIII.    THEOR. 

tf  the  extremes  of  one  analogy  are  the  mean 
terms  in  another,  a  third  analogy  will  subsist,  ha- 
ving the  means  of  the  former  as  its  extremes,'  and 
the  extremes  of  the  latter  as  its  means. 

Let  A  :  B  :  :  C  :  D,  and  E  :  A  : :  D  :  F ;  then  B  :  E  : : 
F:C- 

For,  from  the  fir^t  analogy  AD=BC,  Imd,  from  the  se« 
cond,  EFsAD ;  whence  BC=:EF,  and  consequent^  B :  £ 
i:F:C. 

Car.  Hence  also,  if  A  :  B  : :  C  :  D  and  B  :  E  : :  F  :  Cj 
then  E  :  A  : :  D  :  F.  The  principle  of  this  and  the  precer 
ding  Proposition,  is  named  inverse,  or  perturhate,  equality. 

s 

PROP.  XIX.    THEOR. 

If  there  be  any  number  of  propcMtionals,  m  one 
antecedent  is  to  its  consequent,  so  is  the  sum  of  ^ 
the  antecedents  to  the  sum  of  lA  the  ^consequents. 

Let  A :  B : :  C :  D  : :  E :  F  : :  G :  H ;  then  A :  B : :  A + C + 
E+G:B+D+F+H. 

Because  A  ^  B  :  :  C  :  D,  AD=sBC ;  and  since  A  :  B  :  : 
E :  F,  AF = BE,  and,  for  the  same  reason,  AH = BQ.  Con- 
sequendy,  the  aggregate  products,  AB+AD+AF+AH= 
BA+BC+BE+BG,  and,  by  resolution,  A(B+D+F+H) 
feB(A+C  +  E+:G),  whcwce  A  :  B  :.:  A  +  C  +  E  +  G  : 
B+D+F+H. 
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(htiT  1;  It  is  obvious,  tbat  the  Proposition  w3I  extend  Iike» 
wise  to  die  difference  of  tbe  homologous  terms,  and  majf 
therefore,  be  more  generally  expressed  thus :  A  :  B  : :  Adb 
C=fc:E:2l=G :  B:±rDzfcF=±=H. 

C!ar.  2.  H^ice  in  continued  proporticmak,  as  one  antece- 
dent is  to  its  consequent,  so  is  the  siim  oi  diiference  of  the 
several  antecedents  to  the  corresponding  sum  or  difference  of 
the  consequents.  For,  ifA:  B:  :B:C::C:D;  then 
A:  B  ; :  A=t:B=±=C : B=±=C:±=D J  or, omitting B and  C ^diich 
stand  in  the  relation  of  antecedent  and  consequent,  A  :  B,  or 
B  :  C  : :  ArfcC  :  BitD. 

PROP.  XX.    THEOR. 

If  two  analogies  have  the  same  antecedents,  ano- 
ther analogy  may  be  formed  of  these  antecedents, 
and  the  sum  or  difference  of  the  consequents. 

Let  A  :B::  C:D,and  A  :  E: :  C  :F;  then  A:  BdbE:  : 

• 

C :  D=±rF.  For,  by  alternation,  these  analogies  become  A  :  C 
: :  B  :  D,  and  A  :  C  :  :  E  :  F  ;  whence  (V.  19.)  A  :  C  : : 
B=i=E  :  D=t=F,  and  alternately  A  :  B=i=E  :  :  C  :  DdbiF. 

G>r.  If  A  :  B  : :  C  ;  D,.  and  E  :  B  : :  F  :  D ;  then  A=±=E :  B 
: :  C=±=:F  :  I).  For,  by.  alternating  the  analogies,  A  :  C  : : 
B :  D,  and  E  :  F : :  B  :  D ;  whence  B  :  D  :  :  A=4=E  :  C=t:F, 
and,  by  alternation  and  inversion,  A=±:E  :  B  :  :  C=i=F  :  D. 

PROP.  XXI.    THEOR. 

r        • 

In  continued  proportionals,  the  difference  between 
the  first  and  second  is  to  the  first,  as  the  difierence 
between  the  first  aiid  last  terms  to  the  sum  of  all  the 

terms,  excepting  the  last. 

,  •     . '    .      •    ■    ■  '      .1  » • ' 

Let  A  :  B  :  :  B  :  C  : :  C  :  D  : :  D  :  E;   then  if  A-r^'B, 
,  A— B  :  A  :  A— E  :  A+B+C+D. 
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FoT  (\\  19.)#  A  .  B  :  :  A-f  B+C+D  ;iB+C+D+E, 
and  con^aquent^  (V.  1 1.  corOt  A-^3 :  A : :  (A+B+C+D)-— 
(B+C+D+E) :  A+B+C4-Di  that  is,  omitting  B+C4*I> 
in  the  thiid  term.  A— B  :  A  : :  A— G  :  A+B+C-f  D. 

If  A^B,  Aw  B-A  :  A  I :  (B+C+P+E)— (A+B+ 
Crf-D) ;  A+B4^C«fPi  that  is,  B^A  :  A  ; :  E-^A  :  A+ 

B+C+D. 
Th9  same  roa^oping,  it  ii  evideiit,  will  hold  for  any  niun- 

lier  ic^  teria«* 

PROP.  XXII.    THEOR. 

The  products  of  the  like  terms  of  any  numeri- 
cal proportions,  are  themselves  proportional. 

Let  A  :  B  :  :  C  :  D 
E  :F::G:H 
I  :K::L:M; 
then  AEI :  BFK  : :  CGL  :  DHM. 

For  (V.  6.),  from  the  first  analogy  AD=BC,  from  the  se- 
cond analogy  EH = FG,  and  from  the  third  analogy  IM = KL; 
whence  the  compound  product  AD.EH.IM=BC.FG.KXi, 
But  AD.EH.IM=AEI.DHM  (V.  2.),  Snd  BC.FG.KL= 
BFK.CGL5  wherefore  AELDHM=BFK.CGL,  and  con- 
sequently (V.  6.)  AEI ;  BFK  : :  CGL  :  DH3VL 

The  same  reasoning}  it  is  obvious,  applies  to  any  number 
of  proportionals.'  . 

Cor.  1.  Hence  the  powers  of  the  successive  terms  of  nume- 
rical  proportions,  are  likewise  proportional.  For,  if  A  :  B : : 
C  :  D,  a»d,  T^e^ting  the  mnhgjftA  :  B  :  ♦,  C  :  I>  5  the^iby 
multiplication,  AA  :  BB  : :  CP  ;  DD,\)r  A*  :  B*  : :  C*  :  J)\ 
.   Agwn>  let,  A  :  B  ; :  C  ;  P>;*nd,  repeating , the  fgaalogy, 

A:B::  C:D,  ^ 

and  A  :  B  : :  C  :  D  ;   wh^ice,  by  multiplying  the 
eorrespondins  terms, .  .1  '-..".•       ^ 

'  "      *C  A»:B':tC»'.D»A  ,',       r      . 

And  so  the  induction  may  be  pursued  generally. 
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Gw*  2;  Heme  ds0  the  Mots  of  the  tenns  of  a  numerical 
proportioD,  aietMroportioQaL  If  A:B;:C:Dttben  VA:VB 
::  VC  :VD.  For  let  VA  :  VB  ; :  VC  :  VE,  and,  by 
the hA  oondhuy^  A  :  B  :  :'G  :  £|  but  A :  B :: C ;D» whence 
C  ;.£  : :  C:  D»  wd  oomeqaenlfy  B=«D».or  VA  :  VB  ;  : 
V^'C : .  yi>.-««Iii  the  same  manner)  Hmajr  be  shown  in  genera) 
that,  if  A  :B  : :  C  :  D,  VA  :  VB  : :  VC  ;  VD. 

PROP.  XXIII.    THEOR. 

The  ratio  which  is  conceived  to  be  compounded 
of  other  ratios,  is  the  same  as  that  of  the  products  of 
'*their  corresponding  numerical  expressions. 

Suppose  the  ratio  of  A':  D  is  compounded  of  A :  B,  of  B :  C, 
and  of  C  :  D,  and  let  A  :  B  :  :  K  :  L,  B  :  C  : :  M  :  N,  and 
C  :  D  : :  O  :  P,  then  will  A  :  D  : :  KMO  :  LNP. 
For,  since  A  :  B  : :  K  :  L, 
B  :  C  :  :  M :  N, 
and  C  :  D  : :  O  2  P, 
the  products  of  the  similar  terms  are  proportional  (V.  ^.), 
or  ABC  :  BCD  :  :  KMO  :  LNP.  But  A  :  D  : :  ABC :  BCD 
(V.  3.),  and  consequently  A  :  D  :  :  KMO  :  LNP. 

The  same  mode  of  reasoning  is  applicable  to  any  number' 
of  component  ratios. 

^PROP.  XXrV.    TH^OR. 

A  duplicate  ratio  is  the  saime  as  the  ratia  of  the 
second  powers  6f  the  terms  of  its  numerical  expres* 
sion,  and  a  triplicate  ratio  is  the  same  as  the  third 

powers  of  those  terms. 

•    '  .'•  ■'■'■' 

The  duplicate  ratip  of  A  :  B  is  denoted  by  A^  :  B^,  and 
the  trifdjeate  ratio  by^  A*  :  B\         . 
For  the  dHfdicate  tatio  of  A  :  B>'beihg  the  double  coin^ 
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pound  of  A  :  B  and  of  A  :  B,  is  (V.  S2.)  the  samd  as  tilat  of 
the  corresponding  products  A. A  :  B^Bj  or  A*  :  B^. 

Again,  the  triplicate  ratio  of  A  :  B»  being  the  triple'com- 
pound  of  A  :  B,  of  A  :  B,  of  A  :  B,  is  the  same  asthatofthe 
cotresponding  products  AAA  :  BBB,  or'A'  :  B'. 

Cor.  Hence  the  subdublicete  ratio  of  A  :  B>  is  VA  :  VB, 
and  the  subtriplicate  ratio^of  A  :  B,  is  VA, :  VB* 


1 


in 

-—01 Ij 


PROP.  XXV.    THEOR. 

The  product  of  the  numbers  expressing  the  sides 
of  a  rectangle,  will  represent  its  quantity  of  surface, 
as  measured  by  a  square  described  on  the  linear  unit 

Let  ABCD  be. a  rectangle  and  OP  the  linear  measure', 
and  suppose  the  side  AB  to  contain  OP,  m  timcs^  and  the 
side  BC  to  contain  it>  n  times. 
Divide  these  sides  accordingly 
(I.  S8.),  and,  through  the  points 
of  section,  draw  straight  lines  (I. 
94.)  parallel  to  AD  and  DC  :  the 
whole  rectangle  will  thus  be  divi- 
ded into  cells,  each  of  them  equal  to  the  square  of  OP.  It  is 
evident,  that  there  stand  on  BC,  n  columns,  and  that  each  of 
tliese  columns  contains^  m  cells ;  consequently  the  entire  space 
includes,  m.n  cells,  or  is  equal  t/o  the  square  of  OP  repeated 
mn  times. 

''  Cor.  I.  If  01  =:n,  then  ABsBC,  and  the  rectangle  becomes 
a  square  \  bi|t  mn  is  in  that  case  equal  to  fm^  or  n*.  Whence 
the  surface  of  a  square  is  equal  to  the  second  power  of  the 
number  denoting  its  side. 

Cor.  2.  Rectangles  which  have  the  same  altitude  m  are  as 
their  bases  n  and  p  %  for  (V.  3.  mn  :  wp  :  in  ip.  And  tri- 
angles having  the  same  altitude,  being  (I.  27.  cor.)  the  halves 
t>f  these  rectangles,  itrast  likewise  be  as  thdr  bases. 
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Cor.  S.  If  twb  i^ectAi^le*  be  equal*  their  respectiye  aides  are 
redprocaQj  pn^rtioiml»  or.  form  the  extreme*  and  means  of 
an  analogir.     For  if  flmssj^gr^  then  (V.  6.)  m  :  jp  : :  jr :  n, 

< 

PROP.  XXVI.    THEOR. 

If  three  straight  lines  be  in  continued  proportion^ 
the  first  is  to  the  third,  as  the  square  of  the  sum  or 
difference  of  the  first  and  second  to  the  square  of  the 
sum  or  difference  of  the  second  and  thirds 

Let  A :  B  :  :  B  :  C ;  then  A  :  C  : :  (A+B)»  :  (B+C)*,  and 
A  :  C  :  :  (A— B)*  :  (?— C)*,  or  (B— A)*  :  (C— B)*. 

For  (V.  19,  cor.  2.)  A  :  B  :  :  A=i=B  :  BdbC,  and  conse- 
quently  (V,  22.  cor.  1.  ain^  V-  25.  coir.  1.)  A*  :  B*  :  : 
(A=4;:B)*  :  (B=±:C)*.  But  (V.  24.)  A  :  C  : :  A*  :  B* ;  where- 
fore A  :  C  :  :  (A±B)*  :  (BdfcC)*,  ^ 


Cor.  The  converse  of  this  proposition  is  likewise  true. 


y 
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l^ROP.  XXVII.    PROB.    -^V^^  ^     ^. 

Given  two  homog^eneous  quantities,  to  find,  if  pos- 
sible, their  greatest  common  measure. 

Let  it  be  required  to  find  the  greatest  common  measure, 
that  two  quantities  A  and  B,  of  the  same  kind,  will  admit. 

Supposing  A  to  be  greater  than  B,'/take  B  out  of  A,  tiU 
the  remainder  C  be  less  than  it ;  again,  take  C  out  of  B,  till 
there  remain  only  D ;  and  continue  this  alternate  operation, 
till  the  last  divisor,  suppose  E,  leave  no  remainder  whatever  y 
£  is  the  greatest  common  me^ure  of  the  quantities  proposed^* 

For,  that  which  measures  B  will  measure  its  multiple;  and 
being  a  common  measure,  it  also' measures  A,  and  measures^ 
therefore,  the  difference  between  the  multiple  of  B  and  A 
(V.  1.  cor.  1.),  that  is,  C ;  the  required  measure,  hence,  me^ 
sures  the  multiple  of  C,  and  consequently  the  difference  of  ti)i% 
multiple  and  B,  which  it  measured, — that  is  D :  And  lastly, 

V  ^     1       *  '  -      • 
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tiiifi  metavMi  a$  it  nieamtvi  the  mnltipid  of  i),  must  oofast- 
qaendy  meemre  the  diflfereiice  of  this  froifi  C^  or  it  mmt  mea^ 
sure  £.  •  Her^i  the  decompMlloa  is  presmneA  to-  ttarndtiate. 
Wherefore)  the  common  measure  of  A  and  B^  since  it  mesr 
sures  E)  may  be  *£  itseff^  and  it  is  also  tfae^  jgreatest  possible 
measure,  for  nothing  greater  than  £  can  be  contained  in  this 
Quantity/ 

By  retracing  the  steps  likewise,  it  might  be  shown,  that  £ 
measures,  in  succession,  dl  the  prece£iig  terms  D,  C,  B, 
and  A.  :  *  .    * 

If  the  process  of  decomposition  should  never^  come  to  a 
close,  the  quantities  A  and  B  do  not  admit  a  common  mea- 
sure,— or  they  are  incommensurable.  But,  as  the  residue  of 
the  subdivision  is  necessarily  diminished  at  each  step  of  tliis 
operatiou,  it  is  evident  that  an  element  inay  be  always  disco- 
vered, which  will  measure  A  and  B  nearer  tn^  any  assigna- 
ble difference  whatever*. 

paoPvxxvjii.  PRO®, 

To  etpress  by  numbqrs,  either  exactly  or  appi*0si- 
mately,  the  ratio  of  two  given  homogeneous  quanti- 
ties. 

ft 

L^  A  and  B  be  two  quantities  of  the  same  kind,:  whose  lut- 
jnerioal  ratio^  k  is  required  to  discover.     > 

Find,  by  die  last  Prc^ositioii,.  die  |^ate^  ccntunoa  mes^ 
sure  E  of  the  two  quantities  %  and  let  A;oontaibi  this  measisre 
K  times,  and  B  contain  it  L  times :  Then  will  the  rs^o 
R  :  L  express  tiie  ratio  of  A  :  B. 

For  the  numb^s  K  and  L  sevo'ally  consist  of  as. many 
Hiuts,  as'<be  quantities  A  and  B  contain  their  measure  £.  It 
is  also  insftiifest,  since  E  is  the  greatest  possible  divisor,  that 
K  and  L  are  the  smallest  numbers  capable  of  exjiressing  the 


t  ?alio  of  A  to  6. 


* 


If  A  and  B  \m  JujMmmsBmtniiih  qiiii&tfti6B»  thdf  deeoui^ 
podtioa  is  cafMbk  «i  teaat  ofbeii^  j^ndiM  to  ui  tttiliinltdd 
€xteB<l;  maid^  CMueqiMBtly^  4  divi«t^  clA  ttlW83f«  be  ibuitd  sd 
ei^Etveoidy  muiiiiie,  as  to  kaiswut^  th^m  botli-to  oily  degree  ttf 
pterisiaii. 

'  Othmbbse  thus: 

But  thd  numerical  expression  of  tlie  f  atio  A  :  B,  may  be 
deduced  indirectly^^from  the  series  of  quotients  obtained  in 
the  operation  for  discovering  their  common  measure. 

Let  A  contain  Bf  m  times,  with  a*  remaiader  C  (  B  odntain 
C,  n  times^  with  a  remainder  D  j  and,  lastly,  suppose  G  to 
contain  D,  p  times,  with  a  remainder  E,  and  which  is  con- 
kabx&d  in  D»  7  times  exa^dy/  IbMi  D^^E,  Cs:jf9D4<-£, 
Bs=nC+D,  and  A=mB+C;  whence  the  t^ns  D,  €^  B| 
and  A^  are  succeasively  computed,  las  mi^ptea  of  £  ;*«— A  and 
B  will,  therefore,  be  found  to  ooaitaiQ  £  theif  omtimmi  m&B^ 
sore  K  luid  L  times^  or  the  numerical  eaepi«ssi<m  for  the  ratio 
of  those  tpiantittesi  is  K  :  X  ^.       • 

PROP.  XXIX.    THEOR. 

A  straight  line  is  incommensurable  with  its  seg- 
ments formed  by  medial  sectioh. 

If  the  straight  line  AB  be  cut  in  C,  such  that  the  rectangle 
AB,  BC  is  equivalent  to  the  square  of  AC;  no  part  6f  AB> 
however  small,  will  measure  the  segments  AC,  BC. 

For  (V.  27.)  take  AC  out  of 
AB,  and  again  the  remainder      -^    TT  V       ^•'  '"    •  ? 
BC  out  of  AC.    But  AD,  be- 

ing  made  equal  to  BC,  the  straight  line  AC  is  likewise  dividfed 
in  D,  by  a  medial  section  (II.  22.  cor.  1.)  5  and,  for  the  same 

■ 

J^ason,  taking  away  the  successive  remainders  CD,  or  AE,froin 
AD,  and  DE  or  AF  from  AE,  the  subordinate  Knes  AD  and 


i        ■    I    I   I  ■<  I  I    ■!■       ■  >*  ^ 
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A£ are ako divided mediaUyinthepointsE and F«  Thk ope- 
ration produces,  dierefore,  »  series  of  decreasing  lines,  all  of 
them  divided  by  medial  section :  Nor  pan  the  process  of  decom* 
position  ever  terminate;  for  though  the  remainders  BC,  CD, 
DE,  and  EF  thus  continually  diminish,  they  still  must  consti* 
tute  the  se^entsofa  similar  division.  Consequently  there  ex- 
ists no  final  (quantity  which  would  measure  both  AB  ^d  AC. 

PROP.  XXX.    THEOR. 

The  side  of  a  square  is  incommensurable  with  its 
diagonal. 

Let  ABCD  be  a  square  and  AC  its  diagonal ;  AC  and  AB 
ure  incommensurable. 

F^r  make  CE  equal  to  AB  or!  BC,  draw  (I.  5.  cor.)  the 
perpendicular  EF,  and  join  BE. 

Because  CE  is  equal  to  :BC,  the  angle  CEB .  (1. 1 1 .)  is  equal 
to  CBE;  and  since  CEF  and  CBF  are  right  angles,  the  re^ 
maining  angle  BEF  is  equal  to 
EBF,  and  the  side  EP  (I.  12.) 
equal  to   BF ;   but   EF  is  also 

equal  to  AE,  for  the  angles  EAF 

«  _  

and  EFA  of  the  triangle  AEF  are 
evidently  each  half  a  right  angle. 
Whence,  making  FH  equal  to 
FB,  FE  or  AE,— the  excess  AE 
of  the  diagonal  AC  above  die  side  AB,  is  contained  twice  in 
AB,  with  a  remainder  AH ;  and  AH  again,  being  the  exc^ 
of  die  diagonal  AF  of  the  square  GE  above  the  side  AE, 
must,  for  the  same  reason,  be  contained  twice  in  AG,  with  a 
new  remainder  AL ;  and  this  remainder  will  likewise  be  con- 
tained twice  in  AH,  the  side  of  the  square  KH.  This  pro^ 
cess  of  subdivision  is,  therefore,  interminable,  and  the  saipd^ 
rdations  are  continually  reproduced  *. 


•  See  Note  XXXV 11, 
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The  doctrine  of  Proportion,  grotmdedon  thesimib 
plcst  theory  of  number^,  furnishes  a  most  powerful 
instfument,  for  abridging  and  extending  mathemati* 
cal  investigations.  It  easily  unfolds  the  primary  re- 
lations of  figures,  and  the  sections  of  lines  *  and  ci^r 
cles;  but  it  also  discloses  with  admirable  felicity 
that  vast  concatenation  of  general  properties,  not 
less  important  than  remote,  which,  without  such  aid, 
might  for  ever  have  escaped  the  penetration  of  the 
geometer.  The  application  of  Arithmetic  to  Geo.- 
metiy  forms,  therefore,  one  of  those  grand  epochs 
which  occur,  in  the  lapse  of  ages,  to  mark  and  acc9^ 
lerate  the  progress  of  scientific  discovery* 


us 
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DEFINITIONS. 


1.  Straight  lines  which  proceed  fropoi  the  same  point,  are 
tenned  diverging  lines. 

2.  Straight  lines  are  divided  similarly^  when  their  corre- 
sponding s^ments  have  the  same  ratio. 

3.  A  straight  line  is  said  to  be  cut  iarmordcklly,  if  it  con- 
sist of  three  segments,  such  that, the  whole  line  is  to  one  ex- 
treme, as  the  other  extreme  to  the  middle  part 

4.  The  area  c^a  figure  is  its  sur&ce,  or  the  quantity  of 
^ace  which  it  occupied. 

5.  Similar  figuSes  are  such  as  have  their  angles  respective- 
ly  equal,  and  the  containing  sides  proportional.      ^        -, 

6.  If  two  sides  of  a  rectilineal  figure  be  the  extremes  of  an 
analogy,  of  which  the  means  are  two  sides  containiiig  an  equal 
angle  in  another  rectilineal  figure ;  thes^  sides  are  said^to  be 

>'<fcijpraca%  proportionaL  "  ' 

'[  -•  '  '    •■ 
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PROP.  I.    TriEOR. 
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Parallels  cut  divergii^  (line»  propoftibtaojly. 

The  paraUels  DE  and  S»C  cut  the  (^ifergii|g,Jjb«d  AB  Md 
AC  into  proportional  segments.  .  •    .7 

Those  paraBels  may  lie  on  the  same  side  of,  die  verteZy  or 
on  opposite,  sides »  and  thej  maycoi^sist  of  two,  or  of  itiore 
Hues.  *  '       ;' 

1.  Let  the  two  parallels  DE  and  BC'iat^tsectvth^diveKh 
ging  lines  AB  and  AC^on  the  same  side  of  the  vertex -A ; 
then  are  AB  and  AC  cut  proportionally,  in  the  pQJBt^  P  wA 
E,..^r  AD  :  AB  :  :  AE  :  AC,  .  [       * 

For  if  AD  be  commensurable  with  AB,  find  (V,  27.)tiiQir 
eommon  measure  M,  and,  frem  tl^  cp^espoi^dipg  .pQints  of 
section  in  AD  and  AB,  draw  (I.  24.),Ute  paraQeb  FI,,  QK, 
and  HL.,    It  is  evident,  from. Book  I;  <  • 

Prop.  38.  that  these  parallels  will  al^^ 
divide  the  straight  lines  AE  .aiid .  A^^ 
equally.     Wherefore  the  measure  M, 

or  AF  the  submultiple  of  AD,  is  pon-    . 

tained  in  AB,  as  often  as  AI,  the  like    .       '         r 
submultiple  of  AE,  is  contained  i|i  AC ;  cpnsequfi^lly  (V«def> 
IQ.)  the  ratio  of  AP  to  AB  is  the  same  ypih  that^^f  AE  to 

But,  should  the  segments  AD  and  AB  be  ij&.coiyii9ensura>: 
ble,  they  may  still  be  expressed  numerically,  apd  tltts  to  any 
required  degree  of  precision. '  AP  bang  divided  (j[.  88.)  into 
equal  parts,  these  parts,  continued  towards  B,  will,  together 
with  ^  residuary  portion,  compos^  the  whole  of  AB*  Let  this 
division  of  AD  extend  in  DB  to  &,  and  draw.^e  parallel  hr^ 
If  the  parts  of  AP  and  AB  be  again  subdivided,:  the,  corre* 
ponding  residue  will  evidently  be  dinuixished^  tmd  thus,  at 
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each  suoeesfiiye  subdivision,  the  termi- 

nating  parallel  be  must  afiprcaduMA 

perpetually  to  BC.     Wherrfore»  by 

continuidg  this  process  of  exhaBsJaony 

the  divided  lines  Ab  and  Ac  will  ap- 

pfoach  the  Iknits  AB  and  AC,  nearer 

than  any  finite  or  assignable  interval.    Consequently,  from 

'the  preceding  demonstration,  AD  :  AB  : :  AE  :  AC. 

And  since  AD  :  AB  : :  AE  :  AC,  it  feDows,  by  conversion 
(V.  11.),  that  AD  :  DB  : :  A£  :  EC,  and  again,  byoompcKa- 
tloft  (V.  9:),  that  AB  :  DB : :  AC  ;  EC. 

£»  Let  the  two  pairaBds  DE  and  BC  cut  the  divergu^ 
lines  DB  and  £C,  on  opposite  sides  of  A ;  the  si^ments  Afit 
AD  have  the  same  ratio  with  AC,  AE,-:-or  AB  :  AD : : 
AC:  AE* 

For,  make  AO  equ^  to  AD,  AP  to  AE,  and  join  OP. 
TTie  triangles  APD  and  AED, 
having  the  sides  AO,  AP  equal 
to  AD,  AE,  and  the  contained 
vertical  ai^le  OAP  equal  to 
DAE,  are  equal  (I.  S.),  and 
consequently  the  angle  AOP 
is  equal  to  ADE  ;  but  these 
being    alternate    angles,    the 

straight  line  OP  (I.  23.)  is  parallel  to  DE  or  BC,  tad  hence, 
from  what  was  already  demonstrated,  AB  :  AO  or  AD : » 
AC:APorAE; 

And  since  AB  :  AP :  s  AC  <  AE,  by  oompoution  BD  : 
AD :  :  CE  t  AE,  and,  by  conversion,  BD :  AB  :  •  €E  : 
Ad 

S.  Lasdy,  let  more  than  two  parallels,  BC^  DE,  PH,  and 
GI,  intersect  the  divo^ng  lines  AB  and  AC  j  the  segments 
DA,  AF,  FG,  and  GB,  in  DB,  are  proportional  respective- 
ly to  £A,  AH,  Hlf  and  IC^  the  corre^fiondSng  segments  in 
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For,  from  ibe  second  cise,  AD : 
AF  : :  A£  :  AH  $  md,  from  the 
first  case,  AF  :  FG  : :  AH  :  HI. 
But  from  the  same  case»  AG ;  FG 
: :  AI  :  Ul,  and  AG  :  GB  : :  AI 
;IC;  whence  (V.  15.)  FG  :  OH 
: :  HI  :  IC. 

Cor.  1.  Hence  the  converse  of  ^the  propositioli  k  abo  ttotf 
or  that  straight  lines  which  cut  divlarging  Udes  pt&pottiotu^ 
are  parallel ;  for  it  would  otherwise  fellowv  that  a  new  cfivi-^ 
tioQ  of  dwiaame  lin^  would  not  alter  die  relation  amoag  tibe^ 
segments,  whidi  is  evidetldy  absoid. 

Cor.  2.  Hence,  if  the  s^m^its  of  <me  divei^ng  lint  he- 
equal  to  those,  of  anotheri  die  straight  lines  whith  join  ih^ 

are  parallel* 

/'  -,     •'  ■  "J  ■ 
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PROP.  IL>  THEOR. 


Diverging  lines  are  proportional  to  the  correspond- 
ing segments  into  which  th|^  divid?  parallels. 


Let  two  dirc^'ging  lines  AB 
and  AC  cut  the  parallels  BC  and 
DE;  then  AB  :  AD  :  :  BC  : 
BE. 

For  draw  DF  parallel  to  AC. 
And,  by  the  last  Proposition^ 
the  parallels  AC  and  DF  vsxtsX 
cut  the  straight  lines  AB  and 
BC  proportionally,  or  AB :  AD 
: :  BC  :  CF.  But  CF  is  equal 
(I.  27.)  to  the  opposite  side  DE 
of  the  parallelogram  DECF  \ 
and  consequently  AB  :  AD  :  : 
BC :  DE. 
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Next,  let  more  than  two  diverging  lines  AB»  AFt  And  AC 
intersect  the  parallels  BC  and  DE  j  the  segments  BF  and  FC 
have  respectively  to  DG  and  G£ 
the  same  ratio  as  AB  has  to  ADr 

From  what  has  been  already 
demcHistratedy  it  appears,  that 
AB  :  AD  :  :  BF  ;  DG,  and  aU 
so  that  AF  ;  AG. : :  FC  :  GK 
But  by  the  last  Proposition,  AB 
:  AD  ;  ,i  AF  :  AG  *,  wheriafore 

AB  :  AD  : :  FC  :  G£.  Ilie  same  mode  of  reaaonuig,  it  is 
obvious,  might  be  extended  to  at^  number  of  sections.  Whence 
AB  :  AD  : :  BF  :  DG  : :  FC  :  GE. 
.  Cbr.  1.  l^mp&  th^  straight  lines  which  cut  diverging  lines 
equally,  being  parallel  (VI.  1.  cor.  2.),  are  themselves  propor- 
tional to  the  segments  intercepted  from  the  vertex. 

Cor*  2.  Hence  pia;aUel^  are  culpiioportionally  by  diverging 
lines*. 

;p«op.  iri;  PROB. 

To  find  a  fourth  proportibiral  to  three  given  straight 
lines. 


» \ ' 


Let  A,  B,  and  C  be  three  straight  lines,  to  which  it  is  re- 
quired to  find  a  fourth  proportional         v  r   *  ^ 

Draw  the  diverging  lines  DG)^ 
and  DH,  make  D£  equal  taAy 
DF  to  B,  and  DG  to  C,  join  EF^ 
mnd  through  G  draw  (L  24.)  QH 
parallel  to  £F  and  meeting  DH 
in  H ;  DH  is  a  fourth  proportion^ 
al  to  the  straight  lines  A,  B,  and  C. 


♦  See  Note  XXXVIII. 
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Fo^  the  divergiog  lines  DG  and  DH  are  cat  proportionally 
by  the  parallels  EF  and  GH  (VI.  1.),  or  DE  :  DF  : :  DG  i 
DH,  thatis,  A  :  B  : :  C  :  DH. 

Cor.  If  the  mean  terms  B  andC  be  equal,  it  is  obvious  that 
D6  will  become  equal  to  DF,  and  that  DH  will  be  found  a 
third  proportional  to  the  two  given  terms  A  and  B. 

PROP.  IV.  PROB. 

To  cut  a  given  straight  line  into  segments,  which 
shall  be  proportional  to  those  of^  a  divided  straight 

line. 

Let  AB  be  a  straight  line,  which  it  is  required  to  cut  into 
segments  proportional  to  those  of  a  given  divided  straight 
line. 

Draw  the  diverging  line  AC,  and 
make  AD,  D£,  and  EC,  equal  re- 
spectively to  the  segments  of  the 
divided  line,  join  CB,  and  draw  £6 
and  DF  parallel  to  it  (t.  24.)  and 
meeting  AB  in  F  and  G ;  AB  is 
cut  in  those  points  proportionally  to"  the  s^ments  of  AC. 

For  the  parallels  DF,  I^G,  and  CB  must  cut  the  di- 
verging lines  AB  and  AC  proportionally  (VI.  I»)»  or  AF  : 
FG  : :  AD  :  DE,  and  FG  :  GB  : :  DE  :  EC. 

PROP.  V.    PROB. 

To  cut  dff  the  successive  parts  of  a  given  straight 

line. 

L^  AB  be  a  straigl^t  line  from  which  it  is  required  to  cut 
off  sucoessivelj  the  half,  the  third,  the  fourth,  the  fifth,  &c. 

Through  B'draw  the  indihed  straight  line  CBG  extended 
both  wsy^  in  this  take  aiiy  point  C,  and  inake  BD,  D£»  £F» 
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V69  ibb,  each  eqnd  to  BQ  complete  the  paridlebgmk  ABCI, 
0tkA  join  ID^  IEh  IFi  16*  &c-  cutting  AB  in  the  pomti 
K,  L,  M,  N,  &c.;  then  is  the  segment  AK  the  lialf  of  AB, 
AL  the  third,  AM  the  fourth, 
ijld  AN  the  fiftli  part,  of  the 
same  given  line. 

For  the  segments  of  the 
straight  line  AB  mult  be  pro- 
portional to  the  segments  of 
the  parallels  AI  and  BG,  in- 
tercepted by  the  diverging 
fines  ID,  IE,  IF,  IG,  &c. 
llius,  AK  :  KB  : :  AI :  BD} 
but,  by  construction,  BC  or 
AfcBD,  whence  (V.  4.)  AK=KB,  and  therefore  AK  is  the 
half  of  AB.  Again,  AL  :  LB  : :  AI :  BE ;  and  since  BE= 
2AI,  it  follows,  that  LB==2AL,  or  AL  is  the  third  part  of 
AB.  In  the  same  manner,  AM  :  MB  : :  AI :  BF  \  but  BF= 
5AI,  whence  MB = 3  AM,  or  AM  is  the  fourth  part  of  AB. 
And,  by  a  like  process,  it  may  be  shown  that  AN  is  the.  fifth 
part  of  AB. 


OtheriDise  thus* 

On  AB  describe  the  tiiomboid  ABCD,  and  through  £9  the 
intersection  of  its  diagonals  AC  and  BD,  draw  £F  parallel 
to  AD  (L  24.),  join  DF,  and  through  G,  where  it  cuts  AC, 
draw  GH  likewise  parallel  to  AD,  again  join  DH  and  draw 
the  parallel  IK,  and  so  repeat  the  operation :  Then  will  AF 
be  the  half  of  AB^  AH  the  third,  AK  the  fourth,  and  AM 
the  fifth  part  of  it. 

Because  AD  and  £F  are  parallel,  DE  :  il^B  £ ;  AF  :  FB 
(VL  1.)  i  but  PE=EB  (i.  2^.),  wherefore  AFj=FB,  or  AF 
is  the  half  of  AB.  And  AD  and  EF  being  infeiH^epted  pa- 
raOelsy  ^D  ;  EF  :  s  AB  ;  BF  (VL  2.)  y  ,e0n^qqdp^j  aino^ 
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AB  is  double  of  BF,  AD  is 
likewise  double  of  EF  (V,  5.). 
— ^Again,  the  diverging  lines 
AGE  and  DGF  are  propor- 
tional to  the  intercepted  paral- 
lels AD  and  EF  (VI.  2.),  or 
AD:EF  :  :  AG  :  GE;  and 

GH  being  paraUd  to  EF,  AG  :  GE  :  :  AH :  HF  (VI.  1.), 
whence  AD  :  EF  : :  AH  :  HF^  but  AD  was  shown  to, be 
double  of  EF,  wherefore  AH  is  doable  6f  HP  (V.  50>  or 
AH  is  two-thirds  of  AF,  or  of  the  half  of  AB>  and  is  oonse^ 
qoently  the  third  part  of  the  whole  AB.  And«  since  AF  i 
HF  : :  AD  :  GH  and  AF  is  triple  of  HF^  it  is  mdent  that 
AD  is  triple  of  GH  j  but  AD  :  GH : :  AI :  10 : :  AK  t  KH, 
and,  AD  bdng  triple  of  GH,  AK  mast  also  be  triple  of  KH  i 
or  AK  is  three-fouiibs  of  AH,  which  was  proved  to  be  thtt 
third  of  AB,  whence  the  segm^it  AK  is  the  fi&nrth  part  of 
the  whole  line  AB.  By  a  like  process,  it  is  shown  that  Alit 
is  the  fifUi  part  of  AB  *. 


PROP.  VI.    PROB. 

To  divide  a  straight  line  harmonically,  in  a  given 
ratio. 

L^  AB  be  a  straight  line,  whidi  it  Is  required  to  cut  har- 
monically, in  the  ratio  of  K  to  L. 

Through  A  draw  the  diverging  line  AC,  and  produce  it 
both  ways  till  AC  and  AD  be  each  equal  to  K,  make  AB 


^^^I^I^M^^^— »■»— *i*»**l^      I*         I    I  I  ^^—aOO 
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equal  to  L,  join  CB,  draw 
EF  parallel  to  AB,  and 
FG  parallel  to  CA,  and 
join  DF ;  the  straight  line 
AB  is  divided  harmoni- 
cally in  the  points  H  and 
O,  such  that  K :  L  : :  AB 
;BG::AH:HO- 

For  the  parallels  AC 
and  CrF)  being  intercept*      X^ 
ed  by  the  diverging  lines 

AB  and  CB,  AC  :  OF  : :  AB :  BG  (VI.  2.)-  Again,  the  di- 
verging  lines  AG  and  DF  are  cut  by  the  parallels  AD  and 
FG,  whence  (VL  1.)  AD  :  GF  : :  AH  :  HG.  Wherefore, 
AB  :  BG  : :  AH  :  HG ;  and  each  of  these  ratios  is  the  same 
as  that  of  AC  or  AD  to  GF,  or  that  of  K  to  L. 

,  Cor.  Hence  AG  is  divided,  internally  in  H  and  externally 
in  B,  in  the  same  ratio.  In  like  manner,  BH  is  divided  pro- 
portionally, by  an  external  and  internal  section  in  A  and  G\ 
for  AB  :  BG  :  :  AH  :  HG,  and  alternately  AB  :  AH  T : 
BG  :  HG. 


PROP.  VII.    THEOR. 


If  a  straight  line  be  divided  internally  and  exter- 
nally  in  the  saipe  ratio^  half  the  line  is  a  mean  pro- 
portional between  the  distances  of  the  middle  from 
"the  two  points,  of  unequal  section- 


» 


Let  the  straight  line  AB  be  divided  in  the  same  ratio,  in- 
ternally and  externally  in  C  and  D,  and  also  he  bisected  in 
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£ ;  the  haif  EB  is  a  mean  pro- 
portional between  EC  and  ED.     a  '       "K  C     D  II 

'^  t ! — I Hi { 

or  EC  :  EB  :  :  EB  :  ED. 

For  since  AC  :  CB  : :  AD  :  DB,  by  nnxing  and  invenbii. 
AC— CB :  AC+CB :  :,AD— pB  :  AD+DB,  that  is,  2EC: 
AB  : :  AB :  2^D,  and,  halving  all  the  terms  of  the  analogy^ 
(V.  3.)  EC  :  EB  : :  EB  :  ED. 

Cor.  Hence  if  a  straight  line  be  cut  internally  and  ^cter« 
nally  in  the  same  ratio,  the  square  of  the  interval  between  the 
points  of  section  is  equivalent  to  the  difference  between  the 
rectaneles  under  the  internal  and  external  seinnents.  For 
,IL  J.  cor.)  AD.pB=EI..-EB..  .».  AC^B=EB.-. 
EC*  5  consequently  AD.DB  —  AC.CB  =  ED*  — 2EB*  + 
EC%  or  (V,6.)  ED*— 2ED.EC+EC%  which  (II.  18.)  is  the 
squareof  ED— EC  pr  of  CD. — By  a  similar  procedure,  the 
converse  of  the  proposition  aixd  its  corollary  may  be  establish- 
eel.  (. 


PROP.  Vni.    THEOlt 

If  diverging  lines  divide  a  straight  line  harmoni- 
cally, they  will  ciit  evefy  intercepted  straight  line 
also  in  harmonic  proportion. 

Let  the  diverging  lines  EA,  EC,  EB,  and  ED. terminate 
in  theharmonio  section  of  the  straight  lb|e  AD ;  any  inter- 
cepted  straight  line  FG  will  be  likewise  cut  by  tlrem  harmo* 
nicaUy,  or  FG  :  GI :  :  FH  :  HI. 

For,  through  the.  points  B  and,  I,  draw  (I.  £4.)  KL  aiid 
MN  parallel  to  AE. 

Because  the  parallels  AE  and  BL  are  intercepted  by  H^e 
diverging  lines  DA  and  DE,  AD :  DB  :  :>E  :  BL  (VI.  2,)  j 
and  for  the  same  reason,  the  parallels  AE  and  BK  being  in- 


I 


I5S  KLEMENTiP  OY  OKOMET|IY^ 

tercepted  by  the   diverging 

Hues  AB  and  EK,  AC:  CB : : 

AE  :  BK.    And  since  AD 

li  divided  hana<MCtlfyf  AD : 

DB : :  AC  :  CB;  wherefore 

AE :  BL  : :  AE  :  BK)  and 

consequently  BL=BK.  Butt 

KL  being  pamllel  to  MN, 

BL:BK::IN:IM(VI.2. 

cor.  S.)  $  consequently,  BL 

braig  equal  to.  BK^  IN  must 

also  be  equal  to  IM  (V.  4.) ;  whence  FE  :  IN  : :  FE :  IM. 

Again,  FE  :  IN ; :  F6  :  61,  for  the  parallels  FE  and  IN  are 

cut  by  the  divei^ng  lines  OF  and  6E ;  and  FE  :  IM : : 

FH  :  HI,  since  the  parallels  FE  and  IM  are  cut  by  the 

diverging  lines  FI  and  EM.    Wherefore^  by  identity  of  nr 

tios,  FG  :  GI  : :  FH  :  HI ;  or  the  intercepted  straight  line 

FG  is  cut  harmonically  in  the  points  H  and  I. 

PROP.  IX.    THEOB. 

If  from  any  point  in  the  circumference  of  a  circle, 
straight  lines  be  drawn  to  the  extremities  of  a  chord 
and  meeting  the  perpendicular  diameter^  they  will 
divide  that  diameter,  internally  and  externally,  in 
the  same  ratio. 

Let  the  chord  EF  be  perpendicular  to  the  diameter  AB  of 
a'circle>  and  from  its  extr^nities  F  and  £  straight  lines  FG 
and  EG  be  inflected  to  a  pcnlit  G  in  th6  circumfereiice,  and 
cutting  the  diameter  internal^  and  extehially  in  C  and  S  i 
then  will  AC  :  CB  :  :  AD  :  DB. 

For  join  AG  and  BG,  and  draw  HBI  parallel  to  AG. 

Because  AEGB  is  a  semicircle^  the  angle  AGB  n  a  ^f^ 
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angle  (IIL  22.))  wherefore  AG  and  HI  bdBgparaOeltthealtei^ 
nate  angle  GBI  is  right  (L  S9.)»  aad  likMoaeiits.  ac^aoent  angle 
GBH.  Bat  the  diameter  AB»  being  perpioidiailar  to  the  chor jl 
EF^must  (III.  4.  and  15.)  bisect  the  arc  FAE,  and  therefor^ 
the  angle  EGA  is  equal  to  AGF  (IIL  IS.  cor.)  or  (IIL  I9.)f 
its  supplement-.  And  sinoe 
AG  ia  parallel  to  HI>  the  t^ 

angle  EGA  is.  equal  %o  the 
angle  GIB  or  its  supple- 
ment (I.  23.)  I  and^  for  the 
same  « reason,  the  angle 
AGF  is  equal  to  the  alter- 
nate angle  GHB.  Whence 
the  angle  GIB  is  equal  to 
GHB ;  but  the  angles  GBI 
and  GBH  being  both  right 
angles*  are  equal,  and  the 
side  GB  is  common  to  the 
two   triangles    BICj    apd 

BHG,  which  are,  therefore^  equal  (I.  2].)|  and  consequei^tlj 
BH  is  equal  to  BI,.  and  AG':  BH  :  :  AG  :  BL  Now^  ber 
cause  the  parallels  AG  and  BH  are  intercepted  by  die  diyer^ 
ging  lilies  AB  and  GH,  AG ;  BH : :  AC  :  CB  (VI. ,?.)  5' and 
since  the  parallels  AG  and  BI  are  intercepted  by  the  div^:^Q||p 
lines  GD  and  AD,  AG :  BI : :  AD :  DB.  Wherefore,  by  id w- 
tity  of  ratios,  AC  :  CB : :  AD :  DB>  that  is,  tbe.str^ght  lifif 
AB  la  cut  in  the  same  ratio,  interpally  and  eternally,,  ox  thf 

whole  line  AD  is  dividedjbarmonically  in  the  points  C  fmd  B« 

it  •     .      > . 

Cor.  1.  As  the  points  £  and  G  come  nearer  .each  other,  Jt 
is  obvious  that  the  straight  line  EGD  will  approach  conti- 
nually to  th^  portion  pf  the  tangent,  w^cb  i&  its  ultimate  li- 
mit. Hence  the  tangent  and  the  perpendiculiur,  from  th« 
point  of  contact  or  mutual  coincidence,  cut  the  diameter  pnt* 
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portionally^  or  AC  :  GB-:  :  AD  : 
DB.  It  is,  therefore,  evident 
(YI.  7.)  that,  O  being  the  centre, 
OC  :  OB  :  :  OB  :  OD. 

Cor.  2,  Snce  OC  :  OB  : :  OB  : 
op,  it  follows  (V.  19.  cor.  2.)  that  OC  :  OD  : :  OB*— OC* 
or  AC.CB  :  OD*— OB*  or  AD.DB ;  whence,  by  division, 
CD  :  OD  :  :  AD.DB— AC.CB,  or  (VI.  7.  cor-)  CD*  : 
AD.DB*. 


PROP.  X.    THEOR- 

A  straight  line  drawn  from  the  concourse  of  two 
tangents  to  the  concave  circumference  of  a  circle, 
is  divided  harmonically,  by  the  convex  circumfe- 
rence and  this  chord  which  joins  the  points  of  con- 
tact/ 

Let  ED  and  FD  be  two  tangents  applied  to  the  circle 
AEBF ;  the  secant  DA,  drawn  firom  their  point  of  concourse, 
will  be  cut  in  harmonic  proportion,  by  the  convex  circumfe- 
rence EBF  and  the  chord  EF  which  joins  the  points  of  con- 
tact,—or  AD  :  DB  :  :  AC  :  CB. 

For  the  tangents  ED  and  FD  are  equal  (III.  26,  cor.), 
ii^  EDF  being  thus  an  isos- 
celes triangle,  DE*  =  pC*  + 
EC.CF  (II.  23.)  J  (but  III.  32.) 
DE*  is  also  equal  to  AD.DB, 
and  the  chords  AB  and  EF, 
by  their  mutual  'intersection, 
make  the  rectangle  EC,  CF  e- 
qual  to  AC,  CB.  Whence  DC* = AD.DB— AC.CB,  and 
therefore  (VI.  ?•  cor.)  AC  :  CJB  : :  AD  :  DB. 


'  %   • 


•  See  Note  XL. 
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PROP.  XI.    THEOR. 


A  straight  line  which  bisects,  either  internally  or 
externally,  the  vertical  angle  of  a  triangle,  will  di- 
vide its  base  into  segments,  internal  or  external, 
that  ate  proportional  to  the  adjacent  sides  of  the 
triangle. 

Let  the  straight  line  BD  bisect  the  vertical  angle  of  the 
triangle  ABC;  it  will  cut  the  base  AC  into  segments  which 
have  the  same  ratio  as  the  adjacent  sides,  or  AD  :  DC  : : 
AB:Ba 

For  through  C  draw  C£  parallel  to  DB  (I.  24.)>  and  meet- 
log  the  production  of  AB  in  £• 

Because  DB  and  C£  are  parallel,  the  exterior  angle  AB!p 
is  equal  to  BEC,  and  the  alter- 
nate angle  DBC  equal  to  BCE 
(I.  2$.} )  wherefore  the  angle  ABD 
being  equal  by  hypothesis  to  DBC, 
the  angfe  BEC  is  equal  to  BCE, 
and  consequently  (I.  12.)  the  tri- 
«]gle  CBE  is  isosceles,  or  BE  is 
^  equal  to  BC.     But  the  parallels 

'DB  and  CE  cut  the  diverging  lines 

« 

AC  and  AE  proportionally  (VI.  1 .)» 

or  AD  :  DC  : :  AB  :  BEj  that  is,  rince  BEsBC,  AD  : 

DC  : :  AB  :  BC. 

Again,  let  the  vertical  linfe  BD  bisect  the  exterior  angle 
CBG  of  the  triangle;  it  will  divide  the  base  into  external 
segments  AD  and  DC,  which  ^re  ako  proportional  to  the 
adjacent  sides  AB  and  BC. 

For  through  C  draw  CE  parallel  to  DB>  and  meeting  AB 
bE. 
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The  equal  angles 
GBD  and  DBC  are, 
from  the  properties  of 
parallel  straight  lines, 
respectively  equal  tq 
BEC  and  BCE,  and 
consequently  the  trl«- 
angle  CBE  is  isosceles, 
or  the  side  BC  is  equal  to  BE.  And  since  the  diverging 
lines  AD  and  AB  are  cut  by  the  parallels  DB  and  CE  pro- 
pprtiorially,  AD  :  DC  : :  AB  :  BE  or  BC 

Cor.  •  Hence  the  converse  of  the  Proposition  is  likewise  true, 
or  if  a  straight  line  be  drawn  from  the  vertex  of  a  triangle  to 
cut  the  base  in  the  ratio  of  the  adjacent  sides,  it  wiQ  bisect 
'&e  vertical  angle ;  fbr  it  is  evident,  from  VI.  6.  cor.,  diat  a 
straight  line  is  only  capable  of  a  single  section,  whether  ia- 
ternal  or  external,  in  a  given  proportion.' 

Scholium.  The  vertical  line  BD  must  bisect  the  base  AC 
of  the  triangle,  when  the  sides  AB  and  BC  are  equal  In 
the  case  where  BD  bisects  the  exterior  angle  CBG,  if  AB  be 
supposed  to  approach  to  an  equality  with  BC,  the  straight 
line  EC  will  come  nearer  to  AC,  and  consequently  the  ind- 

*  *  ^         * 

dence  D  of  the  parallel  BD  with  AC  will  be  thrown  conti- 
nually more  remote.  But  tirhen  the  side  AB  is  equal  to  BC, 
the  straight  line  BD,  being  now  parallel  to  AC,  will  never 
meet  it,  or  there  can  be  no  equality  of  external  section ;  for 
though  the  ratio  of  AD  to  CD  tends  towards  the  ratio  of 
equality  as  the  point  D  retires,  yet  the  constant  difference  AC 
between  those  distances  must  always  bear  a  sensible  relation 
to  them.  After  BD,  in  turning  about  the  point  B,  haspass* 
ed  the  Umits  of  distance  beyond  C,  it  re-appears  in  an  oppo* 
site  direction  beyond  A,  when  AB,  receding  from  equfdi^, 
has  become  less  than  BC  *• 


»  See  Note  XLL 
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PROP.XIL    THEOR. 


Triangles  are  similar,  which  have  their  corresponds 
ing  angles  e^uaL 

Let  the  triangles  ABC  and  DEF,  have  the  angle  (CAB 
equal  to  FDE,  CBA  to  FED,  and  consequently  (I.  82.)  the 
remaining  angle  BCA  equal  to  EFD  j  these  triangles  are  si- 
milar, or  the  sides  in  both  which  contain  equal  angles  arc  pro- 
portional. 

For  make  BG  equal  to  ED,  and  draw  GH  parallel  to  AC. 

Because  GH  is  parallel  to 
AC,  the  exterior  angle  BGH 
is  equal  (I.  23.)  to  BAG,  that 
is,  to  EDF ;  and  the  angle  at 
B  is,  by  hypothesis,  equal  to 
that  at  E,  and'the  interjacent 
side  BG  was  made  equal  to 
ED  J    wherefore  (I.  21.)  the 

triangle  .GBH  is  equal  to  DEF*  But,  the  diverging  lines  B  A 
and  BC  being  cut  proportionally  by  the  parellels  AC  and  GH 
(VL  1.),  AB  is  to  BC  as  BG  to  BH,  or  as  ED  to  EF. 
Again,  those  diverging  lines  being  proportional  to  the  inter- 
cepted segments  AC  and  GH  of  the  parallels  (VI.  2.),  AB  is 
to  BG  as  AC  is  to  GH,  and  alternately  AB  is  to  AC  as  BG 
is  to  GH,  or  as  ED  to  DF.  In  the  same  manner,  as  BC  is  to 
BH  so  is  AC  to  GH,  and  alternately,  as  BC  is  to  AC  so  is 
BH  or  EF  to  GH  or  DF.  And  thus,  the  sides  opposite  to 
cqaal  angles  in  the  triangles  ABC  and  DEF,  are  tlie  homo- 
logous terms  of  a  proportion. 

Cor*  Isosceles  triangles  are  similar  which  have  their  verti* 
c^I  angles  equal.  For  (I.  S2.)  the  supplementairy  angles  at 
the  base  must  be  together  equal,  and  consequently  they  are 
equal  to  each  other. 

L 
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»         PROS.  XIII.    THEOR. 

Triangles  which  have  the  sides  about  two  of  their 
angles  proportional,  are  similar. 

In  the  triangles  ABC  and  DKF,  let  AB  :  AC : :  DE :  DF 
and  BC  :  AC  :  :  EF  :  DF  J  then  is  the  angle  BAC  equal  to 
EDF,  and  the  angle  BCA  to  EFD, 

For  (1.  i'.)  draw  DG  and  FG,  making,  angles  FDG  and 
DFG  equal  to  CAB  and  ACB.         . 

By  the  last  Proposition,-  the  triangle  ABC  is  similar  to 
DGF,  and  consequently  AB  :  AC  :  :  DG  :  DF ;  hut,  by  hy- 
pothesis, AB :  AC : :  DE :  DF,  and  hence,  fi'om  identity  of  ra- 
tios, DG  :  DF  : :  DE :  DF, 
or  DG  is  equal  to  DE.  In 
the  same  manner,  BC :  AC : : 
EF  :  DF,  and  BC  :  AC  : : 
GF :  DF;  whence  EF  :  DF 
:  :  GF  :  DF,  and  EF  is 
equal  to  FG.  Wherefore 
the  triangles  DEF  and 
DGF,  having  thus  the  sides  DE  and  EF  equal  to  DG  and 
FG,  and  the  side  DF  common  to  both,  are  (1.  2.)  equal ; 
consequently  the  angle  EDF  is  equal  to  FDG  or  BAC,  and 
the  angle  EFD  is  equal  to  DFG  or  BCA. 

Cor.  Hence  isosceles  triangles  which  have  either  side  pro- 
portional to  the  base,  are  similar. 

PROP.  XIV.    THEOR. 

*  ■'* 

Triangles  are  similar,  if  each  have  an  equal  angle 

and  its  containing  sides  proportional. 

In  the  triangles  BAG  and  EDF,  let  the  angle  ABC  be 
equal  to  DEF^  and  the  sides  which  contain  the  one  be  pro- 
portional to  those  which  contain  the  other,  or  AB  :  BC  : : 
DE  :  EF;  the  triangles  BAC  and  IJDF  are  simOar. 


I 

I 
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For,  from  the  points  £  and  F,  draw  EO  and  FG/making 
the  angles  FE6  and  EFG  equal  to  CBA  and  BCA. 

The  triangles  BAG  and  EGF,  having  thus  their  corre- 
sponding angles  equal,  are  similar  (VI.  12.),  and  therefore 
AB  ;  BC  :  :  EG  :  EF.  But  by  hypothesis,  AB  :  BC  :  : 
ED  :  EF ;  wherefore 

EG  EF::ED:EF, 
and  consequently  EG 
is  equal  to  ED.  Hence 
the  triangles  GFE  and 
DFE^  having  the  side 
EG  equal  to  ED,  EF  common  to  both,  and  the  contained 
angle  GEF  equal  to  ABC  or  DEF,  are  equal  (I.  3.),  and 
therefore  the  angle  EFG  or  BCA  is  equal  to  EFD ;  con- 
sequently the  remaining  angles  BAC  and  EDF  of  the  tri- 
angles ABC  and  DEF,  are  equal  (L  32.),  and  these  triangles 
are  (VI.  12.)  shnilar. 

PROP.  XV.    THEOR. 

Triangles  are  similar,  which,  being  of  the  same  af- 
fection, have  each  an  equal  angle,  and  the  sides  con- 
taining another  angle  proportional. 

*  ^^  ^ 

Let  the  triandes  ABC  and  DEF,  which  are  of  the  same 

affection,  have  the  angle  ABC  equal  to  DEF  and  the  sides 

that  contain  the  angles  at  C  and  Y  proportional,  or  BC :  AC  : : 

EF  :  FD  ;  the  triangles  ABC  and  DEF  are  similar. 

For,  from  the 
points   E   and  F  B 

drawEG  and  FG, 
making  the  angles 
PEG  and  EFG 
equal  to  ABC  and 
BCA. 

The  triangle  ABC  is  evidently  similar  to  GEF,  and  BG  : 

l2 
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CA  : :  BF  :  FG  J  but,  by  hypothesis,  BC  :  CA:  :EF:FD, 
and  therefore  EF  :  FG  :  :  EF  :  FD,  and  FGisequaltoFD. 
Whence  the  triangles  EGF  and  EDF,  baring  the  side  FG 
equal  to  FD  and  the  side  EF  conimon,  and  being  both  of 
the  same  a£fection  with  CAB,  are  equal  (1. 22.) ;  consequent- 
ty  the  angle  GFE  is  equal  to  DFE  or  ACB,  and  therefore 
(VI.  12.)  the  triangles  ABC  and  DEF  are  similar. 

PROP.  XVI.    THEOR. 

A  perpendicular  let  fall  upon  the  hypotenuse  of 
a  right-angled  triangle  from  the  opposite  vertex  will 
divide  it  into  two  triangles  which  are  similar  to  the 
whole  and  to  each  other. 


Let  the  triangle  ABC  be  right-angled  at  B,  from  w 
the  perpendicular  BD  falls  upon  the  hypotenuse  AC;  the 
triangles  ABD  and  DBC,  thus  formed,  are  similar  to  each 
other,  and  to  the  whole  triangle  ACB. 

For  the  triangles  ABD  and  ACB,  having  the  an^e  BAC 
common,  and  the  right  angle  ADB  equal  to  ABC,  Bxe  simi- 
lar (VI.  12.).  Again,  the  triangles 
DBC  and  ACB  are  similar,  since 
they  have  the  angle  BCD  common, 
and  the  right  angle  BDC  equal  to 
ABC.  The  triangles  ABD  and 
DBC  being,  therefore,  both  similar  to  the  same  triangle  ABt) 
are  evidently  similar  to  each  other  (VI.  12.)« 

Cor.  1.  Hence  the  side  of  a  right-angled  triangle  is  a  meaB 
proportional  between  the  hypotenuse  and  the  adjacent  seg- 
ment, formed  by  a  perpendicular  let  fall  upon  it  from  the  op- 
posite vertex  5  and  the  perpendicular  itself  is  a  mean  propor- 
tional between  those  segments  of  the  hypotenuse.  F^^  ^^ 
triangles  ABC  and  ADB  being  similar,  AC :  AB  : :  AB :  AP  J 
and  the  triangles  ABC  and  BDC  being  similar,  AC  :  B^  •  • 
BC  :  CD ;  again,  the  triangles  ADB  and  BDC  are  sie^^ 
and  therefore  AD  :  DB  : ;  DB  ;  DC. 


rf. 
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Cdr.  8.  If  the  hypotenuse  and  the  sides  of  a  right-angled 
triangle  form  a  contmued  proportion,  the  hypotenuse  will  be 
divided  in  extreme  and  mean  ratio,  by  the  perpendicular 
let  fall  upon  it  from  the  opposite  vertex.  For,  by  the  last  Co- 
rollary, AC  :  AB  :  :  AB  :  AD,  and  therefore  (V.  6.)  AB*  = 
ACAD ;  in  like  manner,  AC  :  BC  :  :  BC  :  CD.  But,  by 
hypothesis,  AC  :  BC  :  :  BC  :  AB ;  whence  BC  :  CD  :  : 
BC  :  AB,  and  consequently  AB=:DC,  and  AB*= AC.AD= 
CD*.     Wherefore  (V.  6.)  AC  :  CD  : :  CD  :  AD  ♦. 

PROP.  XVII.    THEOR. 

The  perpendicular  within  a  circle,  is  a  mean  pro- 
portional to  the  segments  formed  on  it  by  straight 
lines,  drawn  from  the  extremities  of  the  diameter, 
through  any  point  in  the  circumference. 

Let  the  straight  lines  AEC  and  BC6,  drawn  from  the  ex- 
tremities of  the  diameter  of  a  circle 
through  a  point  C  in  the  circumfe- 
rence, cut  the  perpendicular  to  AB ; 
the  part  DF  within  the  circle  is  a 
mean  proportional  between  the  seg- 
ments DE  and  DG. 

For  the  angle  ACB,  being  in  a  se- 
micircle, is  a  right  angle  (III.  22.}, 
and  the  angle  ABG  is  common  to 
the  two  triangles  ABC  and  GBD, 
which  are,  therefore,  similar  (VI.  12.). 
Hence  the  remaining  angle  BAC  is 
equal  to  BGD,  and  consequently  ^e 
triangles  ADE  and  GDB  are  suni- 
lar ;  wherefore  AD  :  DE : :  DG :  DB, 
and  (V.  6.)  AD.DB=DE.DG.  But 
(III.  32.  cor.),  the  rectangle  under 
AD  and  DB  is   equivalent   to  the 

T"        •  SecNote^XLlL 
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square  of  DF  5  whence  DE.DGs:DF*,  and  (V.  6.)  BE :  DF : : 
DF:DG^. 

PROP.  XVIII.    PROB. 

To  find  the  mean  proportional  between  two  given 
straight  lines. 

Let  it  be  required  to  find  the  mean  proportional  between 
the  straight  lines  A  and  B. 

Find  C  (III.  SS.)  the  side  of  a  square 

which  is   equivalent  to   the  rectangle     ^^ , 

contained  by  A  and  B ;  C  is  the  mean     C*— — 1 
proportional  required. 

For  since  C*= AB,  it  follows  (V.  6.)  that  A  :  C  :  :  C  :  B. 

Otherwise  thus. 

Make  DF= A  and  DE=:B,  on  D£  describe  the  semicircle 
DGE)  draw  FG  perpendicular  to  the  diameter  DE,  and  join 
DG ;  the  chord  DG  is  the  mean  proportional  required. 

For  join  GE.  The  triangle  DGE, 
being  contained  in  a  semicircle,  is  right- 
angled,  and  therefore  (VI.  16.  cor.  1.) 
DG  is  a  mean  proportional  between 
DF  and  DE,  that  is,  between  the  given 
straightlines  A  and  B. 

Or  thus. 

Having  made  DF  and  DE  equal  to  A 
and  B,  on  FE  describe  the  semicircle 
FGE  ;  and  the  tangent  DG  being  dr£^wn>     I> 
is  the  mean  proportional  required.      For 
(III.  32.  cor.  2.)  DFxDE=DG%  and  consequently  (V.  6.^ 
DFjDG:  :DG:DEt. 


See  Note  XLIII.        t  See  Note  XLIV. 
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PROP.  XIX.    PROB^ 

To  divide  a  straight  Kne,  whether  internally  or 
externally,  so  that  the  rectangle  under  its  segments 
shall  be  equivalent  to  a  given  rectangle. 

Let  AB  be  a  straight  line,  which  it  is  required  to  cut,  so 
that  the  rectangle  under  its  segments  shall  be  equivalent  to 
a  given  rectangle. 

On  AB  describe  the  semicircle  AFB,  at  A  and  B  apply 
tangents  AD  and  BE  equal  to  the  sides  of  the  given  rect- 
^gl®>  join  DE,  to  which,  and  from  the  point  F  where  it 
meets  the  circumference,  draw  the  perpendicular  FC;  this 
will  divide  AB  into  the  segments  required. 

For  join  AF  and  BF.  And  because  AD  is  a  tangent  andl 
AF  a  straight  line  inflected  to 
the  circumference,  the  exte- 
rior  angle  DAF  is  equal  to 
CBF  which  stands  in  the  al- 
ternate segment  (III.  25.  and 
III.  19.  cor.  I.) ;  and,  for  the 
same  reason,  the  exterior  angle 
EBF  is  equal  to  CAF.  But 
the  opposite  angles  DAC  and 
DFC  of  the  quadriliiteral  figure 
ADFC  are,  in  the  first  case, 
two  right  angles,  and  therefore 
theangle  ADFi8(III.  19.cor.l.) 
equal  to  BCF  ;  and,  in  the 
second  case,  the  angles  DAC 

and  DFC  being  both  right  angles,  the  figure  DAFC  is  con-« 
tained  in  a  semidrcle,  consequently  (III..  18.)  the  angle  ADF 
is  equal  to  BCF.  In  the  same  manner,  it  is  proved  in  both 
cases,  that  the  angle  BEF  is  equal  to  ACF;  wherefore  the 
triangles  DAF  and  AFC  are  similar  to  BCF  and  BFE)  and 
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hence  AD  :  AF : :  CB  :  BF,  and  AF  :  AC  : :  BF :  BE; 

cohsequelitly  (V.  I6.)  AD  :  AC  :  :  CB  :  BE,  and  (V.  6.) 
AD.BEzrACCB. 

Cor.  If  the  sides  of  the  given  rectangle  be  equal,  the  con- 
litruction  of  the  problem  will  become  materially  simplified. 

First,  in  the  case  of  internal  section  :  The  tangents  AD| 
BE  being  equal,  it  is  evident  that  DE 
must  be  parallel  to  AB  and  the  per- 
pendicular FC  parallel  to  EB.  Whence, 
employing  this  construction,  the  rect- 
angle under  the  segments  AC  and  CB 
is  equivalent  to  the  square  of  BE;  which  also  follows £rom 
iProp.  32.  Book  III. 

Next,  in  the  case  of  external  section :  The  appcmt^  tai^ 
gents  AD,  BE  being  equal, 
the  triangles  AGD  and  BGE 
are  evidently  equal,  and  there- 
fore DE  passes  through  the 
centre.  Hence  the  triangles 
BGE  and  FGC  are  also  equal, 
and  GC  equal  to  GK— This 
construction    being    effected, 

the  rectangle  AC,  CB  will  be  equal  to  the  square  of  BE) 
which  is  also  deduced  from  Prop.  32.  Book  IIL,  since  CF  is 
now  a  tangent  and  AC.CB=CF*  or  BE*. 

If  AB  be  equal  to  BE,  the  construction  will  exactly  cor* 
tecpond  with  what  wa^  before  given. 

PROP.  XX.    THEOR. 

The  rectangle  under  any  two  sides  of  a  triangle, 
is  equivalent  to  the  rectangle  under  the  perpendicu- 
lar drawn  to  the  base  and  the  diameter  of  the  cir- 
cumscribing circle. 


Let  ABC  be  a  triangle,  about  which  is  described  a  circle 
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having  the  diameter  BE ;  the  rectangle  under  the  sides  AB 
and  BC  is  equivalent  to  the  rectangle  under  BE  and  the  per- 
pendicular BD  let  fall' from  the  vertex  of  the  triangle  upon 
the  base  AC. 

For  join  CE.  And  the  angle  BAD 
is  equal  to  BEC  (III.  18.),  since  they 
both  stand  upon  the  same  arc  BC; 
and  the  angle  ADB,  being  a  right  an- 
gle>  is  equal  to  ECB,  which  is  contain- 
ed in  a  semicircle  (III.  22.).  Where- 
fore the  triangles  ABD  and  EBC, .  being  thus  similar  (VI. 
12.),  AB  :  BD : :  EB :  BC,  and  consequently  (V.  6.)  AB.BC 
=:EB.BD. 


PROP.  XXI.    THEOR* 


The  square  of  a  straight  line  that  bisects,  whether 
internally  or  externally,  the  vertical  angle  of  a  tri- 
angle, is  equivalent  to  the  difference  between  the 
rectangle  under  the  sides,  and  the  rectangle  under 

the  segments  into  which  it  divides  the  base. 

»  . 

In  the  triangle  ABC,  let  BE  bisect  the  vertical  angle  CBA 
or  its  adjacent  angle  CBF-,  then  BE*=AB.BC— AE.EC,  or 
AE.EC— AB.BC. 

For  (III.  10.  cor.)  about  the  triangle  describe  a  circle« 
produce  BE  to  the  circumference,  and  join  CD. 

The  angles  SAE  and  BDC,  stand- 
ing upon  the  same  arc  BC,  are  (III. 
18.)  equal)  and  the  angle  ABE  is,  by 
hypothesis,  equal  to  DBC;  wherefore 
(VI.  12.)  the  triangles  AEB  and  DCB 
are  similar,  and  AB  :  BE  : :  DB  :  BC. 
Consequently  (V.  6.)  AB.BC=BE.BD; 
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but  BE.BD  =  BRED  +  BE% 
or  BE-ED-^BE*,  and  (III.  S2.) 
BKED  22  AKEC  ;  wherefore 
AB.BC  =  BE.ED  +  BE*,  or 
BE.ED — BE*,  and  consequently 
BE*  =  AB.BC  —  AE.EC  or 
AE-EC— AB.BC  *. 


PROP.  XXIL    THEOR. 

Tlie  rectangles  under  the  opposite  sides  of  a  qua^ 
drilateral  figure  inscribed  in  a  circle,  are  together 
equivalent  to  the  rectangle  under  its  diagonals. 

In  the  circle  ABCD,  let  a  quadrilateral  figure  be  inscribed, 
and  join  the  diagonals  AC,  BIT;  the. rectangles  AB,.CD  and 
BC,  AD,  are  together  equivalent  to  the  rectangle  AC,  iBD. 

For  (I.  4.)  draw  BE,  making  an  angle  ABE  equal  to 

CBD. 

The  triangles  AEB  and  DCB  ha.- 
ving  thus  die  angle  ABE  equal  to 
DBC,  and  the  angle  BAE  or  BAC 
equal  (III.  18.)  to  BDC,  are  similar 
(VI.  12.),  and  therefore  AB  :  AE  : : 
BD  :  CD  5  whence  (V.  6.)  AB.CD= 
AE.BD.  Again,  because  the  angle 
ABE  is  equal  to  DBC,  add  EBD  to  each,  and  the  ^ole 
angle  ABD  is  equal  to  EBC ;  and  the  angle  ADB  is  equal 
to  ECB  (III.  18.) ;  wherefore  the  triangles  DAB  and  CEB 
are  similar  (VI.  12.),  and  AD  :  BD  :  :  EC  :  BC,  and  conse- 
quently BC.  AD  =EC.BD.  Whence  the  rectan^es  AB,  CD 
and  BC,  AD  are  together  equal  to  the  rectangles  AE,  BB 
and  EC,  BD,  that  is,  to  the  whole  rectangle  AC,  BDf. 


^\ 


•  See  Note  XLV.        f  See  Note  XLVL 
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PROP.  XXIII.    THEOR. 

Triangles  which  have  a  common  angle,  are  to  each 
other  in  the  compound  ratio  of  the  containing  sides. 

Let  ABC  and  DBE  be  two  triangles,  having  the  same  or 
an  equal  angle,  at  B ;  ABC  is  to 
DBE  in  the  ratio  compounded  of 
that  of  BA  to  BD,  and  of  BC  to 

be:  .      , 

-I  .  ^^       . 

For  join  AE  and  CD.  The  ratio 

of  the  triangle  ABC  to  DBE  may 

be  conceived  as  compounded  of  that 

of  ABC  to  DBC,  and  of  DBC 

to  DBE.     But  (V.  25.  cor.  2.) 

the  triangle  ABC  is  to  DBC,  as  the  base  BA  to  BD  $  and, 

for  the  same  reason,  the  triangle  DBC  is  to  DBE,  as  the  base 

BC  to  BE }  consequently  the  triangle  ABC  is  to  DBE  in  the 

ratio  compounded  of  that  of  BA  to  BD,  and  of  BC  to  BE, 

or  (V.  23*)  in  the  ratio  of  the  rectangle  under  BA  and  BC  to 

the  rectangle  under  BD  and  BE. 

Cor.  1.  Hence  similar  triangles  are  in  the  duplicate  ratio 
of  their  homologous  sides.  For,  if  the  angle  at  B  be  equal  to 
that  at  E,  the  tri- 
angle ABC  is  to  B 
DEF  in  the  ratio  /\  K 
compounded  of 
thatdfABtO|DE, 
andofCBtoFEj 
but,  these  trian^ 
gles  bdngsimilar, 
the  ratio  of  AB  to  DE  is  the  same  as  that  of  CB  to  FE  (VL 
12.),  and  consequently  the  triangle  ABC  is.  to  DEF  in  the 
duplicate  ratio  of  AB  to  DE,  or  (V.  24.)  as  the  square  of  AB 
to  the  square  of  DE.  » 
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Cor.  2.  Hence  triangles  which  have  the  sides  that  contain 
an  equal  angle  reciprocally 
proportional,  are  equiva- 
lent. For,  the  angle  at  B 
being  equal  to  that  at  E, 
the  triangle  ABCistoDEF, 
9&  AB.CB  to  DE.FE  -,  but 
AB  :  DE  : :  FE  :  CB,  and 
(V.  6.)  AB.CB=DE.FE; 
consequently   (V.   4.)    the 

third  and  fourth  terms  of  the  analogy  being  equal,  the  first 
and  second  must  also  be  equal. 

PROP.  XXIV.    THEOR. 

Sinntilar  rectilineal  figures  maybe  divided  into  cor- 
responding similar  triangles. 

Let  ABCDE  and  FGHIK  be  similar  rectilineal  figures,  of 
which  A  and  F  are  corresponding  points ;  these  figures  may 
be  resolved  into  a  like  number  of  triangles  respectively  simi- 
lar. 

For,  f^om  the  point  A  in  the  one  figure,  draw  the  straight 
lines  AC,  AD,  and,  from  F  in  the  other,  draw  FH,  FI ;  the 
triangles  BAG,  CAD,  and  DAE  are  respectively  similar  to 
GFH,  HFI,  and  IFK. 

Because  the  polygon  ABCDE  is  similar  to  FGHIK,  the 
angle  ABC  is  equal  to 
FGH,  and  AB  :  BC  :  : 
FG  :  GH  ;  wherefore 
(VI.  14.)  the  triangle 
BAC  is  similar  to  GFH. 
Hence  the  angle  BCA 
is  equal  to  GHF ;  and 
the  whole  angle  BCD 
being  equal  to  GHI,  the  remaining  angle  ACD  must  be  equal 

i  .  .^  . 
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toFHL  ButBC:Aci:GH:FH,andBC:CD::GH:HI, 
consequently  (V.  15.)  AC  :  CD  :  :  FH  :  HI,  and  the  tri- 
angles CAD  and  HFI  (VI.  14.)  arc  similar.  Whence  the 
angle  CD  A  being  equal  to  HIF  and  the  angle  CDE  to  HIK» 
the  angle  ADE  is  equal  to  FIK  •,  and  since  CD  :  DA : :  HI :  IF, 
andCD:DE::HI:IK,therefore(V.15.)  DA :  DE: :  IF:  IK, 
and  the  triangles  DAE  and  IFK  are  similar. 

The  same  train  of  reasoning,  it  is  obvious,  would  apply  to. 
polygons  of  any  number  of  sides. 

PROP.  XXV.    PROB.  -         ^ 

On  a  given  straight  line,  to  construct  a  rectilineal 
figure  similar  to  a  given  rectilineal  figure. 

Let  FK  be  a  straight  line,  on  which  it  is  required  to  con- 
struct a  rectilineal  figure  similar  to  the  figure  ABCDE. 

Join  AC  and  AD,  dividing  the  given  rectilineal  figure  into 
its  component  triangles  :  From  the  points  F  flnd  K  draw  FI 
and  KI»  making  the  angles  KFI  and  FKI  equal  to  EAD  and 
AED ;  fi'om  F  and  I  draw  FH  and  IH  making  the  angles 
IFH  and  FIH  equal  to  DAC  and  ADC ;  and  lastly  fitim  F 
and  H  draw  FG  and  HG  making  the  angles  HFG  and  FHG 
equal  to  CAB  and  ACB.  The  figure  FGHIK  is  similar  to 
ABCDE. 

For  the  several  triangles  KFI,  IFH,  and  HFG,  which  com- 
pose the  figure  FGHIK,  are,  by  the  constructi(Hi,  evidently 
similar  to  the  triangles  EAD,  DAC,  and  CAB,  into  which 
the  figure  ABCDE 

was  resolved.  Whence  D 

FK:KI::AE:EDj   B 
alsoK;i:IF::ED:DA,    \    ^^'J^  y^     i    ^ 
andIF:IH::DA:DC, 
and  consequently  (V. 

15.)KI:IH::ED:         '^  ^  ^^ 

JXJ.    Again,  IH  :  HF  :  :  DC  :  CA,  and  HF  iHO:: 
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CAiCBiand  hence  IH:HO::DC:CB.  BiitHG:GF:: 
CB  :  B  A :  and  the  ratio  of  GF  to  FK,  being  compounded  of 
thatof  GFto  FH,  of  FHto  FI,  and  of  FI  to  FK,  is  the  same 
with  the  ratio  of  BA  to  AE,  which  is  compounded  of  the£ke 
ratios  of  BA  to  AC,  of  AC  to  AD,  and  of  AD  to  A£. 
Wherefore  all  the  sides  about  the  figure  FGHIK  are  prq)or- 
tional  to  those  about  ABCDE;  but  the  several  angles  of  the 
former,  having  a  like  composition,  are  respectively  equal  to 
those  of  the  latter.  Whence  the  figure  FGHIK  is  similar  to 
the  given  figure. 

The  same  reasoning,  it  is  manifest,  would  extend  to  poly- 
gons of  any  number  of  sides. 

Scholium.  The  general  solution  of  this  problem  is  derived 
from  the  principle,  that  similar  triangles,  by  their  composi- 
tion, form  similar  polygons.  The  mode  of  construction,  how- 
ever, admits  of  some  variation.  For  instance,  if  the  straight 
line  FK  be  parallel  to  AEy  or  in  the  same  extension  with  that 
homologous  side, — ^the  several  triangles  FIK,  FHI,  and  FGH 
may  be  more  easily  constituted  in  succession,  by  drawing  the 
straight  lines  FX  and  KI,  FH  and  IH,  and  FG  and  GHpa- 
rallel  to  the  corresponding  sides  in  the  original  figure 
ABCDE ;  because  (I.  31.)  a  corresponding  equality  of  angles 
will  be  thus  produced. 

But,  if  FK  have  no  determinate  position,  the  construction 
may  be  still  farther  simplified  ; 
For,  having  made  AK  equal  to 
that  base  and  joined  AD  and 
AC,  draw  KI,  IH,  and  HG  pa- 
rallel to  ED,  DC,  and  CB.  The 
figure  AKIHG  is  evidently  simi- 
lar to  AEDCB,  since  its  component  triangles  have  the  same 
vertical  angles  as  those  of  the  original  figure,  and  (I.  23.)  the 
angles  at  the  base  are  equal. 

If  the  given  base  FK  be  parallel  to  the  corresponding  side 
AE  of  the  original  figure,  a  more  general  construction  tdll  re- 
sults Join  AF,  EK  and  produce  theria  to:ineet]n  O.;  join 
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OB,  OC,  and  OD,  and  draw  FO,  GH,  HI,  and  tkcrdbrt 
IK,  paraUel  to  AB,  BC,  CD,  and  DE :  The  figure  FOHIK 
thus  formed  is  similar  to  ABCDE.  For  the  Ixiaog^  KOF« 
FOG,  GOH,  HOI,  and  lOK  are  evidendy  rimilar  to  the 
triangles  EOAj  AOB,  BOC,  COD,  and.DOE.  Bi^  tliese 
triangles  compose 
severally  the  two 
polygons,  when 
the  point  O  lies 
within  the  origi- 
nal figure  ;  and 
when  that  point 
of  concurrence  lies 
without  thefigure 
ABCDE,  the  si- 
milar triangles 
lOK  and  DOE  being  taken  away  from  die  similar  compound 
polygons  FGHIOK  and  ABCDOE,  there  remains  the  figure 
FGHIK  similar  to  the  original  one. 

It  farther  appears,  fi-om  these  investigations,  that  a  rectili- 
neal figure  may  have  its  sides  reduced  or  enlarged  in  a  given 
ratio,  by  assuming  any  point  O  and  cutting  the  diverging 
lines  OE,  OA,  OB,  OC,  and  OD  in  that  ratio ;  the  corre- 
sponding points  of  sectitHi  being  joined,  will  ^chibit  the  fi- 
gure required  *. 

PROP.  XXVI.    THEOR. 

Of  similar  figures,  the  perimeters  are  proportional 
to  the  corresponding  sides,  and  the  areas  are  in  the 
duplicate  ratio  of  those  homologous  terms.    . 

Let  ABCDE  Mid  FGHIK  be  similar  polygons,  which  have 
the  corresponding  sides  AB  and  FG ;  the  perimeter,  or  linear 
boundary,  ABCDlE  is  to  the  perimeter^  FGHIK,  as  AB  ta 


•  See  Note  XLVJf. 


B 


176  ELEMENTS  OF  GEOMETRY. 

FG,  BC  to  GH,  CD  to  HI,  DE  to  IK,  or  EA  to  KF;  but 
the  area  of  ABODE,  or  the  contained  sur&ce,  is  to  the  area 
of  FGHIK,  in  the  duplicate  ratio  of  AB  to  FG,  of  BC  to 
GH,  of  CD  to  HI,  of  DE  to  IK,  or  of  EA  to  KF. 

For,  by  drawing  the  diagonals  AC,  AD  in  the  one,  and 
FH,  IF  in  the  other, 
these  polygons  wiD  be  ^^ 

resolvedintosimilartri-         _    .^^'^ / '  \  JSi 

angles.  Whence  the  se^ 
teralanalogies  AB :  BC 
::FG:GH,  BC:AC 
::GH:FH,AC:CD 
::FH:HI,CD:  AD  : :  HI  :  FI,  and  AD  :  DE; :  FI:IK; 
wherefore,  by  equality  and  alternation^  AB  :  FG  :  :  BC  : 
GH  : :  CD  :  HI : :  DE  :  IK,  and  consequently  (V.  19.)  as  one 
of  the  antecedents  AB,  BC,  CD,  DE  or  AE,  is  to  its  conse- 
qnent  FG,  GH,  HI,  IK  or  FK,  so  is  the  amount  of  all  those 
antecedents,  or  the  perimeter  ABCDE,  to  the  aniount  of  all 
the  consequents,  or  the  perimeter  FGHIK. 

Again,  the  triangle  CAB  is  to  the  triangle  HFG  (VI.  23. 
cor.  1»)  in  the  duplicate  ratio  of  AB  to  FG,-:-the  triangle 
DAC  is  to  tlve  triapgle  IFH  in  the  duplicate  ratio  of  AC  to 
FH,  or  of  AB  to  FG,— and  the  triangle  E  AD  is  to  KFI  in 
the  duplicate  ratio  of  AD  to  FI  or  of  A  B  to  FG  \  wherefore 
(V.  19.)  the  aggregate  of  the  triangles  CAB,  DAC,  and  EAD, 
or  the  area  of  the  polygon  ABCDE,  is  to  the .  aggregate  of 
the  triangles  HFG,  IFH,  and  KFI,  or  the  area  of  the  poly- 
gon FGHIK,  in  the  duplicate  ratio  of  AB  to  FG,  of  BC  to 
GH,  of  CD  to  HI,  or  of  DE  to  IK. 

Cor.  Hence  also  the  perimeter  ABCDE  is  to  the  perimeter 
FGHIK,  as  any  diagonal  AD  to  the  corresponding  diagonal 
FI,  and  the  area  ABCDE  is  to  the  area  FGHIK  in  the  du- 
plicate  ratio  of  AD  to  FI. 

PROP.  XXVII.    PROB. 
To  construct  a  rectilineal  figure  that  shall  be  similar 


BOOK  Tl. 


IT? 


te  ont^  lind  equivaleiit  to  another,  given  rectilineal 

figure. 

Let  it  be  required  to  describe  a  rectilineal  figure  similar  to 
A,  and  equivalent  to  6. 

On  CD  a  side  of  A,  describe  (II.  9.)  equivalent  to  that 
figure,  the  rectangle  CDFE,  and  on  DF  describe  the  rect- 
angle DGHF  equivalent  to  the  %ure  B,  find  (VI.  Id.)  IK  $ 
mean  proportional  be-  .  , 

tween  CD  and  DG, 
and  on  IK  construct, 
in  the  same  position,  a 
%ure  X  similar  to  the 
rectilineal  figure  A} 
this  will  be  likewise 
equivalent  to  B. 

For  the  figures  A 
and  X,  being  similar,  must  (VI.  26.)  be  in  the  duplicate  ratio 
of  their  homologous  sides  CD  and  IK ;  and  since  IK  is  a 
mean  proportional  between  CD  and  DG,  the  duplicate  ratio 
of  CD  to  IK  is  the  same  as  the  ratio  of  CD  to  DG  (V.  23.)  5 
consequently  the  figure  A  is  to  the  figure  X  as  CD  to  DG, 
or  (V.  25.)  as  the  rectangle  CF  to  the  rectangle  DH ;  but 
the  figure  A  is  equivalent  to  the  rectangle  CF,  and  therefore 
(V.  4.)  the  figure  X  is  equivalent  to  the  rectangle  DH,  that 
is,  to  the  figure  B. 

PROP.  XXVIII.    THEOR. 

A  rectilineal  figure  described  on  the  hypotenuse 
of  a  right-angled  triangle,  is  equivalent  to  similar  fi- 
gures described  on  the  two  sides. 

Let  ABC  be  a  right-an^ed  triangle  $  the  fi^re  ACFE  de* 
scribed  on  the  hypotenuse,-  is  equivalent  to  the  similar  figures 
AGHB  and  BIKC,  describe  on  the  sides  AB  and  BC. 


178 


ELE3IENTS  OF  GEOMETRY. 


For  draw  BD  perpendicular  to  the  hypotenuse  Aod  saie»: 
(VLl6.cor.lO  AC :  AB : :  AB :  AD, 
therefore  AC  is  to  AD  in  the  du- 
plicate ratio  of  AC  to  AB,  that 
is,  (VI.  26.),  as  the  figure  on  AC 
to  the  figure  on  AB.     For  the 
same  reason,  AC  is  to  CD  in 
the  duplicate  ratio  of  AC  to  BC, 
or  as  the  figure  on  AC  to  the  fi- 
gure on  BC.     Whence  (V.  19. 
cor.  2.)  AC  is  to  the  two  seg- 
ments AD  and  CD  taken  together,  as  the  figure  on  AC  to 
both  the  figures  on  AB  and  BC ;  and  the  first  term  of  the 
analogy  being  thus  equal  to  the  second,  the  third  must  be 
equal  to  the  fourth  (V.  4.),  or  the  figure  described  on  the  hy- 
potenuse is  equivalent  to  the  similar  figures  described  on  the 
two  sides. 


PROP.  XXIX.    THEOR, 

The  arcs  of  a  circle  are  proportional  to  the  angles 
which  they  subtend  at  the  centre. 

Let  the  radii  C A,  CB,  and  CD  intercept  arcs  AB  and  BD  j 
the  arc  AB  is  to  BD,  as  the  angle  ACB  to  BCD. 
^  For  (I.  5.)  bisect  the  angle  ACBy  bisect  again  each  of  its 
halves,  and  repeat  the  operation  indefinitely.  An  angle  ACd^ 
will  be  thus  obtained  less  than  any  assignal^le  angle.  'Let  this 
angle  ACa  or  BCi  (I.  4.)  be  repeat- 
edly applied  about  the  point  C,  from 
BC  towards  DC";  it  must  hence,  by 
Its  multiplication,  fill  up  the  angle 
BCD,  nearer  than  any  possible  dif- 
ference. But  the  elementary  angle 
ACa  being  equal  to  BC6,  the  corte- 
sponding  arc  Ka  is  (III.  13.)  equal 
to  W).    Consequently  this  arc  Aa  and  its  angle  ACa,  are  like 
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ineasures  of  the  arc  AB  and  the  angle  ACB)  and  th^  are 
both  cohtkined  equally  in  the  arc  6D  and  its  corresponding 
angle  BCD,     Wherefore  AB  :  BD  :  :  ACB  :  BCD. 

Cor.  Hence  the  arc  AB  is  also  to  BD,  as  the  sector  ACB 
to  the. sector  BCD;  for  these  sectors  may  be  viewed  as  alike 
eoBiposed  of  the  elementary  sector  A  C9. 


PROP.  XXX.    THEOR. 

The  circumference  of  a  circle  is  proportional  to 
the  diameter,  and  its  area  to  the  square  of  that  dia* 
meter. 

Let  AB  and  CD  be  the  diameters  of  two  circles ;— the  cir- 
cumference AFG  is  to  the  circumference  CKL>  as  AB  to  CD  \ 
and  the  area  contained  by  AFG  is  to  the  area  contained  by 
CKL,  as  the  square  of  AB  to  the  square  of  CD. 

For  inscribe  the  regular  hexagons  AEFBGH and  CIKDLM. 
Because  these  polygons  are  equilateral  and  equiangular,  they 
are  similar;  and  consequently  ( VI.  26.  cor.)  the  diagonal  AB  is 
to  the  corresponding  diagonal  CD,  as  the  perimeter  AEFBGH 
to  the  perimeter  CIKDLM*  But  this  proportion  must  sub-x 
ftist,  whatever  be  the  number  of  chords  inscribed  in  either  se- 
micircumference.  Insert  a  dodecagcm  in  each  circle  between 
the  hexagon  and  the  circumference,  and  its  perimeter  will 
evidendy  approach 

nearer  to  the  length  I.^s:s5"-^^JC 

of  that  circumfe-' 
rence.  Proceeding 
thus,  by  repeated 
duplications,  **^  the 
perimeters  of  the  se* 
ries  of  polygons  that 
emerge  in  succession,  wiU  continually  approximate  to  the 
eurvilineal  boundary,  which  forms  their  ultimate  limit.  Wb^^ 

wr  2 
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£ore  ibk  extreme  ternii  or  the  cbcumference  AEFBOH^  is 
Ip  the  circumference  CIKDLMy  ks  ihe  diameter  AB  to  the 
diameter  CD. 

V  Again,  the  hexagon  AEFBOH(VL  26.  cor.)  is  to  the  hexar 
gon  CIKDLM  in  the  duplicate  ratio  of  the  diagonal  AB  to 
the  corresponding  diagonal  CD,  or  (V.  24.)  as  the  squall  of 
AB  to  the  square  of  CD.  Wherefore  the  successive  polygons, 
which  arise  from  a  repeated  bisection  of  the  intermediate  arcs, 
and  whish  approach  continually  to  the  areas  of  their  contain- 
ing circles,  must  have  still  that  same  ratio.  Consequently  the 
limiting  space,  or  the  circle  AEFBGH,  is  to  the  circle 
CIKDLM,  a$  the  square  of  AB  to  the  square  of  CD. 

Cor.  1  •  It  hence  follows,  that  if  semicircles  be  described  on  the 
sides  AB,  BC  of  a  right-angled  triangle,  and  on  the  hypote- 
nuse AC  another  semicircle  be  described,  passing  (III.  22.) 
through  the  vertex  B,  the  crescents  AFBD  and  BGCE  are 
together  equivalent  to  the  triangle  ABC.     For,  by  the  Pro- 
.  position,  the  square  of  AC  is  to  the  square  of  AB,  as  the  circle 
on  AC  to  the  circle  on  AB,  or  (V.  3.)  as  the  semicircle  ADBEC 
to  the  semicircle  AFB ;  and,  for  the  same  reason,  the  square 
of  AC  is  to  the  square  of  BC,  as 
the  semicircle  ADBEC  to  the  se- 
micircle BGC.     Whence  (V.  20.) 
the    square    of    AC    is    to    the 
squares  of  AB  and  BC,  as  the  se- 
micircle ADBEC  to  the  semicircles 
AFB  and  BGC.    But  (11.   11.) 

the  square  of  AC  is  equivalent  to  the  squares  cf  AB  and  BC, 
and  therefore  (V.  4.)  the  semicircle  ADBEC  is  equivalent  to 
the  two  semicircles  AFB  and  BGC  5  take  awayf  the  common 
segments  ADB  and  BEC,  and  there  remains  the  triangle 
ABC  equivalent  to  the  two  crescents  or  lunes  AFBD  and 
BGCE. 

Cor.  2.  Hence  the  method  of  dividing  a  circle  into  equal 
portions,  by  means  of  concentric  circles.  Let  it  be  required, 
for  instance,  to  trisect  the  circle  of  which  AB  is  a  diameter. 
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Diidcle  the  radias^  AC  into  three  equal  parts,  from  the  points 

of  section  draw  perpipndiculars  DF>  £G  meeting  the  circum* 

ference  of  a  semicircle  described 

on  ACi  join  CF,  CG,  and  from 

C  as  a  centre,  with  the  distances 

CF,  CG,   describe  the  cirdes 

FHIj  QKL :  The  circle  on  AB 

will  be  divided  into  three  equal 

portions^Hby  those  interior  circles. 

Fqriji  join  AF  and  AG;  Because 

AFC,  being  in  a  semicircle,  is 

a  right  angle  (III.  22.),  AC  is  to  CD  (VI.  16.  cor.  1.  and 

v., 24.),  as  the  square  of  AC  to  the  square  of  CF,  that  is,  as 

the  circle  on  AB  to  the  circle  FHI;  but  CD  is  the  third  part 

of  AC;  wherefore  (V»  5.)  the  circle  FHI  is  the  third  part  of 

the  circle  on  AB.    In  like  manner,  it  is  proved,  that  the  circle 

GKL'is  two-third  parts  of  the  circle  on  AB.     Consequently, 

the  intervening  annular^  spaces,  and  the  circle  FHI,  are  aQ 

equal*. 


PROP.  XXXL    THEQR. 

The  area  of  any  triangle  is  a  mean  proportional 
between  the  rectangle  under  the  semiperimeter  and 
its  excess  above  the  base,  and  the  rectangle  uii^er 
the  separate  excesses  of  that  semiperimeter  above 
the  Wo  iremkining  sides. 

The  area  of  the  triangle  ABC  is  a  mean  proportional  be* 
tween  the  rectangle  uoder  half  the  sum  o(  all  the  sides  and  its 
excess  above  AC^  and  the  rectangle  under  the  excess  of  that 
semiperimeter  above  4;B  and  its  excess  above  BC. 

For  j^fpduce  the  sides  B<^  ajid  BC,  draw  the  straight  lines 
BE,  AI)^  «d.4E  ^)iseoting  the  angles  CBA,  BAC,  ^d  CAJ, 


■  *\  v:  ' 


^ 


*■  ■» 
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and  let  fall  the  perpendiculars  DF,  DG,  and  DH  tritfain  the 
triangle,  and  the  perpendicolaf  s  EI,  EK,  and  EL  without  it 

The  triangles  ADF  and  ADG,  having  the  angle  DAF  equal 
to  DAG,  the  angles  F  and  G  right  aisles,  and  the  common 
dde  AD, — are  (1. 2 1 .)  equal ;  for  the  same  reason,  the  triangles 
BDG  and  BDH  are  equal.  In  like  manner,  it  is  proved,  that  the 
triangles  AEI  and  AEK  are  equal,  and  the  triangles  BEI  and 
BEL.  Whence  the  triangles  CDH  and  CDF,  having  the 
side  DH  equal  to  DF,  the  side  DC  common,  and  the  right 
angle  CHD  equal  to  CFD, — are  (I.  22.)  equal ;  and,  for  the 
same  reason,  the  triangles  CEK  and  CEL  are  equaL  The 
perimeter  of  the  triangle  ABC 
is  therefore  equal  to  twice  the 
segments  AF,  FC,  and  BG ; 
consequently  BG  is.  the  ex- 
cess of  the  semiperimeter 
above  the  base  AC,  and  AG 
is  the  excess  of  that  semipe- 
rimeter— or  of  the  segments 
BH,  HC,  and  AG,— above 
the  side  BC.  But  the  sides 
AB  and  BC,  with  the  seg-  . 
ments  AK  and  CK,  or  AI  and  CL,  also  form  the  perime- 
ter ;  whence,  BI  being  equal  to  BL,*the  part  AI  is  the  excess 
of  the  semiperimeter  above  the  side  AB. 

Now,  because  DG  and  EI,  being  perpaidicular  to  BI,  are 
paraDel,  BG  :  DG  :  :  BI :  EI  (VL  2.),  an^  consequently 
(V.  25.  cor.  2.)  BIxBG  :  BIxDG  :  :  DGxBI :  DGxEI. 
But  since  AD  and  AE  bisect  the  angle  BAC  and  its  adjacent 
angle  CAI,  the  angles  GAD  and  EAI  are  together  equal  to 
a  right  angle,  and  equal,  therefore,  to  lEA  and  EAI  ^  whence 
the  angle  GAD  is  equal  to  IE  A,  and  the  right-angled  triangles 
DGA  and  AIE  are  similar.  Wherefore  (VL  12.)  DG  :  AG 
T:  AI :  EI,  and  (V.  6.)  DGxEI=AGx Alj  consequently 
BIxBG  :  DGxBI :  :  DGxBI :  AGxAL      But  the  tri- 
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an^^ABC  is  composed  of  tihree  triang^  ADB»  BDC,  and 
CDA,  which^  have  the  same  alititade ;  -  and  therefore  its!area 
-is  equal  to  the  rectangle  under  DO.  and:  half  tbdr  bas^ 
ABs :  BC,  and  AC,  or  the  semiperinieter  BI.  WhasMre  the 
area  of  the  triangle  ABC  is  a  mean  pi^oportional  between,  die 
rectangle  under  BI  and  its  excess  abbve  AC,  and  the  f^et- 
angle  imder  its  excess  above  BC  and  that  above  AB. 

Cot.  If  the  area  of  a  triangle  be  expre&ed  by  A^  its  sides 
by  ay  b,  and  c,  and  the  semipeijmeter  by  s ,-  theas{$ — a) :  A 
: :  A  :  (s — b){s — c),  and  consequently  A*  :=:s{s — a){s — i)(« — c), 
and  A=  v^(^5— a)(5— i)(5— c))  * 

PROP.  XXXII.    PROB. 

Given  the  area  of  an  inscribed,  and  that  of  a  cir- 
cumscribed, regular  polygon ;.  to  find  the  areas  of 
inscribed  and  circumscribed  regular  polygons,  having 
double  the  number  of  sides. 

Let  TKNQ  and  HBDF  be  given  similar  inscribed  and  cir- , 
cumscribed  Rectilineal  figflres ;  it  is  required  thence  to  deter- 
mine the  surbees  of  the  corresponding  inscribed  and  circum- 
scribed polygons  AKCNEQGT  and  VILMOPRS,  which 
hsLVQ  twice  thie  member  of  sides. 

From  the  centre  of  the  circle,  draw  radiating  lines  to  all 
the  angular,  points.  It  is  evident  that  the  triangles  ZXK  and 
Z  AB  tire  like  pprtions  (^  the  given  inscribed  and  drcmtiscn- 
bed figures, TKN<^  and  HBDF;  and  that  the  triangle  ZA^j 
and  the  quadrilateral  figure  ZAIK  are  also  like  portions^  of 
the  derivative  pofygons  AKCNEQOT  and  VILMOPRS. 
And  since  XK  is  paraBel  to  AB,  ZX :  ZA  :  :  ZK :  ZB 
(VI.  2.)  i  but  ZX  is  to  ZA  as  the  triangle  ZXK  is  to  th$  tri- 
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■  angle  ZAK  (V^!Si5.  cot.  %\  wtd;§xAe  ataoe  remm,  ZK  ii 
t»ZB  ftfl  the  triabgle  ZAK  10  to  the  triangle  ZAB ;  nAeme 
<  ZXK  :  ZAK  : :  ZAK  :  ZAB»  and  consequently  the  deriva- 
'  lahre  JBsoribed  polygon  AKCN£QOT  is  a  mean  proportional 
"'lietween  theinseribed  and  dr- : 
'  oamscribed  figures  TKNQ 
and  HBDR 

Again,  became  ZI  bisects 
the  angle  AZB,  ZA  is  to  ZB, 
or  ZX  is  to  ZK,  as  AI  to  IB 
(VI.  11. )>  and  consequently 
(V.  25.  cor.  2.)  the  triangle 
XZK  is  to  the  triangle  AZK, 
as  the  triangle  AZI  to  the 
triangle  IZB.  Hence  the 
Jtnscribed  figure  TKNQ  is  to 

its  derivative  inscribed  figure  AKCNEQGT  as  the  triangle 

AZI  to  the  triangle  IZB;  wherefore  (V.  U. and  ig.)  TKNQ 

and  AKCNEQGT  together  are  to  twice  TKNQ,  as  the  tri- 

"  angles  AZI  and  IZB,  or  AZB,  to  twice  the  triangle  AZI, 

~br  the  space  AIKZ,— that  is,  as'HBDF  to  VlLMOPRS. 

'  And  thus  the  two  inscribed  polygon^  are  to  twice'  the  simple 

inscribed  polygon,  as  the  surface  of  the  circumsqrii^iiig  poly- 

gon,  to  the  surface  of  the  derivative  circumscribing  polygon 

with  double  the  number  of  sides.'  '    - 

Cor.  Hence  the  area  of  a  circle  is  equivalent  to  the  i^ectangle 
'  tmder  its  radius  and  a  straight  line  equal  to  half  its  <arcum{e- 
rbnce.     For  the  surface  of  any  regular  circumscribing  poly- 
gon, such  as  ViLMOPftS,  being  composed  of  a  number  of 
'  trtaiglcs  AZI,  which  have  all  the  same  altitude  ZA,  is  equi- 
*  Valent  (II.  6.)  to  the  rectangle  uhder  ZA  and  half  the  sum  of 
their  bases,  or  the  semiperimeter  of  the  polygon.     But  the 
circle  itself,  as  it  fo^s  the  ultimate  limit  of  the  polygon,  must  p 
have  its  area,  therefore,  equivalent  to  the  rectangle  under  the 
radius  ZA,  and  the  semicircumference  ACE. 
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StMUm.  Hitt  i^ropoBition  fimifthefi  Ae  bMt  ekmcntary 
method  of  Appnmimatuig  to  the  nmaiericd  ezpreteion  fbrtbe 
area  of  a^  cirde.  Suppose  the  radi&s  of  a  circle  to  be  deaofeed 
by  unit:  Utig  sui&ce  of  the  ciieainpcrifaiiigiBqaase'wiU  be  es- 
-pressed  by  4,  and  €onsequai%  (1V«  16.  oor*)  thai  of  ks  in- 
scribed-square  by  2*  Wherefore  Ike  sur&ce  of  the  inscribed 
•octagon  is=  4/2  X  4«=r2,d2842Tl ;  and  the  fliirfalce  of  the  cif- 
dumscribing  octagon  is  found  by  the  analogy,  24-^,8^84271 : 
2  X  2  : :  4  :  3,3137085.  Again,  v*(2,'828427l  X3,3'l37085)  = 
3, 06 146*74,  iVhidi  expresses  the  area  of  the  instfibed  [jolygoh 
of  16  sides 5  and  2,8284271  +3,0614674  :  2  X2',8S«427i;  or 
5,8898945  :  5y656854^2  : :  3,3137085  :  3,182597*,  which  de- 
notes  the  area  of  the  circumscribing  pofygon  of  16  sides. 

Pursuing  this  mode  of  calculation,  by  alternately  extracting  a 

• 

square  root  and  finding  a  fourth  propoi^ional,  the  following 
Table  will  be  formed,  in  which  the  numbers  expressing  the 
surfaces  of  the  inscribed  and  circumscribed  polygons  con- 
tinually approach'  to  each  other,  and  consequently  to  the. 
measure  of  their  intermediate  circle. 


Area  of  che 

Area  of  the 

Number  of 

insTribed 

circumncribing' 

Sides. 

Polygon. 

Polygon. 

4 

2,0000000 

4,0000000   V 

8 

2,8284271 

3,3137085 

16 

3,0614674 

3,1825979 

32 

3,1214451 

3,1517249 

64 

3,1365485 

3,1441184 

128 

3,1403311 

3,1422236 

256 

3,1412772 

3,1417504 

512 

3,1415138 

3,1416321 

1024 

3,1415729 

3,1416025 

2048 

3,1415877 

3,1415951 

4096 

3,1415914 

3,1415933 

8192 

3,1415923 

3,1415928 

16384 

3,1415925 

3,1415927 

32768 

3,1415926 

8,1415926  ' 
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Hence  S,l4fl59t6  is  the  nearest  expression,  oonsisdiig  hS se- 
▼imdedmidplaces^fortfaeareaofacirdewhoseradiiisisl.  But 
ithe  semidrcamfisrence  in  this  case  denoting  also  the  surfiice, 
the  same  number  must  represent  the  circumference  of  a  circle 
whose  diameter  is  !•  G^nsequently,  if  D  denote  the  diame- 
ter  of  any  curde,  the  drcmnference  wiU  be  «q>ressedapproxi. 
mately,  by  3^1415926  xD;  whence  the  area  will  be^D'X 
S,14I5926,  or  D*  X,  78539815  *• 

Since  the  four  last  decimals  5926  come  so  near  to  6000^  it 
willy  in  most  cases,  be  sufficiently  accurate  to  reckon  the  cir- 
.cumfefence  equal  to  D  X  3,1416,  and  its  area  equal  to  D^  X 
.,7854.  But  other  approximations,  expressed  in  lower  num- 
.bers,  may  be  found,  by  help  of  Prop.  28.  Book  V.  For 
.m=3,  n=7,j7=16,  and  qzzll;  whence,  remountiBg  suo- 
'  eessively  from  these  conditional  equalities,  the  ratio  of  the  dia- 
meter to  the  circumference  of  a  drde  is  denoted  in  progres- 
sion, by  1 :  3— by  7 :  22— by  113  :  355— and  by  1250 :  S927. 
Hence  also  the  circle  is  to  its  circumscribing  square  nearly— 
as  11  to  14,  or  still  more  nearly — ^as  355  to  452. 


*  See  Note  L. 
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The  constructions  U3ed  in  Elementary  Gpometrjr, 
were  effected,  by  the  combination  of  straight  lines 
and  circles.  Many  problems,  however,  can  be  re- 
solved, by  the  single  application  of  the  straight  line 
or  the  circle ;  and  such  solutions  are  not  only  inte- 
resting, from  the  ingenuity  and  resources  which  they 
display, '  but  may,  in  a  variety  of  instances,  be  em- 
ployed with  manifest  advantage.  This  Appendix  is 
intended  to  exhibit  a  selection  of  Geometrical  Pro- 
blems, resolved  by  either  of  ^  those  methods  singly. 
It  is  accordingly  divided  into  Two  Parts,  corre- 
sponding to  the  rectilineal  and  the  circular  con- 
structions. 
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PART  I. 


Problems  resolved  by  help  of  the  Ruler ^ 
or  hy  Straight  Lines  only. 

PROP.  I.    PROS. 
To  bisect  a  given  angle. 

Let  BAC  be  an  angle,  which  it  is  required  to  bisect,  by 
drawing  only  str^ght  lines. 

In  AB  takd  any  two  points  D  and  E,  from  AC  cut  oflF  AF 
'^ual  to  AD  and  AG  to  AE,  draw  EF  and  DG,  crossing  in 
Ae  point  H :  AH  wiH  bisect  the  angle  BAC. 
\  For  the  triangles  EAF  and  DAG,  having  the  sides  £A 
4nd  AF  equal  by  construction  to  GA  and  AD,  and  the  con- 
tained angle  DAG  common  to  both,  are  equal  (I.  3.),  and 
consequently  the  angle  AEF  is 
equal  to  AGD.    And  since  AE 

• 

is  equal  to  AG,  and  the  part 
AD  to  AF,  the  remainder  DE 
Qiust  be  equal  to  FG ;  where- 
fore the  triangles  DEH  and 
HGF,  having  the  angle  at  E 
equal  to  that  at  G,  the  vertical 
angles  at  H  equal,  and  also  their 
opposite  sides  DE  and  FG,  are 

equal  (I.  21.) ;  and  hence  the  side  DH  is  equal  to  FH.  A- 
gain,  the  sides  AD  and  DH  are  equal  to  AF  and  FH,  -and 
AH  is  common  to  the  two  triangles  AHD  and  AHF,  which 
are  therefore  equal  (I.  2.),  and  consequently  the  angle  DAH 
is  equal  to  FAH. 
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PROP.  II.     PROa  :.     . 

To  bisect  a  given  finite  strAgbt  liflCt  /  : 

Let  it  be  required  to  bisect  4^»  l;jr{a.]^^]ineal  constriio 
tion. 

Draw  AK  diverging  from  AB,  saidxo&i^e:^Q^fiJXsz'f^^ 
join  £B  and  continue  it  beyond  B  till  BF  be  equal  to  B^ 
and  lastly  join  FC;  which  will  bisect  AB  in  the  point  G. 

For  draw  BH  parallel  to  AE. 
And  because  BD  evidently  bisects 
the  sides  EC  and  EF  of  the  tri- 
angle CEF,  it  is  parallel  to  the 
base  CF  (II.  4.);  wherefore  BDCH 
is  a  parallelogram,  which  has  (1. 27.) 
its  opposite  sides  BM  and  CD  e*- 
qual.  But  AC  being  parallel  to 
BH,  the.  angles  GAC  and  GCA 
are  equal  to  GBH  and  GHB,  and 
the  side  AC,  being  made  equal  to 
CD,  is  hence  equal  to  its  corre- 
sponding inteijacent  side  BH ; 
whence  the  triangles  AGC  and  BGH  are  equal  (I.*  2f .),  and' 
therefore  AG  is  equal  to  BG. 


/  t 


J  f  •  >  •  • 


PROP.  m.    PROB. 


>    •         *•    ir 


Through  a  given  point,  to  draw  a  Iiffe^  pantllel  to^ 
a  given  straight  line. 


Let  it  be  i-equired,  by  a  feciiUhei^i  ctkistfuctkni,  to  dtfaW 
through  C  a  parallel  to  AB. 
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In  AB  take  any  two  points  D  and  F,  join  CD^ 
produce  till  DE  be  equal  to  it ;  ar* 
gain  join  E  with  die  point  F,  and 
continue  this  till  FG  be  equal  to 
EF :  Then  CG,  being  joined,  will 
be  parallel  to  AB. 

For,  since  AB  or  DF  evidently 
bisects  the  sides  EC  and  EG  of  the 
triangle  CEG,  it  must  be  parallel 
io  the  base  CG  (II.  4.). 


which 


PROP.  IV.    PROB. 

From  a  point  in  a  given  straight  line,  to  erect  a 
perpendicular. 

Let  C  be  a  given  point,  from  which  it  is  required,  by  help 
of  straight  lines  merely,  to  erect  a  perpendicular  to  AB. 
In  AB,  having  taken  any 

« 

point  D,  draw  DE  equal  to 
DC  and  inclined  to  AB,  join 
EC  and  produce  it  until  CG 
be  equal  to  CD  or  DE,  make 
CF  equal  to  CE,  jom  FG  and 
produce  this  till  GH  be  equal 
to  GC  :  Then  CH  wiU  be  per- 
pendicular  to  AB. 

For  the  triangles  DCE  and 
GCF,  havmg  the  sides  DC,  CE 

equal  to  GC,  CF,  and  the  contained  angles  vertical  at  C,  are 
^ual  (1.  3.)  -,  whence  FG=CD=;CG=GH.  The  point  G 
is  therefore  the  centre  of  a  semicircle  which  would  pass 
through  F,  C,  H,  and  consequently  the  angle  FCH  is  a  right 
angle  (III.  22.),  or  CH  is  perpendicular  to  AB. 
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PROP.  V.    PROS. 

To  let  fall  a  perpendicular  upon  a  given  straight 
line,  from  a  point  without  it. 

Let  C  be  a  given  point,  £rom  which  it  is  required,  by  a 
rectQineid  construction,  to  let  faD  a  perpendicular  to  AB. 

In  AB  take  any  point  D,  draw  DF  obliquely,  and  make 
DE=DF=DG,  join  FE 

and  produce  it  until  EH  i^i 

be   equal   to    EG,    make  C 

EI=EF,  join  HI,  and 
(Appendix,  Part  I.  Prop. 
S.)  draw  CK  parallel  to  it: 
CK  is  the  perpendicular 
required. 

For  the  point  D  being 
obviously  the  centre  of  a  semicircle  passing  through  G,  F» 
and  '£,  the  angle  GFE  is  a  right  angle ;  and  the  triangles 
£GF,  £HI,  having  the  sides  G£,  EF  equal  to  HE,  EI,  and 
their  contained  angles  vertical, — are  equal  (L  S.),  and  conse*> 
qttently  the  angle  HlE  is  equal  to  GFE,  or  is  a  right  angle ; 
but  since  CK  and  HI  are  parallel,  the  angle  CKA  is  equal  to 
HIE  (I.  28.),  i^d  therefore  is  also  a  right  angle,  or  CK  is 
perpendicular  to  AB. 
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Geometrical  Problems  resolved  by  means  of  Compassa^ 
or  by  the  mere  description  of  Circles. 

PROP.  L    PROB. 
To  repeat  a  given  distance  in  the  same  Erection. 

Let  A  and  B  be  two  given  points;  it  is  i^quiried  to  fifidj  by 
means  of  compasses  only,  a  series  of  eqaidistant  poifits  in  the 
fiame  extended  line. 

From  B  as  a  centre,  with  the  given  distance  BA,  describe 
a  portion  of  a  circle,  in  which  inflect  that  distance  three  times 
to  C  5  from  C,  with  the  same 

radios,  describe  another  cif  ck>           >r'""'"'*"^)r''*^'"-:ir''~"^ 
f»id  insert  the  triple  <jho|:ds         X      /       \/        \        \ 
to  D  5  repeat  tbM  pTPJ5^si  frqm  ♦    L. — .i J. X J 

pQialfi  Ai  B,.C,[D,  £;  &p..  will  aU  £0  in  tite  samd  strai^ 

/  Fot,  :by  this  cpiistriH^tioti)  three'  equllatearal  triaiigles  are 
formed  about  the  point  B,  and  conseqif^ittly  (I.  S2;  cor*  1.) 
the  whole  angle  ABC,  made  by  the  opposite  distances  BA 
and  BC,  is  equal  to  two  right  angles,  or  ABC  is  a  straight 
line.  The  same  reason  applies  to  the  successive  points,  D,  E^ 
&c. 

PROP.  II.     PROB. 

To  find  the  direction  of  a  perpendicular  from  a 
given  point  to  the  straight  line  joining  another  given 
point 


Given  the  points  A  and  B^  to  find  a  third  point,  such  that 
the  straight  line  connecting  it  with  B  ftl^U  be  at  right  angles 
tQ  BA. 

From  A  and  B,  with  any  opnv^ij^t  cftttQue^  AMPbe  two 
arcs  intersecting  in  C,  from  which,  with 
the  same  radius,  describe  a  portion  of  a  '   '  v^j^ 

circle  passing  through  the  points  A  and 
B,  and' insert  that  radius  three  times 
from  A  to  D :  BD  is  perpendicular  to 
BA. 

For  it  is  evident,  firom  the  last  Propo-     '^^^^^^  _  j^ 
sition,  that  the  arc  ABD  is  a  semidr* 
cumference,  and  consequently  that  the  angle  ABD  contained 
in  it  if  a  right  angle* 

The  construction  would  be  somewhat  simplified,  by  taking 
the  distance  AB  for  the  radius. 

PROP.  IIL    PROB. 

To  find  the  direction  of  a  perpenidicular  \ti  feU 
from  a  given  point  upon  the  straight  line  which  con- 
nects two  given  pointy* 

Let  C  be  a  point,  froiQ  which  a  perpendicular  is  to  be  let 
&H  upon  the  straight  line  joining  A  and  B. 

From  A  as  a  centre,  with  the  dis- 
tance AC,  describe  an  arc,  and  from  ^ 
B  as  a  centre,  with  the  distance  BC, 
describe  another  arc,  intersecting  the  i 

former  in  the  point  D  :  CD  is  per-      j^"- \ ^ 

pendicular  to  AB.  ,  ; 

For  CAD  and  CBD  are  evident«> 
ly  isosceles  triangles,  and  consccgientp- 
ly  (I.  7.)  tjieir  vertices  must  lie  J|i  -a 
straight  line  AB  which  bisects  their  base  CD  at  right  aoglff. 
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PROP.  IV.    PROB. 
'    To  iMSdct  a  given  distance.      » • 

Let  A  and  Bbe  twa  given  points ;  k  is  required  to  find  tbe 
joiddle  point  in  the  same  direction. 

From  B  tfs  a  centre>  with  the  radius  B A,  describe  a  semi- 
drcie,  by  inserting  that  distance  successively  from  A  to  C,  D, 
and  £ ;  from  A  as  a  centre,  with  the  distance  AE,  describe  a 
portion  of  a  circle  FEG,  in  which,  and  from  £,  inflect  the 
chords  EF  and  EG  equal  to  EC;  and  from  the  points  F  and 
G,  with  the  Baxae  radius  EC  describe 
arcs  intersecting  in  H:  This,  point 
bisects  the  distance  A6.* 

For,  by  the  first  Proposition,  the 
points  A,  B,  and  E  extend  in  a 
straight  line ;  but  the  triangles  FAG, 
FHG,  and  FEG,  being  evidently 
isosceles,  their  vertices  A,  H,  and  £ 
(I.  7.)  must  lie  in  a  straight  lincf 
whence  the  point  H  lies  in  the  di- 
rection AB.  Again,  because  EFH 
is  an  isosceles  triangle,  AF*— HF* 

(11. 23.  cor.) = EA.AH J  that  is,  AE*— EC*  or  (IV.  20.  cor.  2.) 
AB* = EA. AH.  Wherefore,  since  EA  is  double  of  AB,  the 
segment  AH  must  be  its  }xalL 


PROP.  V.    PROB. 

To  trisect  a  git^en  distance. 

•  ■         •  . 

Let  it  be  required  to  find  two  intermediate  points  that  ai*e 
situate  at  equal  intervals  in  the  Une  of  communication  AB. 

Repeat  (App.  II.  1.)  the  distance  AB  on  both  sides  to  C 
and  D,'  &om  these  points,  with  the  radius  CD^  describe  the 
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arcs  EDF  and  GCHj  from  D  and  C  infect  the  chords  MJ 

and  DF,  CG  and  *CH,  all  ^ 

equal  to  DB,  and,  with  the 

same  distance  and  from  the 

points  £  and  F,  G  andH, 

describe  arcs  intersecting 

in  I  and'  K :  The  distance 

AB  is  trisected  by  points  I  • 

andK. 

For  it  may. be  demon- 
strated, as  in  the  last  pro^- 
position,  that  the  points  I 
and  K  lie  in  the  same  di- 
rection AB.  In  like  man- 
ner, it  appears  (II.  23.  cor.) 
thatDG*-KG*  =  CD.DK, 

or  9AB*— 4AB*  or  5AB*r=8AB.DK;  and .  consequently 
5AB=3DK,  or  2AB=r3AKi  and  AB=:3BK.  But,  fer  tba 
same  reason,  AB=:.3AI.     .  .  . ' 


PROP.  VI.    PROB. 
To  cut  off  anyr  aliquot  part  of  a  give»  distance. 

Suppose  it  were  required  to  cut  off  the  fifth  part  pf  the  dis- 
tance between  the  points  A  and  B. 

Repeat  (App.  II.  1.)  the  distance  AB  four. times,, to. F| 
from  F,  with  the^radius  FA,  describe  the  ai^c  GAH ;  infleet 
the  chords  AG  and  AH 
equal  to  AB,  and,  with 
that  radiujft  and  from  the 
points  G  and  H,  describe 
arcs  intersecting  in  I :  AI 
is  the  fifth  part  of  the  line 
of  communication  AB. 

For,  as  before,  thd  point  I  .is:.flituale<i|i  AB.    .But^ance 
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AGI  ia  endtillly  an  isosceles  triaai^  aod  AF  is  equid  to  FGi 
it  Mows  (II.  23.  cor.)  that  AG*s:AF.AI»  wd  CQii3^ueii% 
AB*s5AB.AI;  whence  AB= 5 AI. 

■ 

PROP.  VII.    PROS. 

To  divide  a  given  distance  by  medial  section. 

Let  it  be  required  to  cut  the  distance  AB»  such  that 
BH*=BA.AH. 

From  B  describe  a  circle  with  the  radius  B A,  which  insert 
successively  from  A  to  D,  £>  C,  and  F ;  from  the  extremities 
of  the  diameter  AC  and  with  the  double  chord  AE,  describe 
tw«  arcs  intersecting  in  G ;  and,  from  llie  points  £  and  F 
with  the  distance  BG,  describe  other  two  arcs  intersecting  in 
H :  This  is  the  point  of  medial  section. 

For  it  is  evident  that  this  point 
*ti  lies  in  the  straight  line  A6.  v^ 

And  because  the  triangles  AGB^ 
CGB  have  their  sides  respective-' 
ly  equal,  the  angle  ABG  (I.  2,) 
is  a  right  angle,  and  consequent- 
ly.(II,  110  AG*=sAB*+BG*; 
but  AGsAE,  and  AE*=3AB* 
(iV.  20.  cor.  2.);  wherefore 
3AB»=AB*+BG*,  and  BG*= 
SAB»,    Now  since  BE=EC,  it 

fcBows  (II.  2B.  cor.)  that  HE*— BE*  =  CH.HB  j  but  HE*— 
BE*  =  BG*— BE*=zAB*,  and  therefore  AB*  =  CH.HB. 
Whence  CH  is  cut  by  a  medial  section  at  B,  and  consequent- 
ly (II.  22.  cor.  1.)  its  greater  segment  BC  or  AB  is  likewise 
divided  medially  at  H  by  the  remainmg  portion  BH. 

PROP.  VIIL    PROB. 
To  bisect  a  giv»»  arc  of  a  circle. 


Let  k  b^  nqttimd  to  fanect  tli»  arc  AB  of  a  dMe  iriioie 

centre  is  C. 

From  the  extremitkn  A  and  B|  with  the  radiuf  AC»  de- 
scribe opposite  arcs,  and  fircHtft  tke  eoitre  C  inflect  the  cbonl 
AB.  to  D  and  £ ;  from  these  points,  with  the  distaiiofr  DB 
describe  arcs  intersecdng  in  F)  and  fiom  D  or  E,  widi  tha 
distance  CF,  cut  t}ie  given  arc  AB  in  O :  AB  b  biatcltd  itt 
that  point. 

For  the  6gattB  ABCD  and  AB£C  being  eiridflntif  ilioni^ 
boids,  DC  and  C£  are  paraltel  to  AB,  and  heaOe^iMMitilta^M 
straight  line ;    conse* 

quently  the  triangles  >X^ 

DFC  and  EFC  ha-  ' 

vingtheir  correspond- 
ing sides  equal,   the  J-''^"^^^^""\ 

angle  DCF  is  a  j-ighC  Aif^.-.-^ :r^?^ 

angle,  and  (IL   11.)  y^     .l*^;*"*'    '/'       '•. 

DF*  =  DC*  +  CF».         L'-^^*  '*     '^.  y  \i 

But,  in  the  rhomboia  ^h,..^      ^.^^^^^^"""^^  j ^>^^ 

ABCD,  DB»+CA* 

=2DC*  +2CB*  (IL  280,  ^  I>W»  ^fDC*+CB»  i  ««d  Binee 
DB=DF,  2DC*+CB*=:DC*+CF*,  whence  DO»+CB^  si 
CF*,  orDC*+CG*=:DG*,  and  the«*)re(IL  19.)  DOG  is 
a  right  angle.  And  beeaose  <X?  is  perpendicnlftt  to  DC,  H 
is  likewise  (I.  23.)  perpendicular  to  AB,  and  the  triangles 
CAP  and  C6P  ure  equal  (t.  ^2.)  and  the  angle  ACQ  equal 
to  BCG  ;  whence  (IIL  19.)  the  arc  A6=:BQ.  > 

PROP,  ix:  paoB. 

»      »  '         ...      - 

Given  two  points,  to  find  the  intersection  of  their 
connecting  line  with  a  given  circumference. 

1.  Ld  one  qftkef0inU  be  tie  centre  ^Hech'de» 
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'  TiJce  anjr  point  D  widiia  the  circle,  and  from  A«  nitli  the 
distance  AD  describe  an  arc  cutting  the 
circuiDference  in  £  and  F,  bisect  the  arc 
£GF  in.G  (App.  II.  B*\  and  determine 
the  sanicircle  GEH  (A}^^  II.  L) :  G 
and  H  iire..the<potnt8  of  iafeerMrtion  of 
the  straight  Jiitt  AGH. 

For  the  triangles  A£6  and  AFB 
have,  tboor  siden  respedd veljie  ei|uklj  and  consequaitly  the  angle 
ABE  i«.  equal 'to:  ABF  (!•«.).;  wherefore  (III.  13.)  tbe  arc 
EG  is  equal  to  GF,  or  the  straight  line  AH  must  bisect  the 
arcEF. 

2.  Let  neither  point  lie  in  the  venire  (^ 
the  circle. 

From  A  and  B,  with  the  distances  AC 
and  BCy  describe  arcs  iiitefsecting  in  D| 
from  which,  with  the  radius  OE,  cut  the 
circumference  in  E  dhd  F:  The  straight 
line| AB  would  extend  through  these  points. 

For  the  triangles  CAD  and  CBD  be- 
ing i^dice|£S^  it;  appeara.  ^Sf^,  3.ook  I. 
Prop.  tr«,  'thfit  their  verdpas^  and  B  Ue 
in  a  perpfndicular  passipg.throqgh  the 
x^iddle  of:  th^  common  base  QD^  apd  con* 
aequently  the  pointy  £  a|id  F, ,  if^hich  are 
TerticeiB  •of;  the  isosceles  trian^ks  CED  and  CFDs  must  like- 
wise occur  in  the  fame  straight  'line. 


PROP.  X;i  PJioa 

To  find  the  sum  or.  difference  of  two  given  dis- 
tances. 


Let  AB  and  CD  be  two  distances,  of  which  it  is  required 
to  determine  the  sum  and  the  difierence. 
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From  A  with  the  distance  CD  • 
describe  a  circle,  cut  the  circumfe- 
rence Id  E  and  F  by  any  arc  de- 
scribed from  B,  bisect  the  arc  EF 
(App.  II.  8.)  on  both  sides  at  G  and 
H;  BG  will  be  the  sum  of  the  two 
disti^iceS)  and  BH  their  difference. 

For  GB,  bisecting  the  chord  EF  at  right  angles,  must  past 
through  the  centre  A,  and  ccmsequently  the  radius  AG  or 
CD  isj  on  either  side,  added  or  taken  away  from  AB« 


•t 


PROP.  XI.    PROB. 
To  find  the  centre  of  a  circle* 


Assiuii#  tui  arc  AB  greatepr  than  a  quadrant,  and  from  one 
extremily  B,  with  the  distance  BA,  describe  a  semicircle 
ADC,  cutting  the  given  circumference  in  D^  fiY>m  the  points 
B  and  C  with  the  distance  CD,  describe  arcs  intersecting  in 
E,  and,  from  that  point  with  the  same  distance  describe  an 
arc  cutting  ADC  in  F;  and  lastly,  from  the  points  A  and  B, 
with  the  dyistanoe  AF,  describe  arcs  intersecting  in  G :  This 
point  is  tlie  centre  of  the  circle  ADB. 

For  the  isosceles  triangles  BEC,  BEF,  being  evidently 
equal,  the  angle  FBC  is  equal  to  both  the  angles  at  the  base; 
but  FBC  is  (I.  32.  El.)  equal  to  the  interior  angles  BAF  and 
BFA  of  the  isosceles  triangle 
ABF,  and  hence  that  triangle 
is  similar  to  BEF.  Where- 
fore BE  :  BF  :  :  BA  :  AF,  or 
CD:BD::BA  :  AG;  con- 
sequently  the  isosceles  triangles 
CBD  and  BGA  are  similar, 
and  the  angle  BCD  is  equal 
to  GBA|  BG  is,  therefore, 
parallel,  ^to  CD^  and  ,  hence 
(I.  32.  El.)  the  angle  BDC,  or  BCD,  is  equal  to  GBD.  The 
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triangles  BGA  and  BOD,  bating  Aus  the  side  BA  equd  to 
BD,  BG  common,  and  equal  conntahfiefd  angles  GBA  and 
OBD,  are  (I.  3.  EL)  equal,  aiid  therefore  the  side  GA  ih 
equal  to  GI>.  The  point  G,  tiNeing  dius  equldistkrit  froni 
three  points,  A,  B,  and  B  ih.tfae  cihHimference,  is  heiic^ 
(IIL  8.  cor.)  the  centi%  of  die  cifcle. 

PROP.  XII.    PROB. 

To  divide  the  circumference  of  a  given  circle 
successively  into^nir >  eighty  twd[ve>  and  twenty-four 
equal  parts. 

1.  Insert  the  radius  AB  three  times  from  A  to  D,  E,  aod 
~C  i  frtim  the  extremities  tyfthe  lAiiimeter  AC,  and  With  a  dis- 
tBLfvtse  eqUal  t6  the  dbul^  cboixi  AE|  describe  arcs  intersect- 
ing ih  the  t^oij^t  ^1  andlhMii  A,  viA  the  distance  BF,  cat 
the  circumference  rm  of^sitd  ^ides  kl  G  and  H :  AO,  GC, 
CH,  and  HA  are  quadrants. 

For,  as  before,  AF*f=AE*=r3AB*;  and  the  triangle  ABF 
being  right-angled,  3 AB*  =r  AF*  ::ir  AB* + BF»,  and  therrfoi'e 
BF*=AG*a=2AB*  j  whence  (II.  1«.)  ABG  is  a  right  angle, 
and  AG  a  quadrant.  . 

2.  From  the  point  F  with  the  •^' 
radius  AB,  cut  the  circle  in  I  and             _    .*'n0 
K,  and  from  A  and  C  inflect  the          ^v^*' 
chord  AI  to  L  and  M;  the  cir-         /  /•*, 
cumference  is  divided  into  eight     Jy 
equal  portions  by  the  points  A,  I,        \             ^  j 
G,  K,  C,  M,  H,  and  L.                        V                  vy 

For  BF*,  being  equal  to  2AB*,  "^^•^-^^^.y.--^'^ 

is  equal  to  the  squares  of  BI  and  ^ 

IF,  and  consequently  BIF  is  a  right  angle ;  but  the  triangle 
^IF  is  also  isosceles,  and  tlierefore  the  angle  IBF  at  the 
base  is  half  a  right  angle ;  whence  the  arc  IG  is  ah  octant. 
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9. '  Tb^  ajTc  ^DO,  Gin  bein^  repeated)  wHl  hrm  twelve  equal 
sections  of  the  circnmferenoe. 

For  the  arc  AD  is  the  sixth  or  two->tweIfth  parts  of  the  cir- 
cumference, and  ACtr  is  liie  fourth  or  diree-twelflhs  i  conse- 
quently  the  difference  DG  is  one-twelfth ' 

4.  The  fU'c  ID  is  die  twenty-fourth  part  of  the  circumfe- 
rence, 

» 

For  the  octant  AI  is  equal  to  three  twenty-fi>urthsi  m4 
the  sextant  AD  is  equals  to  ^3ur  twenty-fourth^;  their' dif- 
ference ID  is  haice  one  twenty^rfijurth  part  of  the  €ircuiuft>- 
rence. 


PROP.  XIIL    PROB. 

_  » 

To  divide  the  circumference  <i>f  a  given  cirde  mc« 
cessively  into  five,  ten,  and  twenty  equal  parts. 

,    Mark  out  the  semicmmmference  ADEG,  by  the  triple  in- 
sertion of  the  radius,  from  A  and  C,  with  the  double  cbo^ 
A£j  describe  arcs  intersecting  in  F,  from  A,  with  the^  dis- 
tance BF,.  cut  the  circle  in  G  and  K,  inflect  the  chords  6H 
and  GI  equal  to  the  radius  AB^  and|  from  the  points  H  and 
I,  with  distance  BF  or  AG, 
de^ibb  arbs  mtersecting  in  L.                         :^ 
It  is  evident  from  App.  11.                          yft- 
7,  jthat  BL  is  the  greater  seg-               y^             ^v 
jnent  of  the  radius  BH  divided        I0\                             }0C 
by  a  medial  section ;  wherefore         /  ^ 

(IV, 4g.  c6r.  2.  EI.)  AL  is  equal      "^H"' jj JC 

to  the  side  of  the  inscribed  pen-  \     ,  / 

tagon,  and  BL,  to  that  of  the         "^^^x^       -^       ^ 
decagon  inscribed  in  the  given  iJl^^i'''''^^ 

circle.    Hence  AL  may  be  in- 
flected five  times  in  die  tifcumference,  and  BL  ten  times  $ 
and  consequently  the  arc  MK,  or  the  excess  of  the  fourth 
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( 


202  AFFSNDIX* 

above  the  fifth,  is  equal  to  the  Weatieth  p«rt  of  die  whole 
circumference. 

PROP.  XIV.    PROB. 

« 

From  a  given  side  to  trace  out  a  square* 

Let  the  points  A  and  B  terminate  the  side  of  a  squ&rei 
which  it  is  required  to  trace. 

'  From  B  as  a  centre  describe  V^ 

the  'Semicircle  ADEC,  from  A        /  ^c 

and  C,   with  the  distance  AE,     ^ 
describe  arcs  intersecting  in  F, 
from  A9  with  the  distance  BF, 

cut  the  circumference  in  G,  and       a B c 

from  Aaiid  G|  with  die  radius 

AB,  describe  arcs  intersecting  in  H :  The  points  H  imd  6 

are  corners  of  the  required  square. 

'  For  (App.  II.  12.)  the  angle  ABG  is  a  right  angle,  and 
tii6  distances  AB,  AH,  HG,  and  GBj  are,  by  constmctioni 

dH^uaL 

•  .      .  •  .....•■ 

PROP.  XV.    PROB. 

Given  the  side  of  a  regular  pentag<»i,  to  find  the 
traces  of  the  figure. 

From  B  describe  through  A  the  cirde  ADECF,  in  which 
the  radiui^  is  inflected  four  times,  from  A  and  C  with  the 
double  chord  AE  describe  arcs  intersecting  in  G,  from  £ 
and  F,  with  the  distance  BG,  describe  arcs  intersecting 
in  H,  from  A,  with  the  radius  AB,  describe  a  portion  of  a 
circle,  inflect  BH  thrice  from  B  to  L  and  from  A  to  O,  and 
lastly  from  L  and  O,  with  the  radius  AB,  describe  arcs  in- 
tersecting in  P:  TThe  points  A,  L,  P,  O,  B  mark  out  the 
po^gon* 


.  PART  II.  SOS 

For,  from  App.  11.  7,  it  J^ 

is  evident  that  BH  is  the  .-*'     '-^^ 

greater  segment  of  the  dis-  ^^    _J^  ^ 

tance  AB  divided  bv  a  me- 
dial section.  Consequently 
(IV.  3.  EL)  the  isosceles  tri- 
angles BAI,  lAK,  KAL, 
ABM,  MEN,  and  NBO, 
have  each  of  the  angles  at 
the  base  double  their  verti- 
cal angle.  Wherefore  the  angles  BAL  and  ABO  are  eaic^ 
of  them  six-fifths  of  a  right  angle  (IV.  4.  o6r«},  and  henoe 
(I.  35.  cor.),  the  points  L»  and  O  are  comers  of  the  jpentagoni 
but  P  is  evidently  the  vertex  of  the  pentagon,  since  the  sidep 
LP  and  OP  are  each  equal  to  AB. 

SchoUumn  The  p^ti^n  might  also  have  been  tracedi  as 
in  Book  .IV.  Prop.  5,  by  describing  arcs  from  A  and  B  with 
the  di^ance  HC,  and  again,  from  their  intersection  F,  and 
with  the.  radius  AB,  cutting  those  arcs  in  Land  O.  It  is 
likewise  evident,  from  Book  IV.  Prop.  8,  that  the.same  pre- 
vious  construction  would  serve  .^  describing  a  decagon,  P 
being  made  the  centre  of  a  circle  in  which  AB  is  ipflected 
ten  times. 

PROP.  XVI.    PROB. 

The  side  of  a  regular  oetagon  bdng  given,  to 
mark  out  the  figure. 

Let  the  side  of  an  octagon  terminate  in  the  points  A  and 
B ;  to  find  the  remaining  corners  of  the  figure. 

On  AB  describe  the  two  semicircles  AEFC  and  BEGD  j 
with  the  double  chord  AF,  and  from  A,  C  and  B,  D  describe 
arcs  intersecting  in  H,  I ;  from  these  points,  with  the  radius 
AB,  cut  the  semicircles  in  K,  ]L  :  on  HI  describe  the  square 
HMNI,  by  making  the  diagonals  HN,  IM  equal  to  BH,  and 


204 


Af^tt^btX. 


the  sides  equal,  to  AB  $ 
andj  on  MH  .  and  NI, 
describe  the  rfaombusses 
MOKH  and  NPLI :  The 
points  A,  B,  K,  O,  Mi  N, 
Py  and  L)  are  the  several 
comers  of  the  octagon* 

For  (by  App,  II.  Prop. 
12.)  BH,  AI  are  both  of 
them  perpendicular  to  B  A, 
tad  BKH,  ALI  Kre  right  tngfed  Isoweles  t#iilig?es$  HI  is 
th^t^or^  peMM  to  BA^  and  HMNI^  consisting  eC  tii* 
ito]^  e^dl  «o  BKH,  »  a  square  ^  whence  «U  Ae  sUes  AB^ 
BK,  KO,  OM)  MN,  NP/I^L,  and  LA  of  tl»  octagon  m 
equal:  But  they  likewise  contain  eqaai  "aiigies ^  fiur  ABK» 
tcomposed  of  ABH  and  HBK,  is  equal  to  tiiree  half  right 
nngl^  and  lBK(X  by  reason  of  the  paralfeb  BH  aind  KO^ 
being  the  suppkimenl  <sf  H  BK,  is  also  equal  to  thnet^  hiifrigbt 
angles*  In  the  same  immn^s  tiie  other  angles  of  the  figtiie 
may  be  proved  to  be  equaL 

PROP.  XVII.    PROB. 

On  a  given  diagonal  to  describe  a  square. 

Let  tlie  points  A  and  B  be  the  opposite  comers  of  a  s^sre 
which  it  is  required  to  trace. 

From  B  as  a  centre  describe  the  semicircle  ADEC,  from 
A  and  C  WiA  Uie  .double  chord  A£  describe  arcs  intersect- 
ing in  F,  from  C  with  the  distance  BF  describe  a»  arc  sni 
''cut  this  from  A  with  the  radius  AD 
in  G,  and  lastly  from  B  and  A  with  the 
distance  BG  describe  arcs  intersect- 
ing in  H  and  I :  ABHI  is  the  requi* 
red  square. 

For,  in  the  triangle  AGC,  the 
straight  line  GB  bisects  the  base, 
and  consequently  (II.  25.)  AGr*+  ' 


^ 


*   • 


CG»=r2AB»+2BG»  •,  Tjut,  (by  App.  II.  Prop.  12,)  CG»=s 
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BF*=2AB*;  whence  AG*=AB*=2BG*,  and  (11.  12.) 
AHB  is  a  right  angle ;  and  the  sides  AH^  HB,  BI|  and  lA 
being  all  equal,  the  figure  is  therefore  a  square. 


PROP.  XVm.    PROB. 

Two  distances  being  given,  to  find  a  tbird  propor- 
tional. 

Let  it  be.  required  to  find  a  third'  proportional  to  die  dis« 
tances  AB  and  CD. 
From  ttiy  point  £,  and  £         ^^   [ .....lA 

with  the  distance  AB,  de-  •*'.*'•.  Cl- ID 

•    *      *  •. 

scribe  a  portion  of  a  cir- 

cle,  in  which  inflect  FG         x         »  '\H 

equal  to  CD,   and  from 

6,  with  that  distance,  de-    y q  j^ 

scribe  the  semicircle  FHI;  . ,  ,^ 

HI  is  the  third  propor-  C»  ■  •- '!> 

tional  required. 

For  the  mgles  GEH         //R' 
and  IGH  are  each  of  them 

double  the  angle  GFH  or     *'^'*- -^<-  ^ 

IFH  at  Ae  circumference  (HI.  17.  13.) ;  whence  the  triangles 
GEH  and  IGH  must  also  have  the  angles  at  the  base 
equal,  and  are  consequently  simflar :  Wherefore  (VI.  It^.  EL) 
EG  :  GH  :  :  GH  :  HI. 

If  die  first  term  AB  be  less  than  half  the  second  term  CD, 
this  construction,  widiout  some  help,  would  evidendy  not 
succeed.  But  ABtmay  be  previously  doubled,  or  assumed 
4,' 8,  or  16  times  greater^  so  that  the  circle  FGH  shall  always 
cut  FHI ;  and  in  diat  case,  HI,  being  likewise  doubled,  or 
iakent  4!^.^,  pr  16  dines  |p!e«ter>  will  give  the  true  ue^yu 
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PROP.  XIX.    PROB. 

To  find  a  fourth  proportional  to  three  given  dis- 
tances. 

I 

Let  it  be  required  to  find  a  fourth  proportional  to  the  dis- 
tances AB,  CD,  and  EF. 

From  any  point  G,  describe 
two  concentric  circles  HI  and 
KL  with  the  distances  AB  and 
EF,  in  the  circumference  of  the 
first  inflect  HI  equal  to  CD,  as- 
sume any  point  K  in  the  second 
circumference,  and  cut  this  in  L 
by  an  arc  described  from  I  with 
the  distance  HK  *,  the  chord  LK 
is  the  fourth  proportional  requi- 
red. 

For  the  triangles  ILG  and  HKG  are  equal,  since  tbeir 
corresponding  sides  are  evidently  equal ;  whence  the  angle 
IGL  is  equal  to  HGK,  and  taking  away  HGL,  the  angle 
IGH  remains  equal  to  LGK*;  consequently  the  isosceles  tri- 
angles GIH  and  GLK  are  similar,  and  GI :  IH  : :  GL :  LK, 
that  is,  AB  :  CD  : :  EF  :  LK. 

If  the  third  term  EF  be  more  than  double  the  first  AB,  this 
construction,  it  is  obvious,  will  not  answer  without  some  mo- 
dific^on.  It  may,  however,  be  made  to  suit  all  the  variety 
of  cases,  by  multiplying  equally  AB  and  the  chord  LK,  as  in 
the  last  proposition.  ^ 

PROP.  XX.    PROB. 

To  find  a  mean  proportiional  between  two  given 
distances. 

Let  AB  and  CD  be  the  two  distances.     To   AB  add 
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(App.  IL  10.)  BE  eqnal  to  CD,  bisect  (App.  11. 4.)  AEin  F, 

make  BG  iequal  to  FB,  from  F 

describe    the    semicircumference 

AHE,  and,  with  the   same  ra- 

dius  FE  and  from  G  as  a  centre, 

intersect  it  in  H ;  BH  is  the  mean 

propertional  required. 

For  (1. 5.  cor.)  it  is*evident,  that  BH  is  peipendicnlar  to  AE^ 
and  (III.  32.  cor.),  that  BH*= AB.BE ;  whence  (V.  6.)  AB  : 
BH'::BH:BE,drCD. 


PROP.  XXI.     PROB. 

To  find  the  linear  expressions  for  the  square  roots 
of  the  natural  numbers,  from  one  to  ten  inclusive. 

This  problem  is  evidently  the  same  as,  to  find  the  sides  of 
squares  which  are  equivalent  to  the  successive  multiples  of  the 
square  constructed  on  the  straight  line  representing  the  unit. 
Let  AB,  therefore,  be  that  measure :  And  from  B  asa  centre^ 
describe  a  circle,  in  which  inflect  the  radius  four  times,'  from 
A  to  C,  D,  E,  and  F^  from  the  opposite  points  A  and  E, 
with  the  double  chord  AD,  describe  arcs  intersecting  in  6 
and  H, — ^with  the  same  distance,  and  from  the  points  D,  F, 
describe  arcs  intersecting  in  I, — and,  with  still  the  same 
tance  and  from  E,  cut  the 
circumference  in  K;  and 
from  A  and  K,  with  the 
radius  AB,  describe  arcs 
intersecting  in  L :  Then 
wUl  AK*=2AB*,  AD* 
=  SAB*,  AE*  =  4AB*, 
IK*  =  5AB*,  IG*  = 
6AB*,IC*=:7AB*,GH* 

=:8AB*,    IA*=:9AB*, 

andIL*=10AB*. 
For,  in  the  isosceles  triangles  ACB  and  BDE,  the  perpen- 
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^Hcuiars  CO  and  DP  must  bisect  t}ie  b^ses  AB  and  6£ ;  and 
the  triangle  ADI  being  likewisf  isosceles^  IP^  APi.  apd  con« 
aequently  IBs  A£=2AB.  But,  from  wbat'has  been  formeiv 
ly  shown,  it  is  evident  that  AK*=r:2AB*  and  AIH5?:3AB*  j 
and  since  AEsSAB,  A£*=:4AB\  In  the  rigbt  an^  tri- 
angles  IBK  and  IBG,  JK*=:IB^+BK'=iEB*+BK*5?. 
5ABMG»=IB»+BG*=4AB*+2ABf=6ABnbut(IL264 
|C*=;IB*+BC»+m2BO=4AB*  +  AB*  +8AB**7AB*. 
Ag^,  GH  being  douUe  of  BG,  GH*=4.X2AB*=faAp% 
and  AI  being  the  triple  of  A£,  AP  qcOAB^ ;  and  lastly,  IAI4 
being  a  right  angled  triangle,  IL*=:IA*+AL'^=:9AB*  + 
AB*=5lOAB*. 

If  AB,  therefore,  denote  the  unit  of  any  scale,  it  viH  foQow, 
that  AK=V2,  ADarv'S,  IK=  ^5,  IG=  v^6,  IC=  V7, 
GH=:V8,andIL=V10, 
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Akai^tsis  is  tliat  procedure  by  which  a  proposi- 
tion is  traced  up,  through  a  chain  of  necessary  de- 
pendence,  to  some  known  operation,  or  some  ad- 
mitted {Principle.  It  is  alike  applicable  to  the  in- 
vestigation of  truth  contemplated  in  a  theorem^  or  to 
the  discovery  of  the  construction  required  for  ^prth 
blem.  Analysis,  as  its  name  indeed  imports,  is  thus 
a  sort  of  inverted  forin  of  solution.  Assuming  the 
hypothesis  advanced,  it  remounts,  step  by  step,  till 
it  has  reached  a  source  already  explored.  The  re- 
verse of  this  process  constitutes  Synthesis^  or  Cornpth 
sition, — ^which  is  the  mode  usually  employed  for  ex- 
plaining the  elements  of  science.  Analysis,  there- 
fore, presents  the  medium  of  invention  ;  while  syn- 
thesis naturally  directs  the  course  of  instruction  *. 


*  S^e  Note  LI, 
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BOOK  L 

DEFINITIONS. 

1.  Quantities  are  said  to  hegwetiy  whidb  are  eiAeresM)it- 

9  or  may  be  found* 

^.  A  ratio  is  s»d  iohtgiten^  wlien  it  k  the  stdne  at  Aat 
of  two  gi^^M  goentitieiL 

'  3. '  Paitt^  Unm^  «ii4:s2Mc»$,  are  ^dtbhegrpmikj^ontion^ 
if  thef  We  alvSays  tbe  same  situation,  and  4re  dither  aetiullj 
gadiibked^  or  mn^  be  Ibiuid. 

4.  Atircle  ia  given  in  position^  when  its  centre  is  giTen; 
it  is  given  in  fnagnitude^  if  its  radius  be  given, 

5*  Bectilinealjlgures  are  said  to  be  given  in  species f  wbeii 
figures  similar  to  them  are  given.  • 
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PROP.  r.    PHOB. 

« 

From  two  given  pointo,*  to  draw  stfaiglit  HfeMt^ 
making  equal  angles  at  the  same  point  in  a  straight 
line  given  in  position. 

Let  A,  B  be  two  given  points,  and  CD  a  straight  line 
given  in  jpo^tion ;  it  is  required  to  draw  AG  and  GBj  so  that 
the  aj^gles  A6C  and  BGD  shall  be  equal 

ANALYSIS. 

Frdftt  B^  (me  of  the  giv^H 
points,  let  fall  the  perpendicu- 
lar BE,  and  produce  it  to  meet 
AG,  or  its  extension  in  F. 
The.  angle  BGE,  being  equal 
to  AGC,  is  equal  to  the  verti- 
cal angle  FGE,  the  right  angle 
BEG  is  equal  to  FEG,  and  the 
lide  GE  is  common  to  thd  tri- 
angles 6BE  and  GFE,  which 
(1. 21.  EL)  are  therefore  equal, 
and  hence  the  side  BE  is  equal 
to  FE.  But  the  perpendicu- 
lar BE  is  given,  and  conse- 
quently FE  is  given  both  in  po- 
sition and  mag]!iitudi^;ti^hi^tKie 
the  point  F  is  ^eni.  and  therefore  G  the  intersection  of  the 
straight  Use  AF  with  CB« 

COMPOSlTK»f. 

Let&U  the  perp^iScuTar  B£^  aiid  pfdduce  it  eqOtSfytai 
the  oppo»te  side,  join  AF  meeting' CI^  in  G;  AG  tad  Bd 
are  the  straight  lines  required. 
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For  the  triangles  GBE  and  OFE»  having  the  side  BE^ 
qaal  to  F£,  GE  commoot  and  the  contained  angle  BEG  e- 
qaal  to  FE6,  are  (I.  S.  EL)  equal;  and  coDsequentfy the 
an^  BGE  is  equal  to  FOE  or  AG|C, 


PROP.  U.    PROB. 

Through  a  given  point,  to  draw  a  straight  line  at 
equal  angles  with  two  straight  lines  givei;!  in  position. 

Let  A  be  the  given  point,  and  CB,  CD  the  stiai|^t  lines 
which  are  given  in  position. 

ANALYSIS. 

Draw  (L  24.  EL)  CH  parallel  to  FE,  and  produce  DC.  The 
«acterior  angle  GCH  (I.  32.  El.)  is 
equal  to  CFE,  and  ECH  is  equal 
to  the  alternate  angle  CEF;  but 
the  angle  CFE  is  equal  to  CEF, 
and  consequently  GCH  is  equal 
to  ECH,  and  the  angle  GCE  is 
thus  bisected  by  the  straight  line 
CH.  Wherefore  (I.  5.  EL)  CH 
is  given  in  position,  and  hence  (I.  24t.  EL)  the  parallel  ^'^ 
also  given. 

COMPOSITION. 

Bisect  (L  5.  El.)  the  adjacent  angle  GCB  by  the  straight 
line  CH,  and  parallel  to  this  draW  EF  (L  24.  £1.)  thiougi^ 
the  given  point  A ;  t)i9Q  4n#e  CEF^  is .  equal  to  CFE.  For 
;tbc9Be  ai)gle9  are  equal  to  the  exterior  and  alternate  angles 
GCH  and  .ECH,  ai^^  4re,  consequently,  equal  to  each  other. 
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PROP.  m.    PROS. 

t         • 

Through  a  given  point,  to  draw  a  straight  line, 
such  that  the  segments  intercepted  by  perpendicu« 
lars  let  £J1  upon  it  firom  two  given  points,  shall  be 
equal* 

The  points  A,  B^  and  C  beiiig  given,— to  draw  a  straight 
line  FE,  so  that  the  pa^ts  CF  and  CE,  cut  off  by  the  perpen- 
diculars AF  and  BE,  shall  be  equal. 


The 


ANALYSIS. 

Produce  AC  to  meet  the  extension  of  BE  in  D. 
right  angled   triangles    AFC   and ' 
DEC,    having   the   vertical   angl^ 
ACF  equal  to  DCE,  and  the  side 

CF  equal  to  CE,  are  (L  21.  El.) 

» 

equal,  and  hence  the  side  CA  is 
equal  to  CD.  But  CA  is  evid^t- 
ly  given ;  wherefore  CD  and  the 
point  D  are  given;  BD  is  conse* 
quently  given,  and  hence  the  per- 
pendicular CE  is  given. 

COMPOSITION. 

Produce  AC  tiH  CD  be  equal  to  it,  join  BD,  and  draw^ 
CE  perpendicular,  and  AF  parallel  to  it :  FCE  is  the  line  re- 
quired. For  the  triangles  FAC  and  EDC,  having  the  an- 
gles ACF,  AFC  equal  to  DCE,  DEC,  and  die  side  AC" 
equal  to  CD, — are  equal,  and  consequently  CF  is  equal  to 
CE. 


i-l^  OEOMETRiCAZr  Al^ALYSIS. 

PROP.  IV.    PROB. 

To  bisect  a  given  triangle,  by-  a  straight  line 
drawn  from  a  given  point  in.  one  of  its  sides. 

.  Let  it  be  requirefly  from  the  |)otllt  D^  to  dralr  BFi  bisect- 
ing the  triaugle  ABC. 

ANALYSIS. 

Bisect  (I.  7,  El.)  the  side  AC  in  E,  and  join  EB,  Ef  and 
BD.  The  triangle  ABE  is  (II.  2.  £l.f  equal  to  EBC,  and  is 
consequently  the  half  of  ABC ;  where^  ^ 
fore  ABE  is  equal  to  AFD^  and^  tak- 
ing AFE  from  both>  Ihe  reitiluiiillg 
triangle  EFB  i^  eqjial  to .  EFD  j  and 
since  these  triangles  stand  on  the  same 
base,  they  must  (II.  3.  El.)  have  the 
same  altitudey  or  EF  is  piurallel  to  BD. 
But  the  points  B  and  D  bekig  given,  the  straight  line  BD  it 
given  in  position,  and  consequently  EF  is  also  given  in  posi- 
tion. 

* 

COMPOSITION* 

Having  bisected  AC  irl^  E  tod  jdmed  BD,  ^a^  EF  pa- 
i*allel  to  it,  meeting  AB  ttt  F ;  tJie  straight  line  DF  divides 
the  triangle  ABC  into  two  equal  portions. 

For  join  BE.  Because  BD  m  parallel  to  EF,  the  triangle 
EFB  (II.  1,  El.)  is  equal  to  EFDj  and,  adding  AFE  to 
each,  the  trikngle  AFD  is  equ^  to  ABE,  that  is,  to  the  half 
of  the  triangle  ABC. 

PROt>.  V.    >ROB. 

To  find  a  point  within  a  given  triangle,  ftm 
which  straight  lines  drawn  to  the  several '  comers 
will  divide  the  triangle  into  three  equal  portions. 


J 
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tiel  ^bethe  required pokti  from  width tlie  lines  FA|  TB, 
ftfid  FC  trisect  Ae  trimgle  AlBiC. 

ANALYSIS. 

DtM  FB,  FE  pftraM  to  the  sides  BA,  BC^  and  join  Bl>» 
BE.    I%ice^  tD  i$  parallel  to  AB,  the  triafigle  ABP  (II.  2.) 
£1)  is  ecjaal  to  ABIH  #hich  is  faetiee  the  third  partof  ABC( 
and)  for  the  sa^e  reason,  the  tri- 
angle BFC  h  ^qa$i  t0  BEC,  which 
is   also   the   third   part   of   ABG. 
Wherefore  the  bases  AD  and  EC 
are  each'  the  third  part  of  AC,  afiid 
poDse^uently  the  points  of  section 
D  and  E  are  given ;  hence  (I*  24.) 
£1.)  the  prallels  DF  and  EF  are , 

given  im  poftition,  and  their  point  of  concoiursfe  is  therefore 
given* 

But  the  point  F  may  be  determined  otherwise.  For  pro- 
duce AF  and  CF  to  G  and  H.  The  triangle  DFE  is  evi- 
dently (I.  SI.  EI.)  similar  to  ABC,  and  therefore  AC  :  AB  : : 
DE :  DF,  but  AC=3DE,  and  consequently  (V.  8.  arid  5.  EI.) 
AB=SDF.  Again,  because  AH  and  DF  are  parallel 
AC :  AH  : :  DC :  DF,  and  (V.  13.  El.)  2AC  :  £AH : :  SDC : 
3DF;  but  2AC  =  6AD  =  3DC,  and  2 Ali  =i  3DP  =  AB. 
Hence  AB  is  bisected  in  H ;  and,  for  the  same  reason,  BC  * 
is  bisected  in  G.  Wherefore  the  points  H  and  G  being  thus 
given,  the  intersection.  F  of  the  straight  lines  CH  and  AG  Is 
likewise  given. 

COMPOSITION. 

Bisect' AB  and  BC  (I.  7.  JEl.)  in  H  and  G,  join  CH  and 
AG,  and,  from  thdr  point  of  intersection,  draw  FA,  FB, 
and  FC ;  the  triai^Ie  ABC  will  tibuiB  be  divided  into  three 
equal  pordoBs. 


S 1 8  •EOMETRICiJL  ANALYSIS. 

Fon  from  the  poinUi  A  and  B  let  &II  the  perpendiculars 
AI  and  BL.  The  triangles  HAI  and  HBL,  having  the  angles 
AHI  and  AIH  equal  to  BHL  and  BLH,  and  the  side  AH 
equal  to  BH,  are  (I.  21.  El.)  equals  and  consequently  AI= 
BL.  The  triangles  AFC  and  BFC,  standing  on  the  same 
base  CF,  and  having  equal  altitudes  AI  and  BL^  are  equal 
(II.  2.  £1.).  And|  in  the  same  manner,  it  is  shown  that  the 
triangles  AFC  and  AFB  are  equaL  Wherefore  the  whole 
triangle  ABC  is  divided  into  three  equal  triangleSi'liaviDg 
their  conmion  vertex  at  the  point  F. 

PROP.  VI.    PROB. 

To  trisect  a  given  triangle,  by  straight  lines  drawn 
from  a  given  point  within  it. 

Let  ABC  be  a  triangle  which  it  is  required  to  divide  into 
three  equal  portions,  by  the  straight  lines  I>B,  DG,  and  DH) 
drawn  from  the  point  D. 

ANALYSIS. 
Join  BG,  draw  DE  (I.  24.  El.)  parallel  to  it,  and  join  BE. 
The  triangle  BDG  is  equal  to  BEG, 
and  consequently  the  compound 
space  ABDG  is  equal  to  the  tri- 
angle  ABE,  which  is,  therefore, 
the  third  part  of  the  triangle  ABC. 
Hence  the  base  AE  is  the  third 
part  of  AC,  and  the  point  E  is 
consequently  given ;  wherefore  the  parallel  BG  is  given,  and 
also  the  point  G  and  DG.  In  like  manner,  joining  BH, 
drawing  DF  parallel  to  it, — ^and  joining  DH,  it  may  be 
shown  that  BH  is  given. 

COMPOSITION. 
^    Trisect  (I.  88.  El.)  the  base  AC  in  the  points  E  and  F, 
join  DE,  DF,  and  paraUel  to  these  draw  BG,  BH,  and  join 
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DB,  DG,  DH;  the  triaDgle  ABC  is  thus  divided  into  three 
equal  portions. 

F(Mr  D£  being  porallel  to  BG,  the  trianj^  BDG  is  equal 
to  BEGy  and  therefore  the  space  ABDG  is  equal  to  the  tri- 
angle ABE.  In  the  same  manner,  it  is  shown  that  the  space 
BDHC  is  equal  to  the  triangle  BFC  *,  and  consequently  the 
remaining  triangles  ,GDH  and  EBF  are  equal.  But  the  tri- 
angles AB£»  £BF|  and  FBC,  standing  on  equal  bases,  are 
equal ;  wherefore  the  spaces  ABDG,  GDH,  and  BDHC*  are 
each  of  them  the  third  part  of  .the  original  triangle  ABC. 


PROP.  VIL    PROB. 

To  inscribe  a  square  in  a  given  triangle. 

Let  ABC  be  the  triangle  in  which  it  is  required  to  inscribe 
a  square  IGFH. 

ANALYSIS. 

Join  AF,  and  produce  it  to 
meet  a  parallel  to  AC  in  £, 
and  let  fall  the  perpendiculars 
BDandEK. 

Because  £B  is  parallel  to  FG 
or  AC,  AF  :  AE  : :  FG :  EB 
(VL  2.  £L) ;  and  since  the  per- 
pendicular £K  is  parallel  to 
FH,AF:AE::FH:£K.  Wherefore  FG : EB :: FH : EK 5 
but  FG=5FH,  and  consequently  (V.  8,  and  5.  EL)  EB=EK. 
Again,  EK,  being  equal  to  BD,  the  altitude  of  the  triangle 
ABC  is  given,  and,  therefore,  £B  is  given  both,  in  position 
and  magnitude ;  whence  the  point  E  is  given,  and  the  inter- 
section  of  AE  with  BC  is  given,  and  consequently  the  paral- 
lel FG  and  the  perpendicular  FH  are  given,  and  thence  the 
equate  IGFH.  . 


KC 
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COMPOSITION. 

From  B  ilraw  BB  perpendieulaa-  and  BE  psmlfe^  to^  AC, 
make  BE  equal  to  BD,  join  AE,  intersectrng  BC  ia  F^  and 
complete  die  rectangfe  IGFH. 

Becanse  BE  and  EK  are  pan^l  Co  OF  and  FH,  A£.r  AF 
: :  BE  :  GF,  iknd  AE  :  AF : :  EK :  FH;  wherefore  BE:OF 
: :  EK  :  FH ;  bttt  BErrEK,  and  erasequentty  GFs&FK  it 
b  hoice  evident  that  IGFK  k  a  fiq«are. 

PROP.  VIII.    PROB. 

To  draw  a  straight  line  through  a  given  point,  so 
that  its  portions,  terminated  by  t^o  straight  Knes 
given  in  position^  shall  have  a  given  ratio* 

Let  A  be  a  given  point,  and  BC,  BD  two  straight  fiies 
given  in  position ;  it  is  required  to  draw  EAF,  such  that  EA 
shall  be  to  AF  as  M  to  N. 

ANALYSIS 

Draw  AG  parallel  to  BC,  and  meeting  B0  in  the  point  6, 
which  is  thus  given.     The  diverging  lines  FE,  FB  are  (M 
proportionally  by  parallels  BE,  6A,  (VI.  1.  El.),  and  conse- 
quently EA :  AF ::  BG :  GF; 
but  the  ratio  of  EA  to  AF 
18  given,   and  therefore  the 
.     ratio  of  BG  to  GF ;  aiid  BG 
being  given,    GF  is  given, 
and  the  point  F,  and  henCe 
the    straight    line    EAF   is 

COMPOSITION. 

Draw  AG  parallel  to  BC,  make  (VI.  S.  EL)  B&:  GF  : : 
M  :  N,  and  join  FAK 


J?i> 


J^).....H    li«.       »■«.<. 


BOOK 'I* 


S9I 


F^»  Si;  Md  .AO  bf ing  paisaJH  £A:  AF::9G  :OFi 
but  BG  :  GF  : :  M  :  N,  and  therefore  £A  :  AF  : :  M  :  N. 


-        PBOP.  IX.    PRO& 

Through  a  given  point,  to  draw  a  straight  line  that 
ahdl  be  cut  ia  la  giv^o  ratio^  by  the  circumference 
of  a  given  circle.  .  -      , 

Let  A  be  the  given  point,  and  BDCE  the  given  drcle ;  it 
is  required  to  draw  BC,  so  that  BA  shall  be  to  AC  as  M  to  N« 

ANALYSIS. 

Draw  the  diameter  DAE,  join 
t)B,  CE,  and  draw  CF  parallel  to 
DB.     Because  the  point  A  and  the 
centre  of  the  x;ircle  are  given,  the 
diameter  DE  is  given  in  position, 
and  consequently  its  extremities  D 
and  £.    But,  DB  being  parallel  io 
CF,  6a  :  AG  ;  :DA  :  AF^VL  U 
El.)  4  i^refere  the  ratio  of  DA  to 
AF  is  ^ven,  and  since  DA  is  given, 
AF  is  also  given.    Again,  BA.AC 
=AD.AE(IIL  32-  EI.),  and  coo-  a: 
wBpfffA!^  AE  :  AG  : :  BA  :  DA  i 
but  BA :  D A : :  AC :  AF  < VLi  .El.^ 
whence  AE  :  AC  :  :  AC ;  AF,  pr 

AC  k  a  meaxi  proportional  betiBfeen  AP  ajod  AE^  and  % 
therefore,  given.  The  point  C  i»  thus  given^  antii  consequentf 
hr  BC»       ^      '  .. 

COMPOSITION. 

Having  drawn  the  diameter  DE,  maSce  DA  :  AF : :  M :  N, 
4ui  {VL  18«  EL)  AG  a  mean  pcoportioaal  betiween  AF  and 
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AEy  Mid  itiflect  AC  equal  to  it ;  BAG  is  the  strai^t  line  re- 
quired. 

For  join  DB,  CF,  and  CE.  Since  the  rectangle  B  A,  AC 
IS  equal  to  the  rectangle  DA,  AE,  it  fdlows  that  AE  :  AC : : 
BA  :  DA ;  l)ut,  by  construction,  AE  :  AC  : :  AC  :  AFj  and 
therefore  AC  :  AF  : :  BA  :  DA  j  hence  (VI.  1.  cor.  U  EL) 
CF  is  parallel  to  DB,  and  consequently  BA  is  to  AC,  as  DA 
to  AF,  that  is,  as  M  to  N. 

PROR  X.    PROR 

Trom  two  given  points  in  the  circumference  of  a 
given  circle,  to  inflect,  to  another  point  in  the  cir- 
cumference, straight  lines  that  shall  have  a  given 
ratio. 

From  the  points  A  and  B,  let  it  be  required  to  inflect  AC 
and  BC  in  a  given  ratio. 

ANALYSIS 

Draw  (I.  5.  El.)  CE  bisecting  the  vertical  angle  ACS. 
Therefore  (VI.  11.  EL)  AC  :  CB  : :  AD  :  DB,  and  conse- 
quently the  ratio  of  AD  to  DB  is  given, 
and  thence  (VI.  4.  EI.)  the  point  D  is 
given.     But  since  the  angle  ACE  is 
equal  to  BCE,  the  arc  AE  is  (III.  18. 
cor.  EI.)  equal  to  the  arc  EB,   and 
therefore  the  point  E  is  giveil.  Vt^^cc 
the  points  E  and  D  being  given,  the 
straight  line  t^DC  is  given  in  position, 
and  consequently  the  point  C  and  the  chords  AC  and  BC, 
are  given. 

COMPOSITION, 

Bisect  (III.  15.  EL)  the  arc  AEB  in  E,  divide  AB  (VI  4. 
El )  in  Che  given  ratio  at  D,  join  ED,  and  produce  it  to  meet 
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the  opposite  drcuinfereiice  iB  C;  the  chords  AC  and  CB  are 
in  the  given  ratio. 

For  since  the  arc  A£  is  equal  to  BE,  the  angle  ACD  u 
(III.  18.  cor.  El.)  equal  to  BCD,  and  iconsequently  (VI.  11.  EL) 
AC  :  CB  : :  AD  :  DB,  that  is,  in  the  given  ratio. 


PROP.  XL    PROB. 

Through  a  given  point,  to  draw  a  straight  line  to 
a  circle,  so  that  the  rectangle  under  the  part  limited 
by  the  circumference  and  the  segment  included  with- 
in the  circle^  shall  be  equal  to  a  given  space. 

Let  it  be  required  through  the  point  A  to  draw  ABiC,  such 
that  the  rectangle  AB,  BC  shall  be  equal  to  a  given  space. 

ANALYSIS. 

Through  the  centre  O  draw 
AF,  and  (II.  9.  EL)  find  AE, 
which  forms  with  AD  a  rect- 
angle equal  to  the  given  space. 
Because  (III.  32,  El.)  AB.AC= 
AD.AFy  and;  by  construction, 
AB.BC= AD.AE ;  it  Mows  (V. 
6.  El.)  that  AD  :  AB  : :  AC  : 
AF  : :  BC  :  AE ;  whence  (V. 
19.  cor.  1.  El.)  AD  :  AB  :  :  AC 
— BC  or  BC— AC,  that  is  AB 
:  AF— AE  or  AE— AF,  that  is 
EF.  Wherefore  AB  is  a  mean  proportional  between  Al> 
and  EF  ;  but  AE  being  given,  EF  is  also  given,  and  conse- 
quently AB  is  given  both  in  magnitude  and  position.  ^ 

COMPOSITION. 

Draw  AF  through  the  centre  of  the  circle,  make  (II.  9.' El.) 
the  rectangle  AD,  AE  equal  to  the  given  space,  find  (VI.  18. 


324» 


GEOMETaiCAi4  ANALYSIS. 


H)  n  mera  proporUoml  to  AD  and  ££,  wd  inflect  Uh»  from 
A  towards  B  $  the  rectangle  AB,  BC  is  e^^  ta  ibe  giroo 


For  < V.  /6.)  AD :  AB  :  -.  AB :  EF,  and  (V.  6i.  mA  III. «. 
EL)  AD  :  AB  : :  AC  :  AF,  whence  (¥•  V9.  cor,  1. 13.)  AD: 
AB  ! :  AC=pAB  or  BC  :  AF=pEF  or  AEy  and  consequent- 
ly AD.AE=AB.BC. 


PROP,- XII.    PROB. 

Through  two  given  points,  to  describe  a  eircle  bi- 
secting the  circumf^etice  of  a  giveB  circle. 


A  and  B  'be  two  pomts,  through  wliich  it  is  required 
to  describe  a  circle  ADGEB,  li^at  shiA  bisect  die  circumfe- 
rence of  the  circle  HDFE* 

ANALYSIS, 

Jgiin  D,  £,  the  points  of  intersection.     Because  DFlSi^) 
by  hypothesifi,  a  aemicircumferencey  - 
DE  is  a  diameter,  /Bud  must,  there- 
fore, {lass  through  the  centre  C.  Join 
AC,  and  produce  it  to  F.    Since  DC 
=  CE,  it  is  evident  (III.  32,  El)  that 
AC.C&=DC»:=HC.CF5    but  the 
rectangle  HC,  CF  is  given,  and  con- 
sequently the  rectangle  AC,  CG  is  al- 
so given;  eaxd  AC  being  given,  CG 
29 ,  hence  giv^n,  .and  the  point   G. 
"Wherefore  the  three  points  A,  G,  arid  "B  being  given,  the 
drde  AGB  is  (III.  lO,  El.)  given. 

COMPOSITION. 

TTiroBgh  C,  the  centre  of  the  given  circle,  draw  ACF, 
make  (VI,  3.  EL)  AC  :  HC  : :  CF  or  HC :  CG,  and  through 
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the  three  points  A,  G,  and  B,  describe  (III.  10.  oor.  EL)  th« 
circle  AGB :  This  will  bisect  the  circumference  HDFE. 

For,  through  one  of  the  points  of  intersection,  draw  the 
diameter  DCI,  and  produce  it  to  meet  the  circumference  of 
the  circle  AGB  in  K.  Because  AC  :  HC  :  :  HC  :  CG,  the 
square  of  HC  is  (V.  6.  £1.)  equal  to  the  rectangle  AC  and 
CO;  but  (III.  32.  El.)  HC* =DC.CI,  and  AC.CG=zDC.gKj 
wherefore  DC.CI=DC.CK,  and  (II.  3.  cor.  El.)  CI=CK,  or 
the  point?  I  and  K  are  one,  and  the  circle  AGB  passes  through 
both  extremities  of  the  diameter  of  HDFE. 


PROP-  XIIL    PROB. 

To  cut  a  given  straight  line,  such  that  the  square 
of  one  part  shall  be  equivalent  to  *ne  rectangle  un- 
der the  remainder  and  another  given  straight  line. 

Let  AB  be  a  straight  line,  from  which  it  is  required  to  cut 
off  a  segment  whose  s<juare  shall  be  equivalent  to  the  rectangle 
under  tjie  remainder  and  the  straight  line  C* 


}t 


ANALYSia 

Produce  6A  till  AD  be  equal  to  C,  on  DB  describe  a  ae^ 
micircle  and  erect  the  perpendicular  AF.    Because  AG^s= 
CxGB,  it  Mows  (V.  6.  El.)  Aat 
DA  :  AG  : :  AG  :  GB ;  •wherefore 
(V.  19.  El.)  DA  :  AG  : :  DG  :  AB, 

f 

and  consequently  D  A.  AB  ==  AG.DG; 

but  (III.  32.  cor.  1.  El.)  I)A.AB=        f>        12       A    (?B 
AF*,  and  therefore  AG.DG  s^AF* ; 
whence  AF  is  equal  to  a  tangent 

drawn  fh)m  G  to  a  semicircle  dc^^cribed  on  DA.     Bisect  DA 
in  E,  and  join  EF ;  and  because  AG.DG= AF*,  add  ?A* 

p 
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td  eMsh,  Mid  AG.DG^KA^  oi^  (IL  igt.  coir.  Q.  'El.)  EG^^  U 
equiYnIeiit  to  AF*4£A>  of  (IL  IL)  £F^|  whe&cb  EG  is 
tqtiAl  €0  £F,  and  in  th^eft^i;  f^etl. 

COMPOSITION. 

Having  produced  AD  e^iual  to  G,  and  described  on  BD  8 
sendditlci  bfect  th^  peri^etidieiilftr  AF,  bisect  AD  in  E,  join 
£F  luld  mdke  EG  equal  to  il^  die  sqtiare  of  the  s^m^t 
AO  t&tts  formed  in  AB  is  eqilivalent  to  th^  rect^Uigkf  under 
the  remaining  part  GB  and  the  giveh  liAe  C. 

For  EFA  being  a  right-angled  triangle  EF*=EA*+AF* 
(II.  1 1.  El.),  and  consequently  AF*=EF*— EA*,  or  EG*-- 
EA*;  and  since  (It  19.  EL)  Ea*«--EA*  =  (EG+EA> 
(EG— EA),  or  DG.AG,  therefore  AF*=DG.AG.  But 
(III.  d2.  cor.  1.  EL)  AF*=tDA»ABj  whence  DG-AG= 
DA. AB,  and  AG  :  AB  : :  DA :  DG  (VI.  6.  EL) ;  wherefore 
(V.  11.  and  V-  7.  El.)  AB— AG,  or  GB  :  AG  : :  DG— DA, 
or  AG  :  DA,  whence  (V.  6.  El)  AG»  =  GB.DA. 

Car.  If  DA,  or  C,  be  equal  to  AB,  the^  AG*=AB.BG, 

» 

or  AB :  AG . :  AG :  BG,  and,  therefore^  the  line  AB  is  now  di- 
vided in  extreme  and  mean  ratio,  at  the  point  G.  The  con- 
struction also  becomes  evidently  the  same  with  that  which  was 
given  in  Book  II.  Prop.  22.  of  the  Elements,  for  the  medial 
section  of  a^line,  and  which  is  really  a  simple  case  of  the  same 
problem. 

PROP.  XIY.    PROB. 

4 

To  divide  a  straight  line,  suca  that  its  segments 
shall  have  the  subduplicate  ratio  of  those  formed  by 
another  section  of  the  same  kind. 

Let  it  be  required  to  divide  the  straight  line  AB  in  D,  such 
that  the  segments  AD,  DB  shall  be  in  the  subduplicate  ratL«^ 
of  other  like  segments  AC,  CB. 

1.  Let  the  given  section  be  infernal m 
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ANALYSIS, 

On  AB  describe  a  semicirdcy  ef  6ct  tke  pftrpeAdieiikf  C{S» 
and  join  A£,  BE  and  ED  or  ED'.  Because  (HI.  22.  EL)  A£B 
k  a  right  angle,  the  ratio  of 
AE«oB£(VI.l6.cor.l.EL)  :f 

is  the  subduplicate  of  that 
of  AC  to  BC^^and  conse- 
quentfy  AE:BE::  AD:BD, 
or  AD'  :  BD';  wherefore 
(VT.  11.  cor.  EI.)  the  irertioal  angle  AEB  is  bisected  in- 
temaDy  or  externally  by  ED  or  ^D^.  But  the  perpendicular 
and  the  smnicircle  being  both  ^en, — ^the  vertcK  E,  the 
straight  line  ED  or  ED%  knd  the  point  of  section  D  or  IV, 

are  likewise  given. 

'  . 

COMPOSITION* 

Having  on  AB  described  a  semicirde^  ef^ct  Ae  pei*petidi- 
eiikr  OE,  join  EA,  EB;  ^d  draw  ED  or  Ely  bis^eiing  the 
angle  AEB  or  its  adjaeetit  angte  AEF^$  thd  inteMai  segments 
AD,  PB^  or  the  external  segments  AIX,  D'B^  ate  in  the  sub- 
duplicate  i'adio  of  AC  te  CB« 

For  (VI.  11.  El.)  Ate  :  M  :  t  AD  :  DB  oi-  AD^  :  D'B; 
but  the  triangle  AEB  being  right-angled,  AE  is  to  BE 
(VL  16.  car.  El.)  in  the  subdupficate  ratio  of  AC  to  CB,'  ahd 
consequent^  AD  is  to  6D  oi^  Aiy  to  D'B  hi  liio  i^une  sdi^ 
duplicate  ratio. 

2.  Ld  ike  given  action  be  esetertkU. 

ANALYSIS. 

On  AB  describe  a  semicirde,  draw  the  tangait  CE,  and 
jom  AE,  BE  and  ED  or  ED^.  Hie  trmnglea  ACE  and  BCB 
are  sinukr,  for  (IU.:25.  El.)  thJd  angle  CEA  is  equal  to  CBE 
in  the  alternate  s^^ment,  and  BCE  is  common  td'both  trian- 

.1*2 
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gles ;  whence  AC  :  C£  :  : 
CE  :  BC^  and  consequent^ 

/^jrXV.  4^  20.  ja.)  the  r». 

;  do  of  IQE  to  BC  ifl  the  sub- 
duplicate  of  that  of  AC  to 
BC.  But  in  these  similar  iriangles,.  AE  :  CE  : :  BE :  BC, 
and  alternately  AE  :  BE  : :  CE ;  BC-,  wherefore  AE :  BE 
: :  AD.:  DB,  or  AIT  :  lyB,  and  the,  vatical  angle  AEB 
(VI.  11.  cor.  EI.)  is  bisected  ext^ri^^y  or  internally  by  ED 
or  EIK. 

;      coMPOsn:?oN. 

.,..  J Havimg, described  a  semicircle  on  AB,  apply  (III.  26.  EL) 
<J|e  tai?gent  CE,  join  AJE,  BE,  and  draw.  ED  or  El>  bisect- 
ing externaUy  or  internally  the  vertical  angle  AEB ;  the  ex- 
ternal segments  AD,  DB,  or  the  internal  segments  Aiy,  D^B 
are  in  the  subduplicate  ratio  of  AC  to  BC. 
:    For  the  angle  CEA  being  (IIL;25.  El)  equal  to  CBE,  and 
.  BCE  comn^oa  to  the  two  tri4ngles  ACE  and  ECB»  these  are 
:  similar, .  aituli  AC  :  CE  :  :  CE  :  BC ;  whence  die  ratio  of  CE 
.to  BC  is  the  subduplicate  of  that  of  AC  to  BC.   Again,  bciBi 
the  same  similar  triangles,  AE  :.C£  ; :  BE  :  BC,.or  alternate^- 
,ly  AE  :  BE  ^  :  CE  :  BO,  and  therefore  AE  fc  tp  pE  in  the 
subduplicate  .ratio  of  AC  to  ,BC.    But  (VI.  16^  El.)  AJE :  BE 
[II  AS)  :  J)B,  or  AD'  :  D']^,  and  co]]^qviently  th^  r*tio  of 
^P  to  DBor  of  AP'Jo^iyB  is- the  subduplic^e..of  that  of 
ACtoBC.  :• 

Cor.  In  the  second  cascj  the  angle  CD'E  (I.  32;  £1:)  being 
equal  to  D'EB  and  D'BE,  which  are  equal  to  D'EA  and  AEC, 
is  therefore  equal  to  CED',  and*  the  triangle  D'CE  is  hence 
lifiosQeles.  Again  tj»e  angle  DEF^  €qisal  by  hypothed&.to  DE A 
:6i?CEDandAEC,  i»(L^..I3.)  equal  to  CDE^id  DBE 
[i>t  AECy  a&d  cotisequently  1^  triangle  DCE  is  likeii^ise  iso- 
•odies.  Wherefore  CE=CD=CI>,  and  thus,  without  bi- 
secting the  vertical  angle,  the  point  D  or  D'  is  found  from  the^ 
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tangebtfGE,'  which  is  a  mean  proportional  between  ttte  Ali- 
ments AC  and  BC.    . 

PROP.  XV.    PROB. 

To  fiud  a  point  in  the  diameter  of  a  circle,  such 
that  the  ^uare  of  a  straight  line  inflected  from  it  at 
a  given  angle  to  the  circumference,  shall  have  a  gi- 
ven ratio  to  the  rectangle  under  the  segments  of  the 
diameter. 

Let  it  be.  required  to  draw  DE  at  a  given  angle  with  DB» 
and  so  that  the  square  of  DE  jshaB  have  a  given  ratio  to  the 
rectangle  AD,  DB. 

ANALYSIS. 

Make  EG = FD,  join  CF,  draw  the  radius  CGH,  join  AJJ, 
and  produce  it  to  meet  the  extension 
of  CE  in  L 

Because  CE  is  equal  to-CF,  the 
angle  CEF  is  (I.  11.  El.)  equal  to 
CFE.  Wherefore  the  triaJBgles  CGE 
and  CDF,  having  thus  the  angle  C£G 
equal  tp  CF{),  and  the  «|ides  C£  4nd 
EG^ual  to  CF  and  FP,-<^^e  (L  S; 
£1.)  equal,  and  consequently  the  angle 
ECG  is  equal  to  FCD;  whence  (III.  13.  EL)  the  arc  HE  is 
equal  to  AF^  f^^  therefore  (III.  20.  cor.  EK)  AH  is  parallel 
to  DE..  But  the  angle  BDE  is  given,  a^d  thence  BAH; 
wherefore  the  chord  AH  is  given.  Agaipjj  the  rectangle 
AD,DB,  being  equal  to  FD,bE  (III.  32.  EL),  is  also  equal 
to  DE,EG;  and  therefore  DE^  is  to  DE.EG,  or  (V.  25-  cor. 
2-.Ek).DE  irto  EG,:  m  the  given  ratiaj  but  (VI.  2.  IJ.), 
DG  :JBG  ;.;:  AI  *•  IH,  consequently  AI  is  to.  IH.  in  a  given 
^0,  and  .hence  AH  is  to  HX  in  i^,given  ratio.    Wherefore 
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unoe  AH  is  gmn,  IH  and  the  point  I  are  g»ren  \  and  llmce 
IC|  the  point  £,  and  DE^  are  all  given. 

COMPOSITION. 

Draw  AH  at  an  inclination  with  A6  equal  to  the  given 
angle,  ai^  produce  it  to  I,  bo  that  AI  shall  be  to  IH  in  the 
givai  ratio,  join  IC,  and  draw  ED  parallel  to  lA ;  D  is  the 
point  required. 

Because  AI  :  IH  : :  DE  :  EG,  DE  is  to  EG  in  the  given 
ratio,  and  consequently  DE^  is  to  DE.EG  in  the  same  ratio. 
But  FE  being  parallel  to  AH,  the  arc  HE  is  equal  to  AF, 
and  thence  the  angle  HCE  is  equal  to  ACF  i  tha  triangles 
C6E  and  CDF,  having  thus  the  side  CE  equal  to  CF,  and 
the  angles  ECG  and  CEG  equal  to  FCD  and  CFD,--are 
(I.  21.  El.)  equal,  and^  hence  the  side  EG  is  equal  to  FD. 
Wherefore  DE.EG=pE.PD=AD.DB,  and  consequently 
DE*  is  to  AD.DB  in  the  given  ratio. 


PROP.  XVI.    PROB. 

Through  two  given  points,  tp  draw  straiglit  linies 
to  a  point  in  the  circumference  of  a  given.circle,  so 
that  the  chord  of  the  intercepted  Segment  shall  be 
parallel  to  the  straight  Ime  which  connects  the  given 
points. 

\jti\t  be  required,  from  th6  points  A  and  B,  to  inflect  AC 
and  BC  cutting  the  given  circumference  in  D  and  E,  such 
that  DE  shall  be  parallel  to  AB. ' 

ANALYSIS. 

Draw  the  tangent  DF  meetmg  AB  in  P.  The  angle  FDE 
is  equal  to  the  angle  £CD  or  its  supplement  in  the  alternate 
segment  (HI.  iS5.  El.};  but  DE  bdbg  paraBd  to  AB^  the 


angle  FDE'  or  its  mpphmmt  is 
(1 23.  £{.)  ^qual  to  tibe  alternate 
angl^  APDf  which  is  caose^ 
qumtly  equal  to  the  angle  £CD 
OP  A  CB ;  wherefore  the  triangles 
ADF  and  ABC,  having  likewise 
a  common  angle  CAB,  are  simi- 
lar, and  AD  :  AF  :  :  XB  :  AC, 
and  hence  AD.AC  =  ARAB. 
But  since  the  point  A  and  the 
circle  DCE  are  given,  the  rect- 
angle AD,  AC  is  also  given ;  for 
it  is  equal  to  the  square  of  the 
tangent  AG  (III.  32.  cor.  2.  El.),  when  A  lies  without  the  cir- 
cumference,— and  equal  to  the  square  of  AG  (III.  32.  cor.  1. 
£1.)  a  perpendicular  to  the  diameteri  in  the  case  where  that 
point  lies  within  the  circle.  Hence  the  rectangle  AF,  AB  is 
given ;  and  AB  being  given,  AF  is  likewise  given,  and  con- 
sequently the  point  F*  Wherefore  the  tangent  FD  is  given 
in  position ;  and  since  the  point  A  is  given,  the  straight  line 
AC  is  given,  and  thence  BC  and  the  intersection  £• 

COMPOSITION. 

If  the  point  A  be  without  the  circle,  draw  the  tangent  AG ;' 
or  if  it  lie  within  the  circle,  erect  AG  perpendicular  to  the 
diameter  which  passes  through  it.  Make  (VI.  B.  EI.)  AB  : 
AG : :  AG  :  AF,  from  F  draw  the  tangent  FD,  join  AD, 
and  produce  k  to  meet' the  opposite  circumference  in  C,  join 
GB,  GuUing  the  drele  in  £ ;  the  straight  line  D£  is  paraBel 
to  AB. 

for,  Ante  AB  :  AG  : :  AG  :  AF,  AG^arAB.AF;  but 
(lH.3lij  oor.  1.  and^.  El.)  AG*  =  GA.AD,  whence  AB.AP 
=CA.  AD,  and  consequently  (V.  6  El.)  AB  :  A€ : :  AD ;  AF. 
Wherefore  (VI.  14.  El)  the  triangles  BAC  and  DAF,  having 
the  sides  about  their  common  angle  proportional,  are  similar^ 
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and  hence  the  angle  ACB  is  equal  to  AFD ;  \mt  (lit.  ^5.  EI.) 
ACBor  DCE  is  equal  to  EDF  or  its  supplement,  and 
consequently  the  angle  AFD  is  equal  to  EDF  or  its  suf^le- 
mebty  and  (I.  SfS.  ooi*.  El.)  the  chord  DE  is  parallel  to  AB. 


PROP.  XVII.    PROB. 

From  two  given  points,  to  inflect  straight  lines  to 
the  circumference  of  a  circle,  such  that  the  chord  of 
their  intercepted  arc  shall  tend  to  a  given  point  in 
the  direction  of  the  former. 

Let  it  be  required,  from  the  points  A  and  B,  to  inflect  AF 
and  BF,  so  that  the  chord  DG  produced  shall  meet  the  ex- 
tension of  AB  in  the  point  C. 

ANALYSIS. 

Draw  DE  parallel  to  AC,  join 
EG,  and  produce  it  to  meet  AB 
inH. 

The  angle  6HG  is  equal  to  the 
alternate  angle  GED,  which  is 
equal  (III.  18.  El.)  to  GFD,  and 
ccmsequently  the  angles  BHG 
and  BFA  are  equal,  apd  the  tri- 
angles BGH  and  BAF  are  sigii- 

lar.  Wherefpre  BG :  PH : :  BA :  BP,  and  BG.BF=BH.BAj 
but  the  rectangle  BG,  BF  is  given,  since  it  is  equal  to  the 
square  of  a  tangent  drawn  from  B,  and  hence  BH.BA  is  gi* 
ven,  and  the  point  H.  The  problem  is  thus  reduced  to  the 
last  Proposition,  and  only  requires,  from  thepoint?  C  and'H, 
to  inflect  CD  and  HE,  such  that  DE,  the  phprd  of  tbdr  in- 
tercepted arc,  may  be  parallel  to  HjQ. 
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COMPOSITION. 

From  the  point  B  draw  a  tangent  BI  to  the  circle,  make 
BA  :  BI :  £  BI :  BH,  and,  by  the  last  Proposition,  inflect  HE 
and  CD  such  that  DE  shall  be  parallel  to  HC ;  then  BG,  be* 
ing  produced  to  F  in  the  circumference,  ADF  forms  one 
straight  line. 

For  since  BA  :  BI  :t  BI :  BH,  the  rectangle  BA,  BH  will 
be  equivalent  to  the  square  of  BI  or  (III.  32.  cor.  2.  El.)  to  the 
rectangle  BG,  BF;  consequently  (V.  6.)  BA  :  BF : :  BG  ^  BH, 
and  (VI.  14.  El.)  the  triangles  BAF  and  BGH  are  si- 
milar; wherefore  the  angle  BFA  is  equal  to  BHG  which 
(I.  23.  El.)  is  equal  to  GED,  and  this  ^gain  (III.  18.  El.)  b 
equal  to  GFD ;  whence  BFA  is  equal  to  GFD,  or  the  straight 
lines  FA  and  FD  lie  in  the  same  direction  from  F. 

PROP.  XVIII.    PROB. 

From  two  given  points  in  the  circumference  of  a 
given  circle,  to  inflect  straight  lines  to  another  point 
in  the  opposite  circumference,  such  as  to.  intercept, 
on  either  side  of  the  centre,  equal  segments  of  a  gi- 
ven diameter. 

Let  it  be  required,  from  the  points  A  and  B,  to  inflect  AC 
and  BC,  so  as  to  intercept,  on  the  diameter  DE,  equal  por- 
tions frorii  the  centre. 

ANALYSIS. 

Join  BA,  and  produce  it  and  the  diameter  £P  to  meet  in 
M,  draw  COL,  from  O  let  fall  the  perpendicular  OK  upon 
AB,  join  LK,  through  A  draw  AHI  paraDdl  to  DE,  and  join 
HK. 

The  parallels  I*G  and  Al  are  cut  proportionally  by  the  di- 
verging lines  CA,  CH,  Mid  CI  (VL  1.  El.)-,  but  FO  is  equal 
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to  06,  and  consequently  AH  is  equal  to  HL  Wherefore 
(11.  4.  £1.)  HK  is  parallel  to  IB,  and  the  angle  AKH  is 
equal  to  ABI  (I.  2S.  iS.) ;  and  since  Jhe  aagle  ABI  or  ABC 
i$  equal  tf>  ALC  (III.  18.  El,},  tihe  angle  AKH  is  equal  to 
ALC  or  ALH,  and  hence  (III.  18.  cor.  El.)  the  quadrilateral 
figure  .AHKL  is  contained  in  a  circle.  Consequently 
(III.  18.  EL)  the  angle  HAK  is  equal  to  HLK ;  but  HAK 
i|  equal  (I.  28.  EL) 
to  OMK,  which  is 
therefore  equal  to 
HLK  or  OLK, 
and  thence  the 
quadrilateral  figure 
MOKL  is  also  con- 
tained in  a  circle. 
Wherefore  (III.  18.  El.)  the  angle  MLO  is  equal  to  MKO; 
but  MKO  is  a  right  angle,  and  consequently  MLO  is  like- 
wise a  right  angle,  and  thence  (III.  24.  £1.)  ML  is  a  tangent. 
But  the  point  M,  being  the  concourse  of  ED  and  B A,  is  gi- 
Yen>  and  therefore  the  tangent  ML  to  the  given  circle  is  given 
(IIL  26.  £L)  i  whence  the  diameter  LC>  an4  the  point  C,are 
given. 


COMPOSITION. 

\ 

Produce  ED  and  BA  to  ni^eit  jn  Mi  dr^^  the  tangent;  ML 
and  the  diameter  LC  ;  the  straight  lines  AC  and  BC  will  cut 
ofi^fi*om  the  centre  equal  portions,  OF  and  OG,  of  the  given 
diameter  ED. 

Fpr  ^r;^w  Al  paraQi^l  to  IPE,  fuid  OK  perpendicular  to 
i^B,  wd  jpi?i  LK  and  KH.  . 

Becf^use  Jif.li  is  a  b^igenty  MhO^  is  a  right  angle,  and, 
therefore,  equal  to  MKO ;  consequently.  (111.  18.  EL)  MKL 
is  ^cp^l  M  MOlff  th^  i^,  (I,  ?3.  El.)  tp  AIJL.  Wherefore 
13^  qiuildfjiJ^pM  fignpe  A^KI,<  lis  contau)^  ip  a  circle,  and 
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hence  (III.  18.  £1.)  the  angle  ALH  is  equal  to  AKH ;  biit»  fiv 
the  same  reason,  ALH  or  ALC  it  equal  to  ABC  or  ABI»  and 
consequently  AKH  is  equal  to  ABI9  and  (IJ2S..EL)  KH  par 
rallel  to  .BL  Now  since  AK  is  eqlial  to  KB,  it  fioflows  that 
AH  is  equal  to  HI,  and  hence  that  FO  is  equal  to  OG« 


PROP.  XIX.    PROB. 

Through  a  given  point  to  draw  a  straight  Hne,  so 
that  the  rectangle  under  its  segments,  intjercepted 
by  two  straight  lines  given  in  position,  shall  be  equal 
to  a  given  space. 

Let  AB,  AC  be  two  straight  lines,  and  D  a  point  throudu 
which  it  is  required  to  draw  £F,  such  that  the  rectangle  un* 
der  its  segments  ED,  DF  shall  be  equal  to  a  gir^n  space* 


ANALYSIS. 


Join  AD#  from  P 

draw  (L  4.  El.)  FO, 
making  an  angle 
DFGequalto  DAE, 
&nd  meeting  AD  or 
Hs  production  in  G. 
The  trian^es  ADE 
andFDGjbeingthus 
evidentlysimilar,AD: 
ED  :  :  DF  :  DG, 
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and  conseqiLetitly  (V.  6.  £L) 
AD.DG=ED.DF.  But  the 
rectangle  ED,.  DF  is  given, 
and  ther^ore  also  the  rect- 
angle AI>y»DG;  and  since 
AD  is  given  in  position  and 
magnitude,  DG  and  .  the 
point  G  are  given.  Again, the 
angle  DFG,  being  equal  to 
DAC,  is  given,  and  thence 

(III.  27/  £1.)  the  segment  of  the  circle  which  contains  it ; 
wherefore  tlie  contact  or  intersection  of  that  arc  with  the 
straight  lin^  AB^is  given,  and  consequently  the  position  of 
EF  or  E'F'  is  likewise  given. 

COMPOSITION. 

Join  AD,  make  the  rectangle  AD>  DG  equal  to  the  given 
space,  and  on  DG  describe  (III.  27.  El.)  ah  arc  containing 
an  angle  equal  to  DAC,  and  meeting  AB  in  F  or  F;  EDF 
or  EDF'  is  the  straight  line  required. 

For  the  triangles  ADE  and.FDG  are  similar,  and  conse- 
quently (VI.  12.  EL)  AD  :  ED  : :  DF :  DGj  whence  (V.  6.  H.) 
ED.DF= AD.DG;  but  the  rectangle  AD.DG  is  equal  to  the 
given  space,  and  therefore  the  rectangle  ED.DF  is  also  equal 
to  that  space. 

A  limitation  evidently  takes  place,  when  the  points  F  and 
F'  coincide,  and  the  circle  touches  the  straight  line  AB.  In 
this  case,  the  angle  AFD  or  BFD,  being  equal  to  DGF  in 
the  alternate  segment,  is  therefore  equal  to  AED,  and  conse- 
quently AFE  is  equal  to  AEF,  and  (I.  12.. El.)  AF=AE. 

PROP.  XX.    PROB. 

Two  straight  lines  being  given,  to  draw^  through 
a  given  point,  another  straight  line,  cutting  off  seg- 
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ments  which  are  together  equal  ix)  a  given  straight 

line.  ■  «  •         ' 

Let  AB,  AC  be  two  straight  lines^  and  D  a  given  pointy 
tfarough  which  it  is  required  tp  draw  a  straight  line  £F,  so  as 
to  cut  off  the  segments  A£  and  AF,  that  are  tfjgeth/er  equol 
to  ON.       ,  •   '.  .     '  '  •  • 

The  point  D  may  Ijle  either  within  or  without  the;  ai^e 
formed  by  the  straiirht  Unes  AB  and  AC 
-    \.Let\D  have,  an  internal po^ition.'^  .    ,. 

'•--••'■'       ANALYSIS.-     •  ■     •'   :     ' 

Draw  DG- MMif  DH  (I.  24.  El.)  pardld  to'AB  and  A^C. 
Because  the  point  D  is  given,  and  AB^AC  are  ^ven  in  p0« 
sition,  the  parallelo- 
gram AGDH  is  given. 
And  since  the  triangles 
EDG  and  DFH  are 
evidently  similar,  !E6 : 
GD:  :DHiHF,and 
therefore  EGiHF  = 
GD.DH.  But  AG 
and  AH,  or  DH  and 
GD,  being  given,  the 
rectangle  GD,  DH 
is  given,  and  ^erefore 
EG,HFis#ven.  Make 
FK = EG,  and  therect- 

angle  HF,  FK  is  haice  given ;  but  HK,  being  equal  to  HF 
and  FK  or  the  excess  of  AF  and  AE  above  GD  and  DH,  is 
given,  and  consequently  (VI.  19.  El.)  it»  segments  HF,  FK 
are  given ;  whence  the  point  H  being  given,  the  point  of  sec- 
tion F  or  F',  and  the  straight  line  EDF  or  E'DF',  are  given. 

COMPOSITION. 
Draw  the  parallels  DG  and  DH.     From  ON,  the  sum  of 
the  two  segments  AE  and  AF,  cut  off  OP = AG + AH,  and 
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make  HK:^PN.  On  HK  describe  a  Aemidrcley  fixna  the  ex- 
tremities of  the  diameter  erect  the  perpendiculars  HI  and  KL 
equal  to  AH  and'AG,  join  IL,  and  at  right  angles  to  this> 
and  from  the  point  or  points  where  it  meets  the  drcumfe- 
rence,  draw  MF  or  MT' ;  EDF  or  WDP  is  the  straight 
line  required. 

For  (VI.  19.  EL)  HLKL  =  HF.FK,  and  consequent^ 
AH.AO=:HF.FK.  But,  from  the  similar  triangles  EGD 
and  DHF,  EG  :  GD,  or  AH  :  :  DH,  or  AG  :  HF,  and 
therefore  (V.  6.  El.)  AH.AG=HF.EG;  whence  HF.FK= 
HF.EG,  and  FK=EG.  And  since  AG+AH=OP,  and 
HF+EG=3HK  =  PN,  it  foUows  that  AG  +  EG+AH+ 
HF,  orAE+AF=ON. 

i2.  Ijet  the  point  D  have  an  external  position  with  respect  to 
the  straight  lines  AB  and  AC. 

ANALYSIS. 

Draw  DG  paraUel  to  AB,,  and  DH  parallel  to  AC  and 
meeting  AB  produced.  The  triangles  EDG  and  DHF  be- 
ing similar,  EG :  DG  : :  DH  :  HF,  and  (V.  6.  El.)  EG.HF= 
DG.DH  J  but  DG  and  DH  are  both  given,,  and  hence  the 
rectangle  under  EG  and  HF  is  given.    Make  FK=£G)  and 
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therefore  HKssHF—EGsDG+AF— (DH--AE)i=AP+ 
A£— (DH— DG);  whence  HK  and  the  orectang^e  HF^FK 
are  given,  and  consequently  (VI.  19.  EL)  the  point  F  ia 
given. 

If  DFE^  interaeet  the  straigiit  lines  AB  and  AC  im  th« 
other  side  of  their  vertex  A,  the  triangles  E'DO  and  DFH 
are  still  similar,  and  E'G  :  DG  :  :  DH  :  HF"  $  whetrefore 
E'G.HF',  being  equal  to  DG.DH,is  given.  MakeF'K'=E'G, 
and  thence  HK'  =  E'G— HF=  AE'+DH— (DG— AF')= 
AF'+AF+(DH— DG);  consequently  HK'  and  the  rect- 
angle HF.F'K'  are  given,  and  therefore  (VI.  19.  EL)  the 
point  F  is  given. 

COMPOSITION. 
Make  OP  or  OP'  equal  to  the  difference  of  the  parallels 
DH  and  DG,  from  H  place  likewise  towards  opposite  parts 
HK=PN  and  HK'=FN,  on  HK  and  HK'  describe  semi- 
circles,  from  H  erect  the  perpendicular  HI  equal  to  DG>  and^ 
from  K  and  K',  the  perpendiculars  KL  and  K'L^,  each  equal 
to  DH,  join  IL  and  IL%  and,  at  right  angles  to  these,  from, 
the  points  of  section  M  and  M',  draw  MF  and  M'F'j  the 
straight  lines  DEF  and  DF'E'  will  cut  off  s^ments  from  AB 
and  AC,  which  are  together  equal  to  ON. 

For  (VL  19.  El.)  HP.FK  =  HI.KL  =  DG-DH ;  but 
DG.DH2=HF.EG,  and  consequenUy  HF.EG  =  HF.FK, 
or.  EG=c  FK.  Wherefore  HK  =r  HF— EG  =  AF  +  AE— 
(DH^DG);  and  since  HK=sPN=rON— (DH--DG),  ^ 
fcUows  that  AF:+ AE  =3  ON. 

In  Uke  maimer,  it  is  shown  that  E'G^rF'K',  and  henoe 
HK'szE'G— HF  =  AF'  +  AE'  +  (DH— DG);  but  HK's 
P'N'=iON+(DH— DG),andcopsequentlyAF+AE'=ON. 

PROP.  XXI.    PROB. 

From  one  of  the  corners  of  a  given  square,  to 
^raw  a  straight  line,  such  that  its  portion,  intercept- 
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ed  between  the  opposite  sides  of  the  figure^  shall  be 
equal  to  a  given  straight  line. 

Let  ABCD  be  a  square,  and  from  the  point  A  let  it  be  re- 
quired to  draw  A£F,  so  that  the  part  £F,  intercepted  be- 
tween CD  and  BC,  or  their  extension,  may  be  equal  to  a  gi- 
ven straight  line* 

ANALYSIS, 

Draw  FG  perpendicular  to  AF,  meeting  AD  produced  in 
G,  from  G  let  fall  the  perpendicular  GH  upon  BC  produced, 
and  join  EG. 

The  angle  EFH  is  (I.  32.  El.)  equal  to  ECF  and  EEC, 
and.it  is  also  equal  to  EFG  and  GFH  >  consequendyi  ECF 
and  EFG  being  right  an- 
gles,  the  remaining  angles 
FEC  and  GFH  are  e- 
qual;  whence  the  triangles 
EAD  and  FGH,  having 
the  angle  AED  or  CEF 
equal  to  GFH,  the  angles 
at  D  and  H  both  right 
angles,  and  the  side  AD 
equal  to  GH  or  CD,— 

are  (fi  21.  El.)  equal,  and  therefore  the  side  AE  is  equal  to 
FG.  But  EFG  and  EDG  being  right-angled  triangles, 
EF*-hFG*=EG*=ED*-fDG*,  (II.  11.  El.),  or  EF*+ 
AE*=ED*+DG»;butAE*  =  AD*+ED*,  and  hence  EF*+ 
AD*+ED*=ED*+DG*,  orEF*+AD*=DG*.  Where- 
fore,  since  EF  and  AD  are  both  given,  DG  is  also  given, 
and  consequently  AG ;  but  the  right  angle  AFG  being  con- 
tained in  a  semicircle][described  upon  AG,  the  point  F  or  F', 
its  contact  or  intersection  with  BC,  is  given,  and  cons^uent- 
fy  the  straight  line  AEF. 
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COMPOSITION. 

■  •  

Make  AI  equal  to  the  given  straight  line}  join  DI^  and^ 
equal  to  this^  produce  AD  to  G,  upon  AG  describe  a  semi- 
circle meeting  the  extension  of  BC  in  F  or  P,  and  join  AEF 
or  AF^E^  i  £F)  the  external  part  of  that  straight  fine,  is  equal 
toAL 

For  join  FG,  EG,  and  let  fall  the  perpendicnlar  GH 
upon  BF.  It  is  evident  that  EF* + FG* = ED* + DG*  j  and 
FG  being  equal  to  AE,  EF*+AE*  =  ED*+DG*.  But 
AE»=AD*+ED%  and  DG*=DP  =  AI^+AI* ;  whence 
EF* + AD* + EB* = ED* + AD* + AP,  and  therefore  EF*  s= 
AI*,andEF=AI*. 


PROP.  XXII.     PROB. 

Given  the  base  of  a  triangle,  its  altitude,  and  the 
rectangle  under  its  two  sides, — to  determine  the 
triangle. 

ANALYSIS. 

About  the  triangle  ABC  describe  (III.  10.  cor.  EL)  a 
circle,  and  draw  the  diameter  BF  and  the  radii  AE  md  CK 

Because  the  given  rectangle ^ARBC  k  (VI.  20.  El.)  equal 
to  BD.BF,  this  rectangle  is  likewise  given;  and  since  the 
perpendicular  BD  is  given,  the  dia- 
meter BF,  and  therefore  the  radii 
AE,  CE,  are  given.  But  the  base 
AC  being  given,  the  triangle  ABC 
is  hence  given,  anIL  consequently 
the  centre  E  and  the  circle  ABCF 
are  given.  Again,  because  BD,  the 
distance  of  the  vertex,  of  the  triangle 
from  its  base,  is  given,  that  point  must  occur  in  the  parallel 


•  See  Note  LIT. 
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BB',  and,  being  thus  placed  in  the  contact  or  intersection  of 
a  given  straight  line  with  a  given  circle,  is  itself  given. 

COMPOSITION. 

On  BD  eoD^tnici  (IL  9.  £L)  a  reetani^  eqoal  to  the  givai 
qpaoG^alsofatmM  AC  the  trioi^AEC;  having  A£  and  C£ 
each  equal  to  half  the  greater  side  of  that  rectangle,  fiotn  £ 
with  thb  radios  EA  describe  a  drcky  on  AC  erect  a  perpendi- 
cnlar  DB  equal  to  the  altitude  c^th^  Uiluag^  ajftd  throii^  B 
draw  a  parallel  meeting  the  drcumference  in  B  or  B';  ABC 
is  the  triati^  required* 

For  ABC  has  evidently  the  given  altitude  BD,  and  the 
rectangle  AB.BC,  being  equal  (VI.  20.  EL)  to  BF.BD,  fi 
therefore  equal  to  the  given  space! 

PROP.  XXIIL    PROB. 

Given  the  hypoteniBe  c£  a  ri^t-angled  tnangle, 
and  the  sum  or  difference  of  the  base  and  perpendi- 
cular, to  construct  the  triangle. 

ANALYSIS. 

In  the  biffie  AB,  cor  Its  production^  make  BD  or  BE  equal 
to  the  perpendicular  BC»  and  join  CD  or  C£. 

Hie  triiu^les  CBD  and  CBE  are  rijght-angled  and  isosce- 
les} and  therefore  the  angles  at  D  and  E  are  eadai  of  tfaoB. 
half  a  right  angle.    If  AD»  the 
sum  of  AB  and  BC,  be  ^v^,  the 
point  D  is  given^  and  conseqt|ent>" 
ly  the  straight  line  DC,  makii^  a 
given  angle  with  DA,  is  given  in 
position  $  or  if  AE,  the  dilference 
between  the  base  and  perpendicu-  ' 
lar,  be^ven,  the  point  £  is^ven, 
and  the  straight  line  EC  is  given  in  position.    But  the  hypo- 
tenuse AC  being  given^  the  point  C  must,  therefore^  occur  in 
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die  contact  or  mteneetian  of  a  drck  described  from  A  with 
that  radius  and  the  straight  line  CD  or,CE«  Can8eqttea% 
C  is  given,  the  perpendicuhur  CB^  and  thence  the  rigjit* 
anf^  triangle  ABC. 

COMPOSITION. 

Make  AD  or  AE  equal  to  the  sum  or  difference  of  AB  and 
BC,  draw  (I,  5.  and  4.  EL)  DC  or  EC  at  an  angle  CDE  or 
CED  equal  to  half  a  right  angle,  from  A  with  the  radius  AC 
describe  a  circle  meeting  DC  or  EC  in  the  point  C,  and 
from  C  (L  6.  ElO  let  fall  the  perpendicular  CB  :  ACB  is  the 
triangle  required.  .   . 

For  the  right-angled  triangles  CBD  and  CBE  are  evident- 
ly isosceles,  and  therefore  AD  is  equal  to  thei  sum,  and  AE 
to  the  difference,  of  AB  and  BC. 

PROP.  XXIV.    PROB. 

To  investigate  the  construction  of  a  regular  pen< 
tagon  or  decagon. 

!•  Eirery  rq^lar  pcdjrgon  is  capaUe  t&  being  inscribed  in 
a  drde,  and  dierefore  the  angles,  fiirmed  ai  the  ccntie  by 
drawing  radii  to  the  several  comers  of  the  figure,  are  each  of 
them  equal  to  that  part  of  four  right  angles  corresponding  to 
the  number  of  sides.  Consequently  the  central  angles  «^  a 
pentagon  are  ead  equal  to  the  fifth,  and  those  of  a  decagon 
are  each  equal  to  the  taith,  part  of  four  ri^t  angles ;  but  an 
angle  at  the  circumference  being  half  of  that  at  the  eentvOi 
the  vertical  angle  of  the  isosceles  triangle,  foniied  in  the  pen- 
tagon by  drawing  straight  lines  from  any  comer  to  Ae  e!X» 
tremities  of  the  opposite  side,  must  also  be  the  tenlli  part  cdT 
four  right  angles.  Whence  the  constnaction  cS.  a  regular 
pentagon  or  decagon  inyolves  the  .description  of  an  isosceles 
triangle^  whose  vertical  angle  is  equal  to  the  tenth  part  of 
four  right  angles,  cnr  the  fifth  part  of  two  ri^  <u^i^^* 
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:  2.  Since  the  vertical  angle  of  that  isosceles  tridngle  is  the 
fifth  part  of  two  right  angles,  the  angles  at  its  base  most  be 
together  eqnal  to  the  remaining  four-fifths,  and  each  of  them 
is  consequently  two-fifths  of  two  right  an^es.  Wherefore 
each  of  the  angles  at  the  base  of  that  component  triangle  is 
double  of  its  vertical  angle. 

3.  Let  ABC  be  such  an  isosceles  triangle,  having  each  of 
the  angles  at  A  and  C  double  of  the  angle  at  B.  Draw  CD 
bisecting  the  angle  ACB.  The  angle  BCD  must  then  be  e- 
^ual  to  CBD,  and  consequently  the  side  CD  is  equal  to  BD. 
But  in  the  triangles  BAC  and  CAD,  the  angle  ABC  is  equal 
to  ACD,  the  angle  CAB  common  to  both,  and 
consequently  the  remaining  angle  BCA  is  equal 
to  CDA ;  whence  CD  A  is  equal  to  CAD,  and 
therefore  the  side  AC  is  equal  to  CD.  Thus 
the  three  straight  lines  AC,  CD,  and  BD  are 
all  equal.  Again,  because  CD  bisects  the  angle 
ACB,  (VI.  II.  El.)  BC :  AC  : :  AC  :  AD,  that 
is,  AB  :  BD  : :  BD  :  AD.  Hence  AB  is  divided  in  extreme 
and  mean  ratio  at  the  point  D, — or  the  square  of  BD  or 
AC,  the  base  of  the  isosceles  triangle,  is  equal  to  the  rect- 
angle under  the  side  AB  and  the  remaining  s^ment  AD. 
Whence  the  construction  of  a  regular  pentagon  or  decagon, 
depends  on  the  medial  secti(Hi  of  a  straight  line. 

4.  Now  let  the  straight  line  AB  be  divided  by  a  media! 
section,  or  BC^  =  BA.AC.      Add  to  each  die  rectangle 
BA.BC,  and  BC*  +  BA.BC  =  BA.AC  +  BA.BC,  or 
BC(BA+BC)=BA*.To 
AB  annex  BD  equal  to  it, 
and  BC.CD=BD*.    Bi- 
sect  BD  in  E,   and  the 
straight  lines  CD  and  BC 
are  the  sum  and  difierence 
of  C£  and  BE ;  whence 
the  rectangle  under  CD  and  BC,  or  the  square,  of  BA,  is" 
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equal  to  the  excess  of  the  square  of  CE  above  the  square  of 
BE,  and  therefore  CE*  =  BA*  +  BE» .     Erect  the  perpendi- 
cular BF=BA,  and  join  EF.     It  is  evident  that,  EF»  = 
BA^+BE*,  and  consequently  Er*  =  CES  and  EF=CE; 
but  EF  being  given,  CE  and  BC  are  therefore  given. 

The  composition  of  this  general  problem  forms  a  series  ot 
die  most  interesting  propositions  in  elementary  geometry. 
Art.  4.  corresponds  to  Prop.  22.  Book  II. ;  Art.  3.  to  Prop. 
3.  and  4s  Book  IV. ;  and  'Art.  2.  and  1.  coincide  with  the  5th 
apd  8th  Propositioils  of  the  same  Book. 

PROP.  XXV.    PROS. 

K 

To  discover  the  conditions  required  for  the  trisec- 
tion  of  an  angle. 

Let  ABC  be  an  angle,  of  which  ABD  is  the  third  part. 
About  the  vertex  B  describe  a  circle,  draw  DF  parallel  to  AB| 
join  CFf  and  produce  it  to  meet  the  extension  of  AB  in  G* 

ANALYSIS. 
Because  the  chord  DF  is  parallel  to  AE,  the  arc  EF 
(m.  20.  El.)  is  equal  to  AD,  and  consequently  (III.  IS.  cor. 
EL)  the  angle  EBF  is  equal  to  ABD, 
or  is  half  of  the  remaining 
angle  DBCj-  but  half  this  angle  is 
equal  (III.  17.  El.)  to  the  angle  DFC 
at  the  circumference,  and  which 
(I.  23.  El.)  is  equal  to  its  opposite 
angle  BGF.  *  Wherefore  the  angles  BGF  and  GBF  are 
equal,  and  (L  12.  El.)  the  triangle  BFG  is  isosceles;  and  thus 
the  solution  of  the  problem  would  require,  to  draw  CFG, 
such  that  the  extreme  part  FG  shall  be  equal  to  the  radius  of 
flie  circle. 
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Otherwise  thus. 

het  the  angle  ABD  be  the  third  part  of  ABC.  Erect  the 
parpendicular  ADC,  complete  the  rectangle  BACE,  ^tend 
the  side  EC  to  meet  BD  produced  in  F,  and  draw  CG 
making  the  angle  FC6  equal  to  CFG. 

ANALYSIS. 

Because  the  angle  FCG  is  equal  to  CFG,  the  side  6F 
(I.  12.  £1.)  is  equal  to  GC,  and  the  exterior  angle  CGB 
(L  82.  EI.)  is  double  of  either  of  those  angles.  But  the  angle 
C6A  being  tripleof  ABD, 
the  angle  CBG  is  double 
of  ABPrqr  of  CFG,  and 
is  therefore  equal  to  CGB; 
whence  the  side  BC  is  e- 
qual  to  GrC.  'Again,  from 
die  right  angles  EBA  and  PCD,  take  away  the  eqpial  ati^ 
ABD  and  FCG,  and  the  remaiiiing  angles  EBD  and  GCD 
are  equal ;  but  ]E)BD  is  equal  (L  23.  £1.)  to  the  alternate  angle 
BDA»  whicli  isroqual  to  the  vertical  angle  CDF ;  consequent- 
ly the  an^e  GCD  is  equal  to  GDC,  and  therefore  the  side 
GD  is.  equal  to  GC.  Thus  it  appears,  that  the  four  straight 
lines  BC,  GC,  GD,  and  GF,  are  all  equal  Whence  DF, 
ibfi  external  segment  of  the  trisecting  line  BF,  is  double  of 
BC  the  diagonal  of  the  rectangle  BACE. 

Scholium.  Such  then  are  the  final  conditions  on  which  the 
trisection  of  au  angle  is  made  to  dep^d.  But  toiulfil  them  in 
general,  exceeds  ikke  powers  of  elementary  geometry.  In 
some  very  limited  oases  indeed,  the  trisection  of  an  angle  can 
be  effected,  merely  by  the  help  of  straight  lines  and  circles. 
Thus,  when  the  proposed  angle  ABC  is  half  a  right  angle,  it 
may  be  trisected  by  the  application  of  Prop.  21.    Fo^y  pro- 
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'  duce  B£  so  that  BHs: 
2BG,  join  AH,  produce 
BA  m  Al^AH,  m^  on 
BI  describe  a  semicircle 
meetrng  the  production  of 
EC  in  F ;  the  angle  ABF 
is  the  third  port  of  ABC» 
This  result  agrees  with 
what  is  derived  from  sim« 
pier  views.  For  BH*=:; 
4BC*=8BAS  and  AP  :;=  BH*  +  BA*  =  8BA»  +  BA*  » 
9BA*  ;  whence  AI=3BA,  the  diametear  BIs4BA,  and  conf^ 
sequently  the  radius  OIzzgBA.  Let  fidl  the  p^srpendicukr 
FL,  and  produce  it  equally  on  the  other  aide*  pin  OF  and 
DM.  The  triangles  OFI^'and  MOL  aceei^Blfy  equal, 
and  therefore  OF,  OM,  md  FM,  are  all'  egu^il:  to  S^BA,  or 
^f\iA  ^(^sequ^tly  th?  triangle  FOM  laiequilaAeisat,  aiid  the 
apg}eJ<>M.two-d|ii:d9>6f.a  vigbt  ataxies:  &ii)an£|le  FOL ia 
henc^  pne^tihird  of  a  iTi^ti  W£pe«^  wd'  tb^  iangfe  ABiF  at  the 

circumference,  being  the  half  of  it,  is  therefore  equal  to  the 
sixth  part  of  a  right  an^e*%    ■'■'  ^ 

y/  -         prop:  XXVI.    PROfi. 

To  investigate  the  conditions  required  in  finding 
two  mean  proportionals. 

\ 

Let  the  containing  sides  AB  and  AC  of  the  rectangle. 
ABCD  be  the  extremes  of  a  continued  proportion,  of  which 
the  successive  mean  terms  are  DE  and  AG.  '  ' 

ANALYSIS. 

Join  CE  and  CG.    Because  AB  or  CD :  pt : :  AG  :  AC, 

and  CDE,  being  a  right  angle,  is  equal  to  GAC,  the  tri- 

*    angles  DCE  and  AGC  are  (VL  14.  El.)  siufilarj  whence  the 

angle  DEC  is  equal  to  ACG,  and  the  angles  ACG  and  ACE 


-«-^ 
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equal  to  DEC  and  ACE,  or  (1. 23.  £1.)  two  right  angles,  and 
consequently  ECG  forms  a  straight  line.     Draw  the  diago- 
nals BC,  AD,  and  join  their  intersection  O  with  the  points 
EandG.   The  triangles  BOD  and 
BOA  bdng  (1. 29.  cor.  EL)  isosceles, 
therefore  (IL  2S.  cor.  EL)  OE*  = 
OD*+BE.ED  and  OG»=OA»  + 
BaOA ;  bat  (VI.  12.  El.)  BG :  BE 
:  :  GA  :  AC,  or  DE  :  GA,  and 
hence  (V.  6.  EL)  BE.DE=BG.GA- 
>Vherefore,   OD   being   equal    to 
OA^  the  square  oFOE  is  equal  to 
that  of  OG,  and-  cons^uently  the 

« 

point  O  is  equidistant  from  £  and  G.  Hence,  likewise,  if  a 
drde  were  deteribed  about  the  given  rectangle,  theintercq)!* 
ad  segment  EC  (IVw  4^  cor.  £L)  would  be  equal  to  GH. 

The  soktion  of  the  problem,  then,  requires  to  draw  ECG, 
such  that  the  distance  0£  be  equal  to  OG,  or  that  the  part 
EC  withoilt  tlK^  drde  be  equal  td  the  c^posite  pacrt  GH. 


Otherwise  fhi($m 

The  first  part  of  the  oqnstructioii  reipaining  the  same,  it  was 
proved  that  the  rectangle  BE.ED 
is  equivalent  to  BG,  GA  ; 
bisect  BD  in  F,  and  BE.ED + 
DF*,  or  (II.  19.  obr.  2.  EL) 
EF*=BG.GA+DF*.  OnAB 
oonstruct  the  isosceles  triangle 
BKA,  having  each  of  its  sides 
BK  and  AK  equal  to  DF^  ^d 
join  GK  •,  then  (II.  28.  cor.  El.) 
BG.GA+AK*=zGK»,andco^. 
sequently  EF*=GK*,  or  £F= 
GK.    But,  by  hypothesis,  AB : DE : : DE : :  GA: :  GA  ;  AC, 
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and  (Y-  16.  El*)  AB  :  GA  :  :  DE  :  AC,  or  (V.  15.  EL) 
2AB  :  GA  :  :  2DE  :  AC ;  join  CF  and  produce  it  to  meet 
the  extension  of  AB  in  L ;  the  triangles  CFD  and  LFB 
(I.  21.  £1.)  are  evidently  eqttal,  and  CD  or  ABisBL.  Where* 
fore  AL  is  to  GA  as  2DE  to  AC  or  BD,  or  (V.  S.  El.)  as 
DE  to  DF  the  half  of  BD,  and  consequently  (V.  9.  EL) 
6L  :  GA  : :  EF  :  DF.  Join  LK  and  draw  AM  parallel  to 
it;  then  (VI.  1.  El.)  GL  :  GA : :  GK  :  GM,  whence  EF :  DF: : 
GK  :  GM;  but  EF=GK,  and  therefore  DF=GM.  Now 
the  points  F,  L  and  K  are  evidently  given,  and  consequently 
the  straight  line  LK  and  its  parallel  AM  are  given  in  porition* 
To  efiect,  therefore,  the  conkruction  of  the  problem,  it 
is  required  from  the  point  K  to  draw  the  strai^t  line  KMG^ 
such  tha^ the  part  MG,  intercepted  between  AM  and  BA 
produced,  shall  be  equal  to  the  half  of  AC. 

Or  thus. 


L,et  AB  and  AC,  the  extreme  terms  of  the  continued  pro- 
portion, stand  as  before  at  right  angles,  and  having  produced 
CAtoD,  letAB:  AD:  :AD:  AE::AE:AC.  Since,thert, 
AD :  AE  : :  AE  :  AC,  it  follows  (V.  6.  El.)  that  AD.AC= 
AE*;  whence  (III.  32.  cor.  l.EL)  the  point  E  lies  in  the  circum- 
ference of  a  semicircle  described  upon  CD.  Join  DE,  produce 
DB  to  the  circumference,  and  draw  the*  perpendicular  radius 
IF.  Because  AB  :  AD  :  :  AD  :  AE,  and  the  angle  DAK 
is  common  to  the  two  tri- 
angles BAD  and  DAE — 
these  triangles  (VI.  14.  El.) 
are  similar  ;  consequently 
the  angle  ADB  is  equal  to 
AED,  and  (III.  18.  cor.  El.) 
the  arc  CG  is  equal  to  DE; 
whence  the  arc  FG  is  equal  to  FE,  and  (III.  13,  and  4.  EL) 
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the  sclent  IH  of  the  dimneter  equal  to  IA|  or  the  oblique 
Itne  GL  (VI.  1.  £10  is  equal  to  LB. 

On  tjtus  condition  therefore,  that  OD  aha]!  have  its 
intercepted  pmrtion  GL  equal  to  LB,  or  that  the  perpeo- 
dicttlars  £A  and  GH  Aall  be  equidistant  from  the  cen* 
tre,  the  sohition  of  the  problem  depends.  The  ratio 
of  KI  to  IC  ii  evidently  the  same  as  that  of  AB  to 
AC  Wherefore  a  semicircle  being  described  vdth  the 
radius  IC— ^ould  a  straight  line  BD  be  drawn  from  D>  such 
that  the  part  BG,  intercepted  between  the  circumference  and 
the  atraijght  line  CKM  drawn  from  the  other  extremity  of  the 
diameter,  be  bisected  in  L  by  the  perpendicular  radius  IF — 
|he  problem  wouU  be  solved :  For  make  AN= AD,  and  join 
CN  meeting  IF  ur  O ;  it  is  manifest,  from,  what^has  been 
shown,  that  IK,  10,  XL,  and  IC  are  continued  pirppor- 
tionais  *. 


PROP-  XXVU.    THEOR. 

I 

If,  from  the  extremity  of  the  diameter  of  a  circle, 
a  straight  line  be  drawn  to  a  point  in  the  perpendi- 
cular radius,  such  that  triple  its  square  be  equal  to 
the  square  of  a  perpendicular  from  the  circumfe- 
rence and  the  squares  of  the  segments  into  which 
the  diameter  is  thus  divided ;  the  straight  line  that 
joins  the  points  of  section  and  of  teri&inatian,  will 
make  a  given  angle  vdth  the  diameter* 

In  the  semicircle  ADB,  £F  and  the  radius  CD  being  at 
right  angles  to  AB,  and  AG  drawn  so  that  SAG*=AE*+ 
EF»+EB* ;  if  EG  be  joined,  the  angle  CEG  is  given- 


•'  See  Note  LIV. 
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ANALYSIS. 
For  join  CF.  Because 
AB  is  bisected  in  C,  AE* 
+  EB*  =  2  AC  +  2  EC* 
(IL  21.  cor.  £1.)  and  con- 
sequently' SAG*  =  2AC*  + 
2EC* + EF*  i  but(II.  1 1  .El.)  A 
EC*+EF*  =  CF*,  or  AC*,  and  hence  3AG*  =  3AC*+EC*. 
Again,  AG* = AC*  +  CG*,  or  SAG*  =  SAC*  +  SCG* ;  where- 
fore EC»=8CG*,  or  EG*=4CG*  and  EG=2CG.  The 
ratio  of  EG  to  CG,  and  the  right  angle  at  C  being  thus 
given,  the  triangle  EGC  is  (VI.  15.  El.)  given  in  species,  and 
consequently  the  angle  CEG  is  given. 

COMPOSITION. 

Inflect  BH  equal  to  the  radius  of  the  circle,  join  AH, 
draw  EG  paraflel  to  it  meeting  CD  in  G,  and  join  AG;  then 
SAG*  stAE* + EP* + EB*. 

For  join  CF.  The  triaogjes  AHB  and  ECG  beii^  evi* 
deaUy  similar,  AB  :  BH : :  £G  :  CG;  but  AB?s2BH,  and 
thi^e&MPe  (V.  5.  ElO  EGsagCG.  Wbci«e  EG*c=4CG*fc  «^ 
EC*?=:3CG*  J  consequendy  SAG*=3AC*+3CG*=3AC*+ 
E0*  =  2AC*+?EC*+AC*— EC*.  Now  2AC*+2EC*=: 
AE*+EB%  and  . AC*--EC*  =r  EF*  J  wherefore  3AO*ss 
AE*+EF*+EB** 

PROP.  XXVm.    THEOR. 

If  a  triangle  have  a  given  angle,  the  excess  of  the 
square  of  the  ^sum  of  the  containing  sides  afatove  the 
square  of  the  base,  has  a  given  ratio  to  the  area  of 
the  triangle. 

Iiet  ABC  be  a  triangle,  in  wKich  AB  is  produced  till  BD 
be  equal  to  BC ;  the  excess  of  the  square  of  AD  abpve  the 
square  of  AC,  has  a  giv^a  ratio  to  the  area  of  the  triangle. 
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ANALYSIS. 

Draw  AE  parallel  to  BC,  and 
meeting  DC  produced  in  E,  from  B 
let  fafl  the  perpendicular  BF)  and  join 
BE. 

The  triangle  CBD  being  isosceles, 
the  aDgle  CDB  (1. 11.  El.)  is  equal  to 
DCB,  but  (I.  23.  El.)  DCB  is  equal 
to  CEA ;  hence  the  angles  EDA 
and  DEA  are  equal,  and  the  tri- 
angle DAE  is  isosceles.  Wherefore 
(II.  23.  El.)  AD*  =  AC* + DC.CE,  or 
AD*— AC*  =  DC.CE.  Again,  be- 
cause AE  is  parallel  to  BC,  the  tri- 
angle  ABC  has  (II.  1.  El.)  the  same 
area  as  EBC,  or  (II.  6.  El.)  is  half  the  rectangle  BF.CE. 
Consequent^  the  excess  of  the  square  of  AD  above  the  square 
of  AC,  isto  the  area  of  thetriangle  ABC,asDC.CEto  JBF.CE, 
that  is,  (V.  23.  cor.  2.  El.)  as  DC  to  ^  BF,  or  (V.  3.  EL)  as  4DF 
to  BF.'  But  the  given  angle  ABC,  being  (I.  32.)  equal  to  the 
two  angles  CDB  and  BCD,  is  double  of  either,  and  thus  the 
angle 'BDF  is  ^ven ;  whence  the  right-angled  triangle  DFB 
is  given  in  species,  and  therefore  the  ratio  of  DF  to  BF  is 
given*.  It  thence  foDows,  that  the  ratio  of  4DF  to  BF,  or 
that  of  the  excess  of  the  square  of  AD  above  the  square  of 
AC  to  the  area  of  the  triangle  ABC,  is  given* 

COMPOSITION. 

The  same  construction  remainiiig,  DC.CE  :  BF.CE  :  : 
DC  :  BF  i  but  DC.CE= AD*— AC*,  and  BF.CE  is  double 
of  the  triangle  ABC;  whence  2DC  is  to  BF,  as  the  excess  of 
the  square  of  AD  or  that  of  the  sum  of  the  sides  AB  and  BC 
above  the  square  of  the  base  AC,  to  the  area  of  the  triangle 
ABC^. 


T" 


*  See  Note  LV. 
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DEFINITION. 


A  VARIABLE  quantify  derived  from  another  given  or  coiv- 
^ant  quantity,  or  which  depends  on  it  by  some  relation  ao- 
cording  to  a  given  law,  is  necessarily  confined  between  certain 
extreme  limits.  When  it  has  acquired  the  greaftest  possible 
expansion,  it  is  said  to  have  reached  its  maximum ;  and  when 
it  has  contracted  into  its  lowest  dimensions,  it  occupies  the 
^^bXjq  oi  minimum.  ' 


PROP.  I.    PROS. 

From  a  given  point,  to  draw  a  straight  line  inter- 
cepting, on  two  given  parallels,  segments  which  shall 
bave  a  given  ratio. 

Let  AB  and  CD  be  two  parallels,  in  which  are  two  given 
points,  P  and  O ;  and  let  it  be  required,  from  another  given 
point  E,  to  draw  EF,  such  that  PG  shaD  be  to  OF  in  the  rii- 
«oofMtoN. 
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^       .     ANALYSIS. 
Join  PO,  and  produce  Kh 


it  to  meet  EF,  or  ita  ex- 
tension in  I.  A.^ :^ $_P 

Because  PO  and  OF 
are  parallel,  PI  :  OI : : 
PG:  OF  (VI.  2.  EL)  I  but 
the  ratio  of  PG  to  OF  is 
giveui  and  hence  that  of 
PI  to  OI,  and  of  PO  to 
OI,  are  given.  And  since 
PO  is  given,  01  and  the 

point  I,  are  given ;  wherefore  lEF,  and  the  segments  PG  and 
OF  are  given. 

COMPOSITION. 

Make  PK=M  and  OL=N,  join  KL,  PO,  and  prodace 
them  to  meet  in  I,  and  draw  lEF ;  PG  and  OF  are  the  re- 
quired segments. 

For  (VI.  2.  EL)  the  parallels  AB  and  CD  being  cut  pro- 
portionalfy  by  the  ^verging  lines  IK,  IP,  and  IG,— PG  is  to 
OF  as  KP  to  OL,  that  is,  as  M  to  N. 

If  M  be  equal  to  N,  the  point  I  vanishes,  and  EF  becomes 
evidently  a  parallel  to  OP. 

If  the  straight  lines  KL  and  PO  meet  in  the  given  point  E, 
the  proUem  is  by  its  nature  indeterminate,  or  it  admits  of  ia- 
definite  solutions  for,  m  that  case,  the  segm»ts  PG  and  OF, 
intercepted  by  any  strught  line  whatever^  draiwn  through  £» 
have  aU  the  same  ratio. 

PROP.  II.    PROB. 

Two  diverging  lines  being  given  in  positioB,  to 
draw,  through  a  given  point,  a  straight  line  inter- 
ojbpting  segments  which  shall  have  a  given  ratio. 


IT     C 
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Let  it  be  required,  through  D,  to  draw  EDF,  so  that  AE 
diall  be  to  AF  in  the  ratio  of  M  to  N. 

ANALYSIS. 

Through  D,  (I.  24.  El.)  ^    B 

draw  DO  paralldl  to  AE, 
and  meeting  AC,  or  its  pro- 
duction, in  G. 

The  triangles  EAF  and 
DGF  are  similar,  and  there- 
fore (VI.  12.)  AE  :  AF  :  : 
GD  :  GF ;  but  the  ratio  of 
AE  to  AF  is  given,  and 
consequently  that  of  GD  to 

GF.     And  since  GD  and  the  point  G  axe  evidently  given^ 
6F  and  the  point  F  are  likewise  given. 

COMPOSITION. 

From  AB  and  AC  cut  off  AK = M,  and  AL = N,  join  KL, 
«nd  parallel  to  it  draw  EDF  through  D  j  AE  and  AF  are  the 
segments  required. 

For  (VI.  I.  EL)  the  parallels  EF  and  KL  cut  the  diveiging 
lines  AB  and  AC  proportionally,  and  therdfore  AE  is  to  AF. 
as  AK  to  AL,  that  is,  ad  M  to  N. 

PROP.  III.    PROB. 

Two  diverging  lines  being  given  in  position,  to 
draw,  through  a  given  point,  a  straight  line  cutting 
oflF  segments— on  the  one  from  their  intersection, 
and  on  the  other  from  a  given  point  —  that  shall 
have  a  given  ratio. 

Let  AB  and 'AC  be  two  diverging  lines,  it  is  required^ 
through  the  point  D,  to  draw  EDF,  so  that  AE  shall  be  tm 
Ihe  part  OP,  in  the  ratio  of  M.  to  N. 
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ANALYSIS. 

Draw  DG  parallel  to  AE,  and  meeting  AC,  or  its  produc- 
tion in  G,  and  make  AE  :  GD  : :  OF  :  OH. 

By  alternation*  AE  :  OF  :  :  GD  :  OH }  but  the  ratio  of 
AE  to  OF  is  given,  and  thence  that  of  GD  to  OH  j  and 
since  GD  and  the  point  O  are 
given,  OH  and  the  point  H  are 
also  given.  Again,  because 
AE  :  GD  :  :  OF  :  OH,  and  (VL 
2.  EL)  AE  :  GD  : :  AF  :  GF,  it 
foDows  that  OF :  OH : :  AF :  G  F ; 
whence  (V.  10.  El.)  FH  :  OH 
:  :  AG  :  GF,  and  (V.  6.  El.) 
GF.FH= AG.OH.  Bat  AG  and 
OH  are  both  given,  and  conse- 
quently the  rectangle  under  the  segments  GF  and  FH  of  the 
given  portion  GH  is  also  given,  and  thence  the  point  of  sec- 
tion F  is  given,  and  the  straight  line  ED. 

COMPOSITION. 

Make  GD  to  OH,  as  M  to  N,  and  (VI.  19.)  divide  GH 
in  F,  so  that  the  rectangle  GF,  FH  shall  be  equal  to  AG.OH, 
and  draw  EDF  j  then  the  segment  AE  is  to  OF  as  M  to  N. 
Since  GF.FH= AG.OH,  therefore  FH  :  OH  : :  AG  :  GF, 
and  (V.  9.  El.)  OF  :  OH  :  :  AF  :  GF  :  but  (VI.  2.  EL) 
AE :  GD : :  AF :  GF,  and  consequently  AE :  GD : :  OF :  OH, 
and  alternately  AE  :  OF  : :  GD  :  OH,  that,  is,  in  the  given 
ratio. 

PROP.  IV.    PROB. 

• 

Two  diverging  lines  being  given  in  po$ition,  to 
draw,  through  a  given  point,  a  straight  line,  cut- 
ting off  segments  from  given  points  in  a  given  ratio. 
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1.^ 


Let  AB  And  AC  be  two  Merging  fitwH  \  it  U  ^eqttiiredy 
through  die  point  D,  to  draw  £DF>  so  thftt  P£  shall  be  t# 
OF  in  the  ratio  of  M  to  N. 

ANALYSIS. 

Join  DP  cutting  AF 
in  I,  and^  through  I^ 
draw  IK  paraQel  to  AB^ 
and  meeting  EF  in  K. 

Because  the  points  D 
and  P  are  given,  the 
straight  line  t)P  is  gi- 
ven in  position,  and 
consequently  its  inter- 
section I  with  AC  is 
given,  whence  IK,  being  parallel  to  AB,  ia  likewise  given  iQ 
position.  But  (VI.  2.  EL)  PE  :  IK  :  :  PD  ;  ID,  and  since 
FD  and  ID  axe  both  given,  the  ratio  of  PE  to  IK  is  given  i 
consequently,  the  ratio  of  P£  to  OF  being  given,  the  ratio  of 
IK  to  OF  is  given*  Wberefdref  by  the  last  propositioiii  the 
straight  line  KDF  is  given  in  poittioii. 

COMPOSITION. 

Join  PD  and  draw  IK  pi^alld  to  AB^  make  M  to  L^  as 
PD  to  ID9  and  di^aw,  by  the  last  proposition,  KDF,  so  th^ 
IK  shall  be  to  OF,  as  L  to  N^  then  will  P£  and  OF  be  the 
segments  required.  , 

For  (VI.  2.  El)  PE  :  IK  :  :  PD  :  ID  :  :  M  :  L,   and 
IK  :  OF  :  :  L  ;  Nj  whence  (V.  16.  El.)  PE  :  OF  : :  M  :  N. 

PROP.  V.    PROB. 

Two  parallels  being  given,  from  a  point  in  a  given 
intersecting  line^  to  draw  another  straight  line  cut- . 
ting  off  segments  t^hich  shall  contain  a  given  rf  ^t* 

angle.  ,  ' 

4^ 
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,  LetAB,  CD  be  two  paralleby  and  G  a  given  point,  tfatongh 
which  it  is  required  to  draw  FE  intercepting,  from  given 
points  O  and  P  in  the  same  direction  OPG,  s^ments  0£ 
and  PF,  that  shall  contain  a  given  rectangle. 

ANALYSIS. 

Because  AB  and  CD  are  paral- 
lel, GO  :  GP  : :  OE  :  PF  (VL  2. 
El.)  and  consequently  (V.  25.  cor. 
2.  EL)  GO  :  GP : :  OE* :  OE.PF ; 
and  GO  and  GP  being  given,  their 
ratio  is  given,  and  therefore  the 
ratio  of  OE*  to  OE.PF  is  given  ; 
but  the  rectangle  OE,  PF  is  given, 

and  hence  the  square  of  OE  and  consequently  OE  itself,  are 
given. 

COMPOSITION. 

Find  (VL  16.  EL)  GI,  a  mean  proportional  betwecai  GO  j 
and  GP,  draw  IK  parallel  to  AB  or  CD,  and  such  (IIL  53.  EL) 
that  its  square  shall  be  equal  to  the  given  rectangle,  and  join 
EKFG ;  this  is  the  straight  line  required. 

For  OE,  IK,  and  PF  being  paraUel,  OG  :  IG  : :  OE  :  IK, 
and  PG  :  IG  :  :  PF  :  IK  (VL  2.  EL) ;  whence  compounding 
these  analogies  (V.  22.  El.)  OG.PG  :  IG*  :  :  OE  PF  :  IK* ; 
but  OG.PG=IG*,  and  consequently  (V.  4.)  OE.PF=IK*. 

PROP.  VL     PROB. 

Through  a  given  point,  to  draw  a  straight  line  in- 
terceptitig,  from  given  points  on  two  given  parallels, 
segments  which  shall  contain  a  given  rectangle. 

Let  AB  and  CD 'be  parallels  in  which  the  points  O  and  P 
are  given,  and.  let  it  be  required  through  G  to  drawGFE,  so 
that  the  segments  0£  and  PF  shall  contain  a  given  rectangle. 


.  .->! 
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ANALYSIS. 

Draw  GO  and  GF,  cutting  the  parallels  in  I  and  H.  Be- 
cause ike  points  O,  P>  and  G  are  ^ven,  the  straight  lines 
GIO  and  GPH  are  given  in  position,  and  cons^uently  their 
intersections  I  and  H  with  the  given  parallels.  And  since  AB 
is    pafalld    to    CD, 

GP:GH::PF:HE     a     K  K  O  TL  ^ 

(VI.  2.JEI)  but  ( V.  25. 
cor^2.ElOPF:HE:: 
Pf!oE:HE.OE,  and 

consequently  GP :  GH 
;  :  PROE  :  HE.OE, 
Now,  GP  and  GH  be- 
ing given,  thfir  ratio  is 
given,  and  hence  that  of  PFIOE  t6  HE.OE  -,  wherefore  the 
rectangle  PF,  OE  being  giveii,  the  rectangle  under  the  seg- 
ments HE  and  OE  of  the  given  straight  line  HO  is  likewise 
giveii ;  whence  (VI.  19.  lEl.)  the  poitft  $1  is  given,  and  conse* 
quently  the  straight  line  GF£. 


J  f  ' 


COMPOSITION. 

Draw  GO  and  &P,  Giik  (IT:  9.  EL)  HK  the  side  of  a  rect- 
angle GP,  HK  which  is  equal  to  thegiven  spac^,and  (VI.19.El.) 
divide  HO  in.  the  point  E,  so  that  the  rectangle  under  its  seg- 
ments HE  and  OE  shall  be  equal  to  the  rectangle  HG,HK, 
and  join  GFE  j  this  is  the  straight  line  required. 

For  HE  :  PF  :  :  HG  :  GP,  and  h^iice  (V.  25.  coK  2.  El.) 
HE.OE  :  PF.OE  : :  HG.HK  :  GP.HKj  but,  by  constructioii^ 
the  rectangle  H^.OE  is  equal  to  GH.HK,  and  consequently 
(V.  8.  and  4.  El.)  PF.OE =GP.HK,  or  thegiven  ^ace. 

PROP.  VII.    PROB. 

To  draw  through  a  given  point  a  straight  line,  cut- 
ting from  two  given  diverging  lines,  segments  which 

shall  contain  a  given  rectangle. 

r2       ' 
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Let  AB  and  AC  be  two  dirergipg  lines  given  in  position, 
mi  let  it  be  Feq[yired  irom  the  p(»nt  D*  to  draw  DFE,  so  that 
tbe  rectangle  v^dex  the  segmentf  AE,  AF  shall  be  equal  to  a 
.^yea  space. 

ANALYSIS. 

Draw  HD  parallel  to  AB,  and  make  (IL  d.  EI.)  the  rect- 
angle DH.AI  equal  to  the  given  space. 

Because  AE.AF=DH.AI,  AE :  DH : :  AI :  AF (V.^. El.}, 
but  AE  :  DH  : :  AF  :  FH  (VL  2.  EL),  and  therefore  AF  : 
FH  : :  AI :  AF;  whence (V.ll. 
cor.  El.)  AH  :  AF  : :  IF  :  AI, 
and  ( V.6.  El.)  AH.  AI = AF.IF. 
Now  PH,  being  parallel  to  AB, 
.J«.giveQ»  and  cop^equeutly  AI 
is  given  I    wherefore  the  rectr 
.angle  AH>  AI  ..being  given, 
AF.IF  is  also  given ;  aad  since  A^  i&  givai,^  its  internal  or 
external  section  is  (VL  19.  El.)  g^ven. 

COMPOSITION. 
Draw  DH  parallel  to  AB,  find  (IL  9.  £1.)  AI,  which  con- 

r 

tains  widi  DH  a  rectangle  equal  to  the  given  qfiace,  and  di- 
vide AI  (VL  19.  EL)  so  tha^  the  rectapglc  under  its  segments 
AF9  FI  sh^  be  equal  to  the  rectangle  AI,  AH  ;  EDF  is  the 
straight  line  required-  For,  by  construction,  AF  JF= AI.AH, 
whence (V. 6.  El.)  AH  :  AF : :  IF  ;  AI,  and  (V.  10.  and  7.EI.) 
AF  :  FH  : :  AI :  AF;  but  AF  :  FH  : :  AE  :  DH,  and  coa- 
secpicntly  AE  :  DH  : :  AI ;  AF,  and  (V.  6.  El.)  AE.AF= 
DH.AI. 

PROP.  VIU,    PROB. 

Through  a  given  point  to  draw  a  straight  Cnc, 
which  shall,  by  its  intersectiim  with  two  given  diver- 
ging lines,  form  a  triangle  containing  a  given  space. 
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Ut  it  toTequired,  tlm)u^  the  point  D,  to  ata^  a  fttraie^ 
line,  EDF  intercepting,  between  the  diverging  lines  AB  and 
AC,  a  triangle  AEF,  which  shall  contain  a  given  space. 

ANALYSIS. 

0 

Draw  DH  parallel  to  AB^  upon  AC  let  fall  the  perpen^ 
diculara  £S  and  DT,  and  find  (II.  9.,,aad  7.  EL)  AI  the  base 
of  a  triangle^  having  the  altitude  DT  and  containing  the  gi- 
ven space. 

Because  :the  rectangles  ^ 

ES.AF  and  DT.AI  are 
(I.  6.  EL)  each  double  of 
the  triangles  AEF  and 
ADI,  they  are  equal,  and 
consequently  (V.  6.  EL) 
ES  :  DT  :  :  AI  :  AF. 
But  the  triangles  AES 

and  HDT  are  evidently  similar,  and  therefore  (VI.  Ig;  EL) 
AE  :  ES  :  :  HD  :  DT,  or  alternately  AB  5  HD : :  ES  :  DT; 
whence  AE  :  HD  : :  AI :  AF,  and  AE.AFbsHD.AL  How 
HD  is  given,  and  consequently  AI ;  whensfiftro  the  reetaiis^Ia 
AE.  AF  is  given,  and  thence,  by  the  Tmt  ptopositioB^  th# 
sliraigb^  line  £J>F  h  given  i|^  posi^on. 

COMPOSITION, 

Draw  DH  parallel  to  AB,  let  teU  the  perpendicular  DT, 
bisect  this  in  the  point  R^^  find  (II.  9.  £L)  the  sode  AI^  which 
with  !ET  contains  a  ractaagle  eqpal  t^  th«  given  space, 
and,  bgr  the  last  proposition,  draw  EDF,  sueh  that  the  rect* 
angle  A£.A1^  shall  be  equal  to  DH^I, 

Having  let  fall  the  perpendicular  ES,  and  bisected  it  in  Q,. 
the  triangles  AES  and  HDT  are  similarj  wbence  AE  :  E3: : 
HD  :  DT>  and  alternately  AE  :  HD  :  :  ES  :  DT,  or  (V..3w 
EL>  AE  :  HD  : :  QS  ;  RTv  wherefi)re  AE.AF  :  HD.AI : : 
QS.AF  :  RT^I  \  but  the  rectangle  AE.AFsHD.AIr  and. 
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hence  (V.  4.  EL)  Q&AFsRT.AI,  or  the  triangle  AEF  is 
equal  to  the  given  space. 

This  problem  wiD  admit  of  a  simpler  construction,  in  the 
case  where  the  given  point  D  lies  between  the  diverging  lines 
AB  and  AC.  For  draw  D6  parallel  to  AQ  and  make  (II. 
9.  EL)  the  rhomboid  AGKI  equal  to  the  given  space. 

Because  the  triangle  AEF  is  equal  to  the  rhomboid  AGKI, 
take  away  from  both  the  figure  AEDKLF,  and  the  triangles 
GED  and  ILF  remain  equal  to  the  triangle  DLK  y  but  these 
supplementary  trian* 
gles,  being  formed  by 
parallel  lines,  are  evi- 
dently similar,  and 
consequently  the  ho- 
mologous sides  GD 
and  IF  are  (VI.  28. 
£1.)  sides  of  a  right- 
angled  triangle,  of 
which  DK  is  the  'hy- . 
potenuse ;  wherefore 
(II.  11.  EL)  GD*+ 
IF*=DKS  or  (I.  27.  El.)  IP*  5=  HP— AH*.  And  since  HI 
and  AH  are  both  given,  it  follows  that  IF  is  given. 

COMPOSITION. 

Construct  the  rhomboid  AGKI  equal  to  the  given  space, 
draw  DH  parallel  to  AB,  on  HI  describe  a  semicircle,  in 
which  inflect  HM  equal  to  AH,  join  IM,  and  make  IF,  or 
IP,  equal  to  it  j  EDF,  or  E'DF^  is  the  base  of  the  requited 
triangle. 

For  (III.  22.  EL)  HMI  being  a  right  aiigle,  IH*=HM* 
+IM*  (II.  11.  El.),  or  DK*=GD»+IF»  J  whence  (VI.  23. 
cor.  1.  EL)  the  triangle  DLK,  or  DLK',  is  equal  to  the  tri- 
angles  GED  and  ILF,  or  to  GE'D  and  lUF  j  and,  adding 
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fo  both  the  excess  of  the  rhomboid  AK  above  the  triangle 
DLK,  or  DL'K',  the  rhomboid  AK  is  equal  to  the  triangle 
A£F  or  AE'F',  which  is,  therefore,  equal  to  the  ^ven  space.  * 

PROP.  IX.     PROS. 

Through  a  given  point  to  draw  a  straight  line, 
cutting  off  segments,  from  two  given  diverging 
lines — oh  the  one  from  their  intersection,  and  on  the 
other  from  a  given  point — ^which  shall  contain  a  gi- 
ven rectangle. 

Let  it  be  required  to  draw  EDF,  so  that  the  rectietngle' 
AE,  OF  shaU  be  equal  to  a  given  space. 

ANALYSIS. 

Draw  DH  parallel  to  AB,  and  (11.  9.  El.)  make  the  rect^ 
angle  DH.OI  equal  to  the  given  space ;  OI  and  the  point  I 
are,  therefore,  given.  And  -g 

since  AE.OF  =  DH.OI, 
it  follows  that  AE :  DH  : : 
01:  OF  J  but  (VL  2.  El.) 
AE:  DH  :  :AF  FH, 
and  consequently  AF  : 
FH  :  :  OI :  OF.  Where- 
fore (V^  11.  vEl.)  AF  :  6  a!  STP  ^""^  ^Tc 
AH  : :  OI :  FI,  and  (V.  6.  El.)  AF.FI=AH.OI ;  hence  AI 
and  the  rectangle  under  its  segments,  AF  and  FI,  are  given, 
and  consequently  (VI.  19.  El.)  the  point  of  section  F  and  the 
straight  line  EDF  are  given, 

COMPOSITION.       . 

Having  drawn  DH  parallel  to  AB,  and  made  the  rect- 
angle DH.OI  equal  to  the  given  space,  divide  AI  (VI.  19.  lEU.) 
Bi  F,  or  F%  such  that  the  rectangle  under  its  segments  >hali 
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also  be  equal  to  the  rectangle  AH-OI;  I^DF,  c^  E'DF,  is  the 
required  gtraigbt  line.  For  since  AF.FI^  AI)«OI,  AF :  AH 
: :  OI :  IF 5  whence  (V.  11.  EL)  AF  :  FH  :  :  OJ  :  OF;  but 
(VI.  2.  EL)  AF  :  FH  :  :  AE  :  DH,  and,  therefore,  AE  :DH 
: :  OI :  OF,  and  the  rectangle  AE.OF  is  equal  to  DH.OI,  or 
the  given  space. 

PROP.  X.    PBOB. 

< 
Through  a  giv^n  ppint,  to  draw  a  straight  fine, 

cutting  off  segments  from  given  points,  on  two  gi- 
ven diverging  lines,  that  shall  contain  a  given  rect- 
^angle. 

Let  it  be  required  to  draw  EDF^  so  that  the  rectangle 
OF.FE  shall  be  equal  to  a  given  space. 

AKALYSia 

Join  DO  meeting  AE  in  Q,  and  draw  QR  paraiiel  to 
AC. 

Because  (VI.  2.  El )  DO  :  DQ  :  :  OF  :  QR,  it  foBows 
(V.  25.  cor.  2.  El.)  DO  :  DQ  : :  OF.PE  :  QR.PE  -,  but  DO 
and  DQ  are  evidently  gi- 
ven, ^d   therefore   the 
rectangle  OF.PE  has  to 
QR.PE  a  given  ratio; 
and    since    OF.PE    is 
given,      the      rectangle 
QR.PE  is  likewise  given, 
and  QR,  being  parallel 
to  AC,  is  given  in  position.     Whence,  by  the  last  proposi- 
tion, the  intersecting  line  EI)]^  or  EDF,  is  given  in  posi- 
tior^:, 

COMPOSITION, 
Join  DQO,  draw  DH  pa^^Ilet  to  AC,  and  prodiioe  it  meet- 
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ing  in  S  die  paraHd  to  AB,  make  the  reeUngle  D8.PI  equal 
to  the,  givm  fspBee^  and  divide  PI  in  E,  sudi  that  the  reci* 
angle  under  its  segments  PE,  IE  shall  be  equal  to.  the  rect* 
angle  AH.PI ;  EFD  is  the  straight  line  required. 

For  DQ  :  DO  :  :  DH  :  DS  :  :  QR  :  OF,  and  consequent- 
ly (V.  25.  cor.  8.  El.)  DH,PI :  DS.PI  :  :  PE  QB  :  PE.OF; 
but,  by  the  last  proposition,  DH.PJ=PE.QR,  whence  the 
rectangle  DS.PI,  or  the  given  space,  is  equal  to  the  rectangle 
PE.OF. 

PROP.  XL    PROB. 

To  divide  a  given  straight  line,  so  that  the  reet- 
angle  under  one  of  its  segments  and  a  given  line^ 
shall  be  equal  to  the  square  o£  the  other  segment* 

L^t  it  be  required  to  divide  AB  in  C,  such  that  the  rect- 
angle under  AC  and  6  shall  be  equal  to  the  square  of  CB« 

ANALYSIS. 

.  Make  BD=G,  and  since     ^G- 

AC.G=CB*,      it    follows     ^ 

(V.  6.  El.)  that  AC  :  CB  : :     A       C    B  D 


a 


^ 


A.  B  B       C 


CB :  BD*,  and  consequendy      \ 
(V.9.andlO.El.)AB:CB:: 
CD  :  BD  5  whence  (V.  6. 

El.)    AB.BD  =  CB.CD.     \ 9l i 

But  the  rectangle  AQ.W     ^ r^-^ ^ H 

is  given,  and,  therefore,  the 

rectaj^j^e  CB.CJ>  is  ako  gmn  k  »d  BI>  being  ^ren»  the 

point  of  ^e^tion  C  is  (VI.  1%  El.)  thence  given. 

COMPOSITION. 

In  the  same  straight  line  AB,  mal^e  BD  equal  to  Gy  and 
(VI.  19.  El.)  cut  BD  such  that  the  rectangle  CB.CD  be  equal 
tb  AB.BD ;  C  is  the  point  of  flection  required.    For  it  ib 
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evident  (V.  6.  Eh)  that  AB  :  CB  : :  CD  :  BD,  and  conse- 
quently (V.  10.  El.)  AC  :  CB  :  :  CB  :  BD  j  wh«-efore  (V.  6. 
El.)  AC.BD,  or  AC.G = CB». 

PROP.  XII.    PROB. 

To  divide  a  given  straight  line,  so  that  the  rect- 
angle under  one  of  its  segments  and  a  given  line 
shall  have  a  given  ratio  to  the  square  of  the  other 
segment. 

Let  it  be  required  to  divide  AB  in  C,  such  that  AC.G  : 
CB*  : :  M  :  N. 

ANALYSIS. 

Make  (VI.  S.  El.)  G  :  H  :  :  M  :  N,         ^     G    ^     ^ 
and  H  is  given  j  but  AC.G  :  :  CB*  :  : 
G:  H»and  consequently(V.25.cor.2.El.)       i — 
CB*  =  AC.H  ;   wherefore,  by  the  last 
proposition,  the  section  of  AB  is  given. 

COMPOSITION. 

Having  made  M  :  N  :  :  G  :  H,  let  AB  be  divided  by  the 
last  proposition,  so  that  AC.H=CB*  ;  then  AC.G  :  CB* : : 
M  :  JI.    For  AC.G  :  AC.H  or  CB*  : :  G :  H,  or  M  :  N, 


1— — » 

C         B 

M    .         TSf. 


PROP.  XIII.    PROB. 


In  the  same  straight  line^  three  points  being  gi- 
ven, to  find  a  fourth  point,  such  that  the  rectangle 
under  its  distance  from  the  first  and  a  given  line, 
shall  be  equal  to  the  rectangle  under  its  distances 

4 

from  the  second  and  third  points. 
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Let  it  be  required  to  find  the  point  D,  so  that  AD.Gss 
CD.BD. 

ANALYSIS. 

Make  BE=Gy   and  because  G- 

AD.G  ±1  CD.BD,     it    foDows     ^'      ^ 
that  AD  :  CD  :  :  BD  :  BE;     1  ^q^       E~C 

whence(V.  9.and  IQ.  El.)  AC:CD      g- 
:  :  DE  :  BE,    and    AC.BE= 

CD.DE.      But    the    rectangle     j^  eb  o        c 

AC.be   b^ing  evidently   given,       q, 
the  rectangle  under  the  segments 

CD,  DE  of  CE,  a  given  straight     X  BE     C  J} 

line,   is    also  given,  and  conse- 
quently (VL  19.  El.)  the  point  of  section  D  is  given* 

COMPOSITION. 

Having  made  BE =G,  divide  (VL  19.  El.)  CE  in  D,  so 
that  CD.DE = AC.BE  ;  D  is  the  point  required. 

For  (V.  6.  El.)  AC  :  CD  :  :  DE  :  BE,  and  (V.  10.  El.) 
AD  :  CD  :  :  BD  :  BE;  whence  AD.BE,  or  AD.G=r 
CD.BD. 


PROP.  XIV.    PROB. 

in  the  same  straight,  line,  three  points  being  gi- 
ven, to  find  a  fourth,  so  that  the  rectimgle  under  its 
distance  from  the  first  and  a  given  line,  shall  have  a 
given  ratio  to  the  rectangle  under  its  distances  fi'om 
the  second  and  third  points. 

.Let  it  Ijie  required  to  find  a  poiijit  D,  such  that  AD.G : 
CD.BD  ::M:N. 
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ANALYSIS. 

Make  M   :  N  :  :  G  :  H,  a  w 

I  I       I — =— i 

whence  H  is  given}  but  since 

AD.G  :  CD.BD  :  :  G  :  H,    ^'  S      5b  c 

it    is    evident    that    AD.Has  I : i       *''-'— ^ 

CD.BD ;    wherefore,  by    the 

last  proposition,  the  point  of  8ecti«n  D  is  giTen. 

COMPOSITION. 

Having  made  6  :  H  : :  M :  N,  find,  by  the  lastpropoeitiony 
the  point  D,  so  that  CD.BD  =:  AD.H ;  D  is  the  section 
required.  For  (V.  25.  cor.  2.  EL)  AD.G :  AD.H  or  CD.BD : : 
G:H,orM:N. 

PROP.  XV.    PROB. 

In  the  same  straight  line,  three  points  heiiJig  gi- 
ven, to  find  a  fourth,  so  that  the  sqqare  of  its  dis« 
tafice  firom  the  first,  shall  be  ^ual  to  the  reetai^le 
under  its  distancea  from  the  second  and  third  points. 

Let  it  be  required  to  find  a  point  D,  such  that  AD^=: 
CD.BD. 

1.  When  the  point  D  Has  beitween  A  and  B. 

ANALYSia 

Because  AD* =CD.BD,  it  foHows  (V.  6.  EI.)  that  CD  f  AD 
-. :  AD  :  BD )   whence  (V-  9.  El.)  AC  :  AD  :  :  AB :  BD, 

and  alternately  AC      ^       .^       _^ 

:AB  ::  AD  :  BD.     -A    I>B  C 

But  the  ratio  of  AC :  AB  being  given,  the  ratio  of  AJ)  to  BD 
is  given ;  and  since  AB  Is  given,  the  point  D  (VI.  4e  £1)  i& 
([iveiu 
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COMPOSITION. 

Diride  AB  (VI.  4.  El:)  in  the  ratio  of  AC  to  AB,  and  the 
point  of  liectibn  D  is  that  required. 

For,  because  AD  :  BD  : :  AC  :  AB,  AD  :  BD  : :  AC— AD, 
or  CD  :  AB— BD  or  AD  (V.  19.  oor.^  1.  EL)  j  whence 
(V.  6.  El.)  AD*=BD.CD. 

2.   When  the  point  D  lies  between  B  and  C 

ANALYSIS. 
M^e  DE=AD,  and  since  AD*=eD.BD,  CD  :  AD,  or 
DE  :  :  AD  :  BD,  and  therefore  (V.  10.  EL)  CE  :  DE  :  : 
AB  :  BD,  and  alternately  CE  :  AB  :  \  DE  :  BD,  or  (V.  3. 
EL)  CE  :  AB  : :  2DE,  or  AE ;  2BD  j  whence  (V.  19.  EL)  CE : 
AB  :  :  CE+AE  or 

AC  :  AB  +  2BD,  '  o       ^ 

or  BE,  aad  conse-     -^      B  B  C 

quently  (V.  6.  El.) 

CE.BE= AB.AC ;  but  the  rectangle  AB.AC  being  given,  the 
rectangle  CE.BE  is  likewise  given,  and  BC  being  given,  the 
point  £  is  given  (VL  19.  El.),  and  therefore  D,  the  bisection 
of  AE,  is  given. 

COMPOSITION. 

Divide  BC  (VI.  19.  El.)  in  E,  such  that  CE.BE= AB.AC, 
and  bisect  AE  in  D  j  then  AD*  =  CD.BD. 

For  since  CE.BE= AB.AC,  it  is  evident  that  CE  :  AB  : : 
AC  :  BE  J  whence  (V.  19.  El.)  CE  :  AB  : :  AE  :  2BD  or 
(V.  3.  EL)  DE  :  BD;  and  altematefy,  CE  :  DE  : :  AB :  BD, 
and  (V.  9.  EL)  CD  :  DE,  or  AD  ;  :  AD  :  BD  j  wherefore 
(V.  6.  EL)  CD.BD = AD*. 

This  last  case  is  evidently  subject  to  limitation ;  for  tho' 
rectangle  AB.AC  being  eqaal  by  construction  to  CE.BE, 
must  not  ^Kceed  the  square  of  the  half  of  BC,  which  (II.  19. 
cor.  1.  EI.)  is  the  greatest  rectangle  contained  under  the  seg- 
ments of  BC.     Consec^etitly^  if  £  coincide  with  the  middJi^ 
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point  O,  it  limits  the  problem ;  but  then  AB. AC = BO*,  or 
AB.AC+BO*=:(II.23.  cor.  2.  El.)  AO*=2BO*,  and  there- 
fore AO  is  the  diagonal  of  a  square  described  on  BO. 
Whence  AB  :  BC  :  :  v'2— 1  :  2,  or  1  :2+VS;  that  is,  the 
ratio  of  AB  to  BC  has  attained  its  maximumy  when  it  is  that 
of  half  the  side  of  a  square  to  the  sum  of  the  side  and  the 
diagonal. 

PROP.  XVL    PROB. 

I 
In  the  same  straight  line,  three  points  being 

given,  to  find  a  fourth,  such  that  the  square  of  its 

distance  from  the  first,  shall  have  a  given  ratio  to 

the  rectangle  under  its  distances  from  the  second 

and  third  points.  f 

Let  it  be  required  to  find  a  point  D,  such  that  AD'  shall 
be  to  CD.DB  in  a  given  ratio. 

1.  When  D  lies  between  the  points  A  and  B. 

ANALYSIS. 
On  BC  describe  a  semicircle,  and  draw  the  tangent  DE  j 
then  (in.  32.  cor.  2.  El)  DE*  =  CD.DB,  and  consequently 
the  square  of  AD  is  to  the  square  of  DE  in  the  given  ratio  \ 
whence  the  ratio  of  AD  to 
DE  is  given.  Draw  the  ra- 
dius EF,  and  produce  ED 
to  m6et  AG  aperpendicular 
to  AC.  The  triangles  ADG 
and   EDF    are    evidently 
similar,       and      therefore 
AD  :  AG  :  :  DE  :  EF,  or 
alternately  AD  :  DE  :  :  ♦ 

AG  :  EF ;  and  since  the  ratio  AD  to  DE  is^iven,  the  ratio 
of  AG  to  EF  is  also  given,  and  the  radius  EF  being  given, 
AG  and  the  point  G  are  thence  given ;  wherefore  the  tan- 
gent GE  and  its  intersection  D  with  AC,  are  given. 
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COMPOSITION. 

Let  M  :  N  be  the  given  ratio,  and  to  these  find  (VI.  18* 
£1.)  a  mean  proportional  0>  on  BC  describe  a  semicircle, 
make  O  :  M  :  :  BF  :  AG,  a  perpendicular  erected  from  A, 
and  (III.  26.  £1.)  draw  the  tangent  GD£  ^  the  intersection 
D  is  the  point  required. 

For,  the  triangles  DAG,  and  DEF  being  similar,  AD :  AG:: 
DE  :  EF,  and  alternately  AD  :  DE  : :  AG  :  EF,  or  M  :  Of 
wherefore  (V  22.  cor.  1.  El)  AD*  :  DE*  : :  M*  :  O*,  that  is,^ 
(V.  24.  El.)  M :  N;  but  (IJI.  32.  cor*  2.  El.)  DE*  =  CD.DB,  * 
and  ccMisequently  AD*  :  CD.DB  : :  M  :  N. 

2.  When  D  lies  between  the  jpoitUs  B  and  C* 

ANALYSIS. 

On  BC  describe  a  semicircle,  draw  DP  perpendicular  to 
the  diameter,  and  meeting  the  circumference  in  F,  and  join 
AF.  . 

Because  (IIL  32.  cor.  2.  El.)  BD.DC  =  DF*,  the  ratio  of 
AD*  to  DF*  is  given,  and  consequently  that  of  AD  to  DFj 
but  the  angle  ADF,  con- 
tained by  these  sides,  being 
a  right  angle,  is  given,  and 
therefore  the  triangle  AFD 
is  given  in  species.    Hence 
the  angle  DAF  is  pven, 
and  the  straight  line  AF 
given  in  position;  where- 
fore the  intersection  F  or  F',  the  perpendicular  FD,  or  FT^, 
and  the  point  D,  or  D',  are.  all  given. 

COMPOSITION. 

Let  M :  N  express  the  given  ratio,  and  to  these  find  (VI.  1 8. 
EI.)  a  mean  proportional  O,  make  (VI.  3.  El.)  M  to  O  as  AC 
to  the  perperdicular  CE,  join  AE  meeting  the  circumference 
of  a  semicircle  described  on  9C  in  the  point  F  or  F',  and  let 
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fall  the  perpendicular  FD  or  FTK ;  then'  M  :  N  : :  AD* : 
BD.DC  or  Aiy» :  BDMVC. 

For  the  triangle  ACE  is  evidently  wmilar  to  ADF  or 
AiyP,  and  therefore  AC :  CE : :  AD  J  DF,  and  AC*  :  CE» : ; 
AD»  :  DF»  J  but  (V,  24.  EI.)  M  :  N  : :  M»  :  O*,  or  as 
AC*  :  CE*,  and  consequently  AD*  :  DF*,  that  is  BD.DC, 
:  :  M  :  N. 


This  problem  evidently  requires  limitation ;  for,  if  AE 
should  diverge  too  much  from  AC,  it  will  not  meet  the  cir- 
eumfefelice  at  all.  Hence  an  extreme  case  will  occur,  when 
AE  touches  the  circle.  But  the  ratio  of  AC  to  CE,  or  of 
AD  to  DF,  will  then  be  the  s£ime  as  that  of  a  tangent  from 
A  is  to  the  radius  HB ;  and  consequently  the  limiting  ratio  h 
the  duplicate  of  this, — or  the  ratio  of  M  to  N  can  lyever  ap- 
proach nearer  to  the  ratio  of  equality  than  that  of  AB.AC| 
mr  AH*— HB*,  to  HB». 

S.  When  the  point  D  lies  b^ond  B  and  €• 

ANALYSIS. 

On  BC  describe  a  semicircle,  draw  the  tangent  DE,  and 
produce  it  to  meet  the  perpendicular  AG,  and  join  E  with 
the  centre  F. 

Because  (III,  32.  cor.  2.  El.)  BD.DC =DE*,  the  ratio  of 
AD*  to  DE*  is  given,  and  consequently  that  of  AD  to  DE. 
But  the  angle  DEF,  being  (Ul.  24.  EI.)  a  right  angle  is  equai 
to  DAG,  and  the  q, 
angle  at  D  is  com- 
mon to  the  tri- 
angles DGA  and 
DFE,  which  are 
therefore  simikr^ 
and  hence  AD:  AG 
;:DE:EF,oral- 
MniatelyAD:DE 
;;AG:EF.,And 
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Slice  the  ratio  of  AD  to  D£  is  g^veii,  that  of  AG  to  £F 
is  also  given,  and  EF,  the  half  of  BC,  being  given,  AO  and 
the  point  G  are  thence  given.  Wherefore  t^  tangent  GE 
md  its'  intersection  D  with  AC,  are  given. 

COMPOSITION. 

Let  M  :  N  be  the  given  ratio,  ai^d  find  the  mean  propor- 
tional  O ;  make  O  :  M  :  :  BF  :  AG,  a  perpendicular  to  AC, 
and  draw  (III.  26.  £1.)  the  tangent  G£D ;  then  M  :  N  : : 
AD*  :  BD.Da 

For  join  EF.    Because  the  triangles  ADG  and  EDF  are 
similar,  AG  :  AD  : :  EF  :  ED,  and  alternately  AG  :  EF 
AD  :  ED;  but  AG  :  EF  : :  M  :  O,  and  therefore  M  :  O 
AD  :  ED,  and  M*  :  O*  : :  AD*  :  ED%  that  is,  M  :  N 
AD*  :  ED*  or  BD.DC. 

PROP.  XVIL     PROR 

In  the  same  straight  line,  four  points  being  given, 
to  find  a  fifth,  such  that  the  rectangle  under  its  dis- 
tances from  the  first  and  second  points,  shall  have  a 
given  ratio  to  the  rectangle  under  its  distances  from 
the  third  and  fourth. 

Let  it  be  required  to  find  a  point  E,  so  that  AE.EB  ; 
DE.EC::M:N. 
L  Ijet  M:  Nbe  a  ratio  of  equality. 

ANALYSIS. 
Because  AE.EB=DE.EC,  it  is  manifest  that  AE  ;  CE  : : 
DE  :  EBj    whence 
(V.   9.   and  8.   El.)     j^  B  C  2> 

AC:BD:;CE:EB,      ^  '    i  .    ' ' 

and     (V.     9.     EI.) 

AC+BD  :  BD  :  :  BC  :  EB;  but  the  ratio  of  AC+BD  to 
BD  is  given,  whence  that  of  BC  to  EB,  mid  therefore  B£ 
and  the  point  E,  are  given. 
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COMPOSITION. 

Make  AC-h3D  :  BD : :  BC  :  EB,  ttiid  E  ii  tbe  pdttt  m 
quired.  For  (V.  10.  £L}  AC :  BD  :  t  CE :  EB,  and  (V.  m 
cor.  1.  £1.)  AE  :  ED  : :  CE  :  EB,  and  hence  (V.  6.  EL) 
AE.EB=CE,ED. 

2.  Ijct  M:  Nbe  a  ratio  qfmqjarity  or  minority. 

ANALYSia 

Tindf  by  the  preceding  construction,  a  point  F,  such  that 
At'.FB=:DF.FC. 

Because  AE.EB:        K| , — . 1 

DE-EC  : :  M  :  N,  it        j^^_ , 

follows  that  AE.EB :     ^  BCD 

AE.EB— DE.EC  : :      * >     ^.^  ' • 

M  :  M— N  i  but 

AE.EB^DE.EC = ( AE.EB-AF.FB) + (DF.FC-DE.EC), 
that  i%  =  EF  (AF  +  BE)  +  EF  (DF  +  CE),  or  =  EF 
(AD+BC.)  Wherefore  AE.EB  :  EF  (AD+BC) ;:  M: 
M — N;  consequently  the  point  £  is  assigned  by  Prop.  14.  of 
this  Book. 

The  composition  of  the  problem  is  thence  easily  deriTAl> 
by  retracing  the  stepsw 

PROP.  XVIII.    PROB. 

In  the  same  straight  line,  four  points  being  given, 
to  find  a  fifth,  such  that  the  rectangle  under  its  dis- 
tances  from  the  extreme  points  i^all  have  a  given 
ratio  to  the  rectangle  under  its  distances  from  the 
mean  points. 

Let  it  be-  required  to  find  a  point  £,  so  that  AE.ED : 
BE.EC::M:N. 
l.LetAB=CD. 


Biooij:  II.  '      ^7# 


ANALYSIS. 

Because  AE.ED  =  (AB+BE)  (AB+EC),  it  is  evident 
that  AE.ED=AB.AC+BE.EC,  whence  AE.ED  :  AB.AC: : 
M:M— N.     The  ratio 

of  AE.ED  to  AB.AC        Mh- 1 

18  therefore  given,  and         jnji       \ 

the  rectangle  under  AE         pj  | 

and  ED,  the  segments      .  ^  r*  !D 

of  AD,  being  thus  gi-       ' * g-g? ' i 

yen,  the  point  £  is  a&« 

«gned  by  VL  19.  of  the  Elements. 

COMPOSITION. 

Make  M— N  :  M  :  :  AB  :  P,  and  (VI.  19.  El.)  cut  AD  in 
E  or  E',  such  that  AE.ED=P.AC ;  E  is  the  point  required. 
For  (V.  7.  El.)  M  :  M— N  : :  P  :  AB,  and  hence  (V.  25.  cot. 
2.  EL)  M  :  M— N  :  :  P.AC,  or  AE.ED  :  AB.AC;  conse- 
quently M  :  N  : :  AE.ED  :  AE.ED— BA.AC,  or  BE.EC. 

2.  Ijel  AB  and  CD  be  unequal. 

ANALYSIS. 

Because  AKED  =  (BE  +  AB)  (EC  ;|.  CD)=BE,EC+ 
BE.CD-1- AB.ED,  consequently  AKED— BE.EC=rBE.CD 
+  AB^ED  =r  BD.CD  —  ED.CD  +  AB.ED  =  BD.CD  + 
(AB— CD )  ED.    Produce  AD  to  F,  so  that  ( AB~CD)DF 

=BD.CD  J  and      j^, , 

since  AB,   CD      ^^ ^   . 

and     BD     ai« 

•11     •            Tki?  A             BCD  I* 

au  given,    XJr     i     ■     ■      \     ■     ■  ■■■!    y    in    \ »  m | 

and    the    point 

F  are  giyen.     Thus  from  construction  AE.ED— -BE.£Cs: 

(AB-^CD)  (DF+ED)=(AB-CD)  EF.     Now,  ^ince  tfee 
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ratio  of  AE.ED  to  BELEC  is  given,  the  ratio  of  AE.ED  to 
£F  (AB— CD)  is  aho  given  j  wherefore  AB^-CD  being  gi- 
ven, and  the  points  A,  C,  and  F,  the  point  E  is  given  by 
Prop.  14. 

'  Applying  that  prc^Mwitioni  the  construction  of  the  problem 
is  easily  obtained. 

It  yet  remains  to  assign  the  limitations  of  this  proU^n* 


i 


On  AD  describe  a  circle,  erect  the  perpendiculars  BI  and 
GCH,  join  lOH,  and^  parallel  to  this,  draw  KEL  through 
the  point  of  section  E,  join  OG,  EG,  and  IE,  which  produce 
to  the  circumference,  and  join  MG  and  ML. 

The  point  O  is  evidently  given*  But  the  ratio  of  AE.ED 
to  BE.EC  may  be  considered  as  compounded  of  the  ratio  of 
AE.ED,  or  (III.  S2.  El.)  IE.EM,  to  KE.EL,  and  of  the  ra- 
tio  of  KE.EL  to  BE.EC. 

Now,  since  BK  and  CL  are  paraHd,  KE  :  EL  : :  BE  :  EC, 
or  alternately  KE  :  BE  :  :  EL  :  EC,  and  therefore  (V. 
22.  El.)  KE*  :  BE»  :  :  KE.EL  :  BE.EC.  Ag»in,  KE  . 
and  ID  being  parallel,  KE  :  lO  :  :  BE  :  BO,  or  aTtematdy 
KE  BE  :  :  lO  :  BO,  and  hence  KE*  :  BE*  :  :  10*  :  BO». 
Wherefore  lO*  :  BO*  : ;  KE.EL  :  BE.EC,  and  conseqa«itly, 
the  ratio  of  these  rectangles  is  given ;  let  it  be  that  of  PQ  to 

The  angle  MGL,  being  equal  (III.  18.  EF.)  to  MIH  in  the 
same  segment,  is  equal  (I.  23.  El.)  to  the  exterior  angle  MSL, 
and  consequently  (III.  18.'  cor.  El.)  the  quadrilateral  figure 
MGEL  being  thus  contained  in  a  circle,  the  angle  hNKE,  is 
(III.  18i  EL)  equal  to  LGE.     Draw  LN  making  the  angle 
MLN  equal  to  EGO,   and  (I.  82.  £1.)  the  exterior   angle 
LNE  will  be  equal  to  CGO.     But  the  triangles  GOC  and! 
HOC  are  obviously  equal,  and,  therefore,  the  angle  000=1 
CHO = CLE = EKI.    Whence  the  triangles  lEK  and^  LEI^ 
are  similar,  and  IE  :  KE  :  :  EL  :  EN,  and  consequently{ 
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KKELrrlE.EN.  Make, 
therefore,  PQ  to  PR,  as 
EN  to  EM.   The  ratio  of 
AE.ED  to  BE.ECishence 
compounded  of  that  of  PR 
to  PQ,  and  of  PQ  to  ST, 
or  it  is  the  same  with  the 
ratio  of  PR  to  ST.     But 
as  the  point  of  section  £ 
approaches  to  O,  the  angle 
EGO,  or  MLN,  evident- 
ly diminishes,  and  eonse- 
quently  the  point  N,  in  a 
corresponding  degree,  approximates  to  M.     Hence  the  ex- 
treme term  which  PR  can  never  pass,  is  PQ;  and  there- 
fore the  limiting  ratio  of  the  rectangle  AE,  ED  to  BE,  EC 
is  that  of  PQ  to  ST,  or  of  10*  to  BO*. 

The  point  O  pf  ultimate  section,  is  hence  easily  determi- 
ned. Because  61  and  €H  are  parallel,  BI  :  CH  : :  BO  : 
OC,  and  BJ*  or  AB.BD  :  CH*,  or  AC.CD  : :  BO*  :  OC*. 
Wherefore  BC  must  be  divided  (I.  H.  Anal.)  into  segments 
BO  and  OC,  which  are  in  the  subduplicate  ratio  of  the  rect- 
angle AB,  BD  to  AC,  CD. 


s^ 
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But  the  limiting  ratio  may  be  found  in  a  more  direct  man- 
ner. For  join  IG,  and  draw  DV  perpendicular  to  it,  join 
DG,  DI,  CV,  and  BV,  and,  having  drawn  the  diameter  IZ, 
join  GZ.  Because  the  angles  DOC  and  DIV  stand  upon 
equal  arcs  DH  and  DG,  they  are  equal  (III.  18.  £1.) } 
but  the  quadrilateral  figures  DCGV  and  DBIV,  being  right 
angled  at  B,  at  C  and  V,  are  each  contained  in  a  circle 
(III.  19.  cor.  El.}$  wherefore  (III.  18.  El.)  the  angle  DGC 
is  equal  to  DVC,  and  the  angle  DIV  to  DBV,  and  conse* 
]uently  the  angles  DVC  and  DBV  are  equal.  Hence  the 
^iangles  CDV  and  VDB,  having  besides  a  common  verticaj 
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angle^  are  siifilar ;  and,  therefore,  BD  :  DV  :  :  DV  :  DC) 
and  (V.  6.  EL)  BD.DC=DV*.  But  (VI.  16.  cor.  I.  EL) 
DG*= AD  DC,  and  consequently  DG*~DV*  or  (H.  Jl,  El.) 
GV*=AD.DC— BD.DC,  or  AB-DC  In  the  aamc  man- 
ner, it  18  shown  that  IV*  =  AC.DB.  Whenoe  IG  is  given, 
being  the  difference  between  the  sides  of  two  squares  that 
are  equal  to  the  rectangles  AC,  DB,  and  AB,  DC.  Againi 
the  angle  BIO,  being  equal  to  the  alternate  angle  QHU  ^ 
equal  (III.  18.  EL)  to  GZI,  and  the  right  angle  OBI  is  equal 
to  the  angle  IGZ  in  a  semicircle  $  wherefore  the  tnaiigfcs  lOB 
and  ZIG  are  similar,  and  lO  :  BO  :  :  IZ  or  AD  :  IG. 
Hence  the  limiting  ratio  of  AE.ED  to  BE.  EC,  or  that  which 
marks  the  state  oSmfnimum^  is  the  duplicate  ratio  of  AD  to 
t^  difference  of  the  sides  of  squares  equal  respectiTely  to  tb« 
rectangle  AC,  DB  and  to  the  rectangle  AB,  DC. 


PROP.  XIX.    PROB. 

Through  a  given  point,  to  draw  a  straight  line,  sa 
that  the  part  intercepted  by  the  circumference  of  a 
given  circle,  shall  be  equal  to  a  given  straight  line. 

Let  A  be  a  point,  through  which  it  is  required  to  draw  a 
straight  line  HI,  limited  by  a  given  circumference  and  equal 
toB. 

ANALYSIS. 

Take  any  p<Mnt  D  in  the 
given  circumference,  and  in- 
fleet  DE  equal  to  B.  Be- 
muse I>E  is  equal  to  B,  it  is 
equal  to  HI,  and,  thereforei 
(IIL  11.  El.)  the  chords  HI, 
DE  are  equally  distant  from 
Ae  centre  of  the  circle,  or 
CGsr^CF.  But  DE  being  gi- 
ven, CF  is  given,  and  thence  the  cirdc  described  from  i 


B*- 


through  F  and  G ;  wherefore  the  point  A  behig  given,  the 
tangent  AG  to  that  cirekf  i$  giveni  an4  consequently  HI  is 
given  in  position. 

c(»j[PogmoN. 

Inflect  P,E  eqw^l^  fi>  -fr^,  C  let  fall  the  p6rpwaieu^a^ 
CF,  vitfc  wWfjh  distance  describe  a  concentric  circle^  fwid 
draw  (III.  26.  EL)  ti^e  twgwt  HAI. 

\t  4f  i^vid^nt  that  the  chords  HI  apd  DJB,  being  eq||uidis- 
tai;^  :6ro|^  the.f^t;rfi,  lire  both  pf  then)  ^ual  to  Q.     . 
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PROP.  XX.    PROS. 

Through  a  given  point,  to  draw  a  straight  line, . 
such  that  the  part  of  it  intercepted  l^etween  two 
concentric  circles  shall  be  equal  to  a  given  straight 
line. 

Let  it  be  required,  through  the  point  A,  to  draw  thd 
straight  line  ABC,  so  that  the  part  BC  intercepted  by  tKrf 
two  concentric  circles  HECM  and  IFBL  shall  be  equal  to  D. 

ANALYSIS, 
From  any  point  H,  in  one  of  the  circumferences,  inflect 
HM=£C,  and  upon  these  let  fall  the  perpendiculars  OK 
and  OG.  Tlie  equal  chbrds  HM  and  EC  are  therefore 
equidistant  from  the  centre,  and  reciprocallyr  IL  is  equal  to 
FBj  consequently  thd  h^ves 
of  thjBse  are  equal,  or  HKss 
GC,  and  IK=GB  ;  whence 
the  difference  HI,  being  equal 
to  BC,  is  given.  But  since 
the  point  H  is  given,  the 
point  I  and  the  chord  HM 
are  given ;  and  the  circle 
which  touches  at  K  being  gi-  X)i- 

▼en,  the  tangent  AGC  is  cJso  given. 
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COMPOSITION. 

In  the  circumfer^ce  of  one  of  the  cirdes,  having  assamed 
a  point  H,  place  HI  equal  to  D,  and  produce  it  to  M,  upon 
this  let  fall  the  perpendicular  OK,  with  which  as  a  radius  de- 
scribe a  drde,  and  iqpply  to  it  the  tangent  ABC ;  then  wiD 
the  intercepted  portion  BC  be  equal  to  D. 

For  the  chords  EC  and  FB  are  (III.  11«  EL)  equal  to  the 
equidistant  chords  HM  and  IL  ;  consequent^  their  Iralves 
are  equal,  or  GBsIK,  and  GC=HK,  and  hence  BC=: 
HI=D. 

It  is  evident,  that  the  interval  BC  between  the  concentric 
circles  will  be  least  when  AC  passes  through  the  centre,  and 
greatest  when  it  touches  the  inner  circle.  Wherefore  D  is 
limited  on  both  sides ;  not  being  less  than  the  di£fer^ce  of 
the  radii  of  the  circles,  nor  its  square  greater  than  the  differ* 
ence  of  their  squares. 


PROP.  XXI.    PROB. 

Two  circles  described  upon  the  same  straight  line^ 
being  given,  to  draw  from  a  point  similarly  placed 
in  it  another  straight  line,  so  that  the  part  intercept- 
ed by  the  circumferences  shall  be  equal  to  a  given 
straight  line. 

Let  D,  E  be  the  centres  of  the  two  circles,  and  let  AD :  AC 
: :  DI :  EK  -,  it  is  required  from  A  to  draw  ABC,  such  that 
BC  shall  be  equal  to  L. 
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ANALYSIS. 

Join  BD  and  CE.  Because  AD  :  AE  : :  DI  or  DB  :  EK, 
or  EC,  therefore  (VI.  1.  cor.  El.) 
DB  is  parallel  to  EC;  whence 
AD  :  DE  :  :  AB  :  BC,  and  since 
AD  and  DE  are  given,  the  ratio 
of  AB  to  BC  is  given  5  but  BC  is 
given,  and  consequently  AB  is  gi- 
ven, both  in  magnitude  and  posi« 
tion. 

COMPOSITION. 

Make  (VI.  3:  El.)  EK— DI :  DI : :  L  :  M,  and  from  A  in- 
fleet  AB  equal  to  M  ;  ABC  is  the  straight  line  required. 

For  since,  by  hypothesis,  AD  :  AE  :  :  DI  or  DB  :  EK  or 
EC,  DB  is  parallel  to  EC  j  wherefore  DB  or  DI :  EC  or  EK 
: :  AB  :  AC,  and  consequently  (V.  11.  cor.  El.)  EK— DI :  DI 
: :  BC  :  AB;  but  EK  — DI  :  DI  :  :  L  :  M  or  AB,  whence 
BC  :  AB  : :  I^ ;  AB,  and  therefore  (V.  def.  10.  El.)  BG=L. 

»  "  •  ■ 

PROP.  XXII.    PRQB. 

f 

/ 

Two  circles  described  upon  the  same  straight  lineJ 
bdng  given,  to  draw,  from  the  extremity  of  either 
diameter,  another  straight  line,  so  that  the  part  of  it 
intercepted  by  the  circumferences  shall  be  equal  to 
a  given  strsught  line. 

Let  it  be  required  to  draw  ABC,  so  that  the  intercepted 
portion  BC  shall  be  equal  to  QR. 

ANALYSIS. 

Join  BG,  CH,  and  FP,  from  E,  the  centre  of  the  exterior 
circle,  let  fall  upon  AC  the  perpendicular  EI,  cut  off  IL=:IB 
and  draw  LK  parallel  to  BG,  in  the  extension  of  AH  mdse 
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(VI.  3.  £].)  AK  :  AG  : :  AF  :  AM,  and,  from  die  pdnt  M, 

draw  MN  parallel  to  FP,  and  meeting  the  production  (^  AC. 

Because  LK  is  parallel  to  BG  and  FP  to  MN,  therefore 

(VI.  1.  El.)AK:AG:;AL:AB,andAF!AM;:AP:AN; 
but,    by  construction, 

AK  :  AG  ::  AF:  AM,  . ^ 

and,  consequently,  AK : 

AG  :  :  AL  :  AB   :   : 

AP  :  AN.  Whence 
(V.19.E1.)AK:AG:: 
AL+APorPL:AB+ 
AN  or  BN.  Now,  since 
(III.  4.  El.)  IP=IC, 
and  IL=IB,  therefore 
PL=BC  or  QR;  and 
LK,  IE,  and  BG  bemg 

parallel  lines,  KE=EG  (VI.  1.  El.)  and  thence  AK  is  giren; 
wherefore  three  terms  of  the  analogy  being  giren,  the  fourth 
term BNis  given,  and  consequently  BN + BC,*  or  NC,  is  givai. 
But  the  angle  ACH  is  equal  to  AFP  (III.  18.  £1.)  which  again 
(I.  23.  El.)  is  equal  to  AMN,  and  hence  the  triangles  CAH 
and  ANM,  having  also  the  same  vertical  angle,  are  simikr, 
consequeotly  AH :  AC  : :  AN  :  AM,  and  (V.  6.  EL)  AH.AM 
=  AC.AN,  wherefore  NC  and  the  rectangle  under  its  seg- 
ments AC,  AN  being  giv«i,  AC  is  given  in  magnitude  (VI. 
19.  £1.)  and  hence  likewise  in  position. 


Q 


COMPOSITION. 

Having  cut  off  KE=EG,  make  (VI.  3.  El.)  AK  :  AG  : ; 
AF  :  AM,  and  AK  :  AG  : :  QR :  QS,  divide  (VI.  19.  El.) 
SR  in  O  such  that  SO.OR= AH.AM,  and  inflect  AC= 
OR  ;  AC  is  the  straight  line  required. 

For  join  CH,  BO,  FP,  apd  dmw  MN  parallel  to  FP, 
and  EI  and  KL  pv^jftel  U>  CH.  JSince  ILssIB  ^d  IP=XC, 
4b§r«fQre  PLizBC*    The  tximgles  CAH  and  ANM  are  «i- 
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iHflar,  AH :  AC  : :  AN :  AM,  aad  AH.AM= AC.AN  j  but, 
by  construction,  AH.AM  =:  80.0R,  and  AC  =:  OR,  con-^ 
sequently  AN  c  S0.  Now,  from  the  property  of  paral* 
lels,  AK  1  AG  : :  AL  :  AB,  and,  by  hypodie&is,  AK  :  AG  :  : 
AF  :  AM,  or  AP  :  AN  5  wherefore  (V.  19.  El.)  AK  :  AG : : 
AL  +  AP  or  BC  :  AN  +  AB  or  BN.  Whence  3C  :  BN 
::QR.QS,and(V.  ll.El.)BC:CN::QR:SRibutCN  = 
SR,  and  consequently  BC=:QR, 

PROP.  XXIII.    PROB. 

From  the  extremity  of  the  diameter  of  a  given 
circle,  to  draw  a  straight  line,  so  that  the  part  of  it 
intercepted  between  a  given  perpendicular  and  the 
circumference,  shall  be  equal  to  a  given  straight 
line. 

Let  it  be  required  from  A  to  draw  AC,  such  that  the  in- 
tercepted portion  BC  shall  be  equal  to  GH. 

ANALYSIS. 

Join  BD^  The  angle  ABD,"^  being  in  a  semidrcle,  ig  m 
right  angle,  and  therefore 
equal  to  A  EC  J  consequent* 
ly  the  triangles  DAB  and 
CAE,  having  besides  a 
common  angle  at  A,  are 
similar,  and  AB  :  AD  : : 
AE  :  AC,  and  hence 
AB.AC  =  AD.AE.  But 
the  rectangle  AD,A£  is 
given,  and  thence  AB,AC; 
and  since  BC  is  given  in  magnitude,  therefore  (VL  19.  EL) 
AB  is  given  in  magnitude  and  poijisequpntly'in  position. 

COMPOSITION. 

Produce  GH  (VL  19.  ELJ  till  GLIH= AD.AE,  anii  in- 
flect IH  from  A  to  B  $  AB  is  the  straight  luie  required.  IPot 
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join  BD.  The  triangles  ABD  and  AEC  being  evidmtly  si- 
mikr,  AB  :  AD  : :  A£  :  AC»  and  consequently  AB.AC= 
AD.A£=GI.IH|  bat  ABsIH,  whence  AC  =  GI,  and 
therefore  BCsGH. 

PROP.  XXIV.    PROB. 

Through  a  given  point  in  the  line  bisecting  a 
given  angle,  to  draw  a  straight  line  limited  by  the 
flides,  and  equal  to  a  given  straight  line. 

Let  it  be  required,  through  the  point  D,  situate  in  the 
straight  line  AD  which  bisects  the  angle  BAC,  to  draw  BC 
equal  to  a  given  straight  line. 

ANALYSIS. 
About  the  points  B,  A  and  C,  describe  (III.  10.  E.)  a 
circle,  draw  the  diameter  EF, 
and  join  AF.  Because  BC  and 
the  angle  BAC  are  given,  the 
circumscribing  circle  (III.  27. 
El.)  and  consequently  the  tri- 
angle BAC,  are  given  in  mag- 
nitude  :  But  since  the  angle 
BAE  is  equal  to  CAE,  the  arc 
BE  is  (III.  18.  cor.  El.)  equal 
to  CE;  and  hence  the  chord 
JBC  is  bisected  at  right  angles 
by  the  diameter  EF.  Where- 
fore AD  being  given,  AEJs, 
by  the  last  proposition,  given 
in  magnitude,  and  thence  DB 
is  given  in  magnitude,  and  con- 
sequently in  position. 

COMPOSITION. 

On  the  given  straight  line  describe  (III.  27.  El.)  a  s^- 
ment  BAC,  containing  an  angle  equal  to  the  given  angle, 
and  complete  tl^e  circle,  bisect  the  arc  BAC  in  £,  and  from 
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that  point  draw,  by  the  last  proposition,  EAD,  such  that  AD 
shall  be  equal  to  the  distance  of  the  given  point  from  the  ver- 
tex; and.DB^DC  are  the  segments  of  the  required  line,  from, 
which  its  position  is  immediately  determined. 

For  the  angle  BAC  is  equal  to  the  given  angle,  and  AD 
bisects  it,  since  the  arc  BE=C£;  but  AD  is  besides  equal 
to  the  distance  of  the  given  point  from  the  vertex,  and 
BC  is  equal  to  the  given  straight  line.  Wherefore  all  the 
points  and  lines  retain,  by  this  construction,  their  relative 
position. 

Since  AE  cannot  exceed  the  diameter  FE,  the  limiting 
case  will  occur  when  these  lines  coincide  j  .whence  BC  is  the 
least  ^ssible  when  at  right  angles  to  AD,  and  therefore 
intercepting  equal  segments  AB  and  AC. 

PROP.  XXV.    PROB. 
Between  the  side  of  .a  given  rhombus  and  its  ad- 
jacent side  produced,  to  insert  a  straight  line  of  a 
given  length,  and  directed  to  the  opposite  comfer. 

Let  ABCD  be  a  rhombus,  of  whicE  the  side  BC  is  pro- 
ducied ;  it  is  required,  from  the  opposite  comer  A,  to  draw 
AEF,  such  that  the  exterior  portion  EF  shall  be  equal  to  « 
given  straight  line. 

ANALYSIS. 
Join  AC,  and,  meeting  this  produced,  draw  EG,  making 
the  angle  AEG  equal  to  ACF. 
The  triangles  C AF  and  E AG  are 
evidently  similar,  and  AC :  CF :: 
AE  :  EG  $  but  CE  being  paral- 
lel to  AB,  BC  :  CF  ::  AE  :  EF 
(VL  1.  El.) ;  whence  (V.  17.  EL) 
AC:BC::EF:EG.  But  AC, 
BC,  and  EF  being  given,  EG 
is  (VI.  8.  £1.)  also  given.  Again, 
&e  angle  ACD  ijs  (I.  2.    £1.) 
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equal  to  ACB,  knd  therefore  to  FCG ;  consequently  adding 
ECF  to  each,  the  whole  an^e  ACF,  or  AE6>  is  equal  to 
ECG.  Hoioe  the  triangles  AGE  and  EGG  are  similar^  and 
AG  :  EG : :  EG:GC,  or  AG.GC;=EG*.  Wherefore  the  rect- 
angle AG)  GC  is  given,  and  consequently  (VI.  19.  EL)  the 
point  Gf  and  thence  the  point  E  and  the  straight  line  AF. 

« 

COMPOSITION. 

LfCt  the  intercepted  segment  be  equal  to  K,  join  AC,  make 
AC  :  BC  :  :  K  :  L,  divide  AC  in  G  (VI.  19.  EL)  so  that 
AG.GC=L*,  and  from  G,  with  the  radius  L,  describe  a  cir- 
cle cutting  CD  in  E ;  AEF  is  the  straight  line  required. 

For  since  AG.GC=L*=EG%  AG:  EG  : :  EG  :  GC,and 
therefore  the  triangles  AGE  and  EGC  are  similar,  and  the 
angle  AEG  is  equal  to  ECG,  or  ACF$  whence  the  triangles 
AFC  and  AGE  are  likewise  similar,  and  AC :  CF : :  AE :  EGj 
but  (VI.  1.  EL)  BC  :  CF  : :  AE  :  EF,  and  consequently 
(V.  17.  EL)  AC  :  BC  : :  EF  :  EG.  Now  AC  :  BC  : :  K  :  L 
or  EG;  wherefore  EFzK. 

Otha'Wise  thus. 

ANALYSIS. 

Draw  FG  making  the  angle  AFG  equal  to  ADC,  oit  off 
CH=CE,  from  C  inflect  CN=CA,  and  join  CG  and  AH. 

The  triangle  ACN  being  isosceles,  the  angle  CAN  is 
(I.  11.  EL)  equal  to  CNA;  , 

and  since  the  diagonal  AC 
bisects  the  angle  BCD  of  the 
rhombus,  the  triangles  ACE 
and  ACH  are  (I.  3.  El.)  like- 
wise equal,  and  hence  AE  is 
equal  to  AH,  and  the  angle 
CAE  equal  to  CAH.  And 
because  the  triangles  ADE 
and  AFG  are  similar,  AD :  AE 
: :  AF  :  AG  and  AD^AGss  AE.AF-     But  the  angle  ACI>, 
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being  ^ual  to  CAD^  is  e^ial  to  CNA,  and  cona^quently.  tile 
triangle  ADC  and  ACN  are  sinkilar  ^  whence  AN  i  AC  t : 
AC  :  AD,  and  therefore  AN.ADr^AC^.  Again,  bec&Usfe 
AC  bisects  the  Yerlical  angld  HAF  (YL  21.  EL)  FA.AH^ 

AC*+FC.CH,thati8,  FA.AE=AC»+FaCE5  wherefore 
FC.CE  St  FA.AE— AC%  that  is,  AG.AD— AN*AD^  tar 
NG.AD.  But  BA  and  CE  being  parallel,  FC  :  EF  :  : 
AD  :  AE  :  :  AF  :  AG,  and  CE  :  EF  :  :  AB  or  AD  :  AF-, 
consequently  (V.  22.  El.)  FC.CE  :  EF*  : :  AD  :  AG  : : 
(V.  25.  cor. 2.  El.)  NG.AD :  NG.AG;  since  therefore  FC.CE= 
NG.AD,  it  foUows  (V.  8.  and  4.  El.)  that  EF*  =  NG.AG. 
Hence  (VI.  19.  El.)  A(jr  and  the  point  G  are  given,  and  the 
aDgle  AFG,  being  equal  to  ADC,  is  (III.  27.  El.)  contained 
in  a  given  segment  of  a  circle ;  wherefore  the  intersection  F 
and  the  inflected  line  AF,  are  given, 

COMPOSITION. 

Let  K  be  equal  to  the  intercepted  portion  of  the  straight 
line  which  is  to  be  inflected  from  A,  and  find  (II.  13.  El.)  L 
the  side  of  $i  square  equivalent  to  the  squares  of  K  and  of  the 
diagonal  AC,  produce  AD,  and  from  C  place  OG  equal  to 
L,  upon  AG  describe  (III.  27.  El.)  a  segment  of  a  circle  con- 
taining an  angle  equal  to  ADC,  and  join  A  with  the  point  <tf 
intersection  F$  AF  is  the  straight  line  required. 

For  inflect  CN=CA,  and  join  GF  and  AH. 

The  triangles  AHC  aiid  AEC  are  equal ;  for  the  angle 
AFG,  being  by  construction  equal  to  ADC,  is  equal 
(I.  23.  £1.)  to  the  alternate  angle  formed  by  the  produe- 
timi  of  BA  with  AD,  and  consequently  (III.  25.  cor.  El.)  AB 
touches  the  circle  at  Aj  whence  the  angle' BAH  =:HF A  =s 
DAE^  and  taking  these  from  the  equal  angles  BAC  and  DACji 
there  remains  CAHzz  CAE,  but  the  angles  ACH  and  ACE 
are  also  ^ual,  and  the  side  AC  is  cobimon  to  the  two  tri- 
angles ;  wherefore  AH=AE,  and  CH=:CE.  And  because. 
the  triangles  ADE  and  AFG  are  similar,  AD  :  AE  : 
AF  :  AG,  and  AD.AG=AE.AF.     Again,  the  triangles 
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ANC  and  ACD  bong  omihr,  AN :  AC ;  :  AC :  AD,  and 
AN.AD=AC*.  ButFC:EF::AD:AE::AF:AG,and 
CE  :  EF  : :  AB  or  AD  :  AF{  ooniequently  FCX^E  :  £P :: 
AD  :  AO  : :  NG.AD  :  NG.AG;  and  since  AC  bisects  the 
angle  FAH,  FC.CH  +  AC>  =  FA.AH  =  FA.AE = AG.AD 
SAN.AD+NG.AD,  it  fdlows  that  FC.6H,  or  FC.CEs 
NG.AD,  and  hence  EF» = NG.AG.  NowK» = CG»— AC*= 
(II.  SS.  cor.)  NG.AG ;  wherefore  £F*=KS  and  EF=K*. 

PROP.  XXVI.    PROR 

Tlirough  two  given  points,  to  describe  a  circle 
touching  a  straight  line  given  in  position. 

Let  it  be  required  to  describe  a  circle  through  the  points 
Ay  By  and  touching  the  straight  line  CD. 

It  is  evident  that  CD  must  either  be  paraHel  or  inclined  to 
the  straight  line  which  joins  the  points  A  and  B. 

1.  Let  CD  be  parallel  to  AB.^ 

ANALYSIS.   ' 

4 

From  the  point  of  contact  £,  draw  (I.  6.  El.)  EG  perpen- 
dicular to  CD.  Hence  (III.  24.  cor.  El.) 
EG  passes  through  the  centre  of  the  cir- 
cle, and  since  it  is  also  perpendicular  to 
AB  (I.  23.  EL)  it  bisects  that  chord  at 
right  angles  (III.  4.  El.)  the  pomt  G  is 
therefore  given,  and  the  perpendicular 
.  GE ;  consequently  the  three  points  A,  £^  and  B  beiiig  thus 
given,  the  circle  AEB  is  given. 

COMPOSITION. 

Draw  (I.  7.  El.)  GE  bisecting  AB  at  right  angles^  axic 
(III.  10.  cor.  EI,)  through  the  points,  A,  E  and  B  describe 
a  circle  \  tliis  will  touch  the  straight  line  CD. 

'-  •  See  NoU  hVL 
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For  (III.  6.  El.)  GE  must  pass  through  the  centre  of  the 
circle,  and  (I.  23.  El.)  it  meets  the  parallels  CD  and  AB  at 
right  angles  $  whence  (III.  24.  EL)  CD  is  a  tangept  to  the 

circle. 

>-  •        ■  . 

2.  Let  CD  be  inclined  to  AB. 

ANALYSIS. 

ProduceBAtoineet  CDinF.  Then(III.32.cor.2.  EI.)FE»= 
AF.FBj  but  the  point 
of  concourse  being  gi- 
ven, the  rectangle  AF, 
FB  is  given,  and  con- 
sequently FE  and  the 
point  E-  Wherefore 
since  the  three  points 
A,  E,  and  B  are  given, 
the  circle  AEB  is  given.  x 

COMPOSITION. 

Produce  BA  to  meet  CD  in  F,  find  (VI.  18.  El.)  FE  or 
FE'  a  mean  proportion^  to  AF  and  FB,  and  (III.  10.  cor.  El.) 
through  the  points  A,  B,  anfd'E,  or  A,  B,  and  E',  describe  a 
circle;  this  will  touch  the  straight  line  CD. 

For  since  AF  :  FE  :  :  FE  :  FB,  therefore  (V.  6.  El.)  FE* 
= AF.FB,  and  consequently  (III.  34.  El.)  FE,  or  FE',  touches 
the  circle. 

PROP-  XXVII.    PROB. 

Through  a  given  point,  to  describe  a  circle  touch* 
ing  two  straight  lines  given  in  position. 

Let  it  be  required,  through  the  point  £,  to  describe  a  cirde 
touching  AB  and  CD. 

1.  Suppose  AB  parallel  to  CD. 

T 
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ANALYSISr 

ThtQiigli  line  centm  O  dhiw  tile  parallel  FO  and  die  com- 
mon  perpendicular  KI.  It  is 
evident  that  the  radius  OI  is 
given,  and  consequently  FO  is 
given  in  position }  but  QE^  bc-i 
ing  equal  to  OI,  is  given,  and 
therefore  the  centre  O  is  given. 


I  * 


COMPOSITION. 

Draw  a  parallel  FO  bisecting  the  distance  between  the 
straight  lines  AB  and  CD,  and  from  £  with  m  radius  equal  to 
half  that  distance  intersect  FO  in  O,  or  O'  i  this  point  is  the 
centre  of  the  circle  required.  For  OE^cOisOK,  and  the 
circle  which  passes  through  E  must  tough  at  K  snd  L 

2.  Suppose  CD  inclined  to  AB, 

.  ANALYSU^. 

Produce  BA  and  DC  to  meet  uv  F,  join  OI,  OK,  and  OF, 
and  from  £  draw  £GH  perpendi^^uJar  to  OF« 

The  triangles  OKF  and  OIF,  being  (III.  24.  El.)  right-an- 
^ed^  and  having  the  side  OK  equal  to  OI  and  the  side  OF 
common,  aye  (I.  22.  Ek)  equaj^  and  consequently  the  ai^le 
OFK    is    equal    to    OFI;  J>> 

wherefore  since  the  point  of 
concourse  F  is  given,  the 
straight  line  OF  is  given. 
But,  the  poiiit  E  being  gi- 
ven; the  perpendicular  EH 
is  thence  given,  and  (III.  4. 
El )  GH/being  equal  to  GE, 
the  opposite  point  H  is  given.  Two  points  E,  H,  and  a 
straight  line  AB,  are  thus  given,  and  thereH^e,  by  the  last 
proposition,  the  circle  £HKI  is  given. 


» 
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COMPOSITION. 

Produce  BA  and  DC  to  meet  in  F,  draw  (I.  5.  El.)  FO  bi- 
lecting  the  angle  BFD^  from  £  (I.  6.  £1.)  let  fall  the  perpen- 
dicular £0>  and  extend  it  both  ways,  making  GH=:G£,(  find 
[VI.  18.  £L)  LI,  or  LF,  a  mean  proportional  to  HL  and  L£!p 
md  through  the  points  H,  E,  I,  or  H,  £,  F,  describe  a  drdei 
this  circle  will  touch  both  the  straight  lines  AB  and  CD. 

For  the  centre  of  the  circle  which  passes  through  £  and 
H,  must  (III.  5.  £1.)  occur  in  FO ;  let  it  be  O,  join  OI  and 
draw  the  perpendicular  OK.  Because  HLX£=:L1%  the 
circle  touches  AB  at  I,  and  hence  OIF  is  a  right  angle;  con- 
sequently the  triangles  KOF  and  lOF  having  the  angles  OKF 
and  OFK  equal  to  OIF  and  OFI,  and  the  side  OF  common,  * 
are  (I.  21.  £L)  equal,  and  therefore  OI=OK;  whence  tho 
circle  described  from  O  passes  through  K,  and  (III.  24.  £1.) 
must  touch  CD  at  that  point. 

Cor.  If  the  given  point  £  should  fall  on  AB,  and  thus  cwii" 
die  with  the  point  of  contact, — the  problem  wiU  become  much 
rimpler ;  for  the  centre  O,  lying  in  the  intermediate  or  bi- 
secting line  FO,  will  be  determined  by  the  intersection  of  the 
perpendicular  10* 

PROP.  XXVni.    PROB. 

Through  two  given  points,  to  desoribe  a  circle 
touchi]^  a  given  circle. 

Let  it  be  required,  through  the  points  A  and  B,  to  desqribe 
*  circle,  touching  another  circle  whose  centre  is  C- 

ANALYSIS. 
Through  D,.  the  point  of  contact,  draw  ADE  and  BDF, 

t>  £F,  at  F  (I.  5.  oor.  2.  £l.)  apply  the  tangent  FG,  and 
.  wBHCI. 

\  Because  FG  touches  the  given  circle,  the  angle  BPG  ia 
kjni.  25.  H.)  equal  to  FED,  and  therefore  equal  to  BAD, 

t2 


SM 


GEOMETEICAL  AVALTSIS. 


anoe  (III.  29.  EI.)  FE  and  AB  are  parallel;  bat  tlie  triangles 
BOF  and  ^D A  have  likewise 
a  common  angle  at  Bj  and  are 
hence  similar}  wherefore  BF  : 
BO : :  BA :  BD,  and  (V.  6.  £L) 
BA.B6=:BF.BD=:  (III.  S2* 
EL)BI.BH.  ButBIandBH 
are  given,  and  thence  the  rect-  ' 
angle  BA»  BG  is  given,  and 
consequently  (II.  9.  EL)  the 
point  6  is  given.  Hence  the 
tangent  GF,  and  D,  the  inter- 
i$ection  of  BF,  are  pven; 
wherefore  the  circle  that  passes 
through  the  three  points  A,  D, 
and  B,  is  given. 

COMPOSITION. 

Make  (VI.  3.  El.)  BA   BI : :  BH  :  BG,  draw  (III.  26.  & 
the  tangent  GF,  join  BF  cutting  the  given  circumference  ii 
«  D,  and  (III.  10.  cor.  El.),  through  the  points  A,  D,  and  £ 
describe  a  circle ;  this  will  touch  the  circle  FDE. 

For  draw  ADE,  join  FE,  and  draw  BHCI.  Since  BA :  ^ 
: :  BH  :  BG,  therefore  (V.  6.  El.)  BA.BG  =  BLBH: 
(III.  32.  El.)  BF.BD  j  whence  BF  :  BG  :  :  BA  :  BD,  as 
consequently  the  triangles  BGF  and  BDA,  having  the  san 
vertical  angle,  are  (VI.  14.  EL)  similar,  and  hence  the  an^ 
BFG  is  equal  to  BAD.  But  (III.  25.  El.)  BFG  is  equal 
FED,  and  thus  the  alternate  angles  BAE  and  FEA  i 
equal,  and  ^£  is  parallel  to  AB;  whence  (III.  29.  EL.^  1 
two  circles  touch  at  D. 


PROP.  XXIX.    PROB. 

Through  a  given  point,  to  describe  a  ciri 
touching  a  given  circle  and  a  straight  line  wliici 
given  in  position. 
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: :  Let  it  be  required,  through  the  point  A,  to  describe  a  cir- 
cle touching  the  straight  line  CD  and  the  circle  whose  centre 

isB. 

ANALYSIS. 

From  the  centre  of  the  given  circle  let  &31  the  perpendicUf 
lar  EBG,  join  EI  and  extend  it  .to  H  in  the  straight  line 
CD,  also  draw  FIK  an4  join'  HK. 

The  angle  HIK,  being  equal  to  EIF  which  stands  ia 

a  semicircle,  is  (III.  22.  El.)  a  right  angle,  mid  consequently 

HK  is  the  diameter  of  the 

circle  ILA,  and  H  the  point 

of  contact.     The  triangles 

HEG  and  FEI  are  there- 

fore  similar,   HE  :  EG  :  : 

EF  :   EI,   whence  HE.EI 

=  EG.EF.    Join  ELA,  and 

(IIL    32.    El.)     AE.EL= 

kE.EIz=EG.EF;  but  the 

rectangle  EG,  EF  is  given, 

and     consequently   that    of 

HE,  EI,  and  EH  beinggiven, 

the  point  L  is  hence  given. 

Wherefore,    since  the  two 

points  Af  L,  and  the  straight 

line  CD,  are  all  given, — the 

circle  HIA  is  given. 

I 

COMPOSITION. 

Join  £A,  draw  the  perpendicular  EG,  make  (VI.  S.  EI.) 
AE  :  EG  : :  EF  :  EL,  and  by  Prop.  26.  of  this  Book,  de- 
scribe a  circle  through  the  points  A,  L,  and  touching  the 
straight  line  CD ;  this  circle  will  also  touch  the  giv^i  circle. 

For  draw  the  diameter  HK,  join  EH  cutting  the  circum- 
ference EIF,  and  draw  FIK  meeting  HK.  ^ 

The  triangle  HEG  and  FEI  being  evidently  similar. 
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HE:£6:: £F :£l,  and  HE.£I=sEaEF;  but  AE  :  EG:: 
£F  :£L,aDd  A£.£I/csEG.EF|  wherefore  HE.EIsrAE.EL, 
and  (III.  34.  EL)  the  point  I  must  lie  in  the  circumference 
HIK.  But  the  two  circles  also  touch  in  I ;  for  EG  being 
parallel  tp  HK»  the  angles  lEF  and  IHK  are  equal,  wUch 
are  again  equal  to  those  made  by  a  fangent  with  IF  and  IK. 
Cor.  The  problem  will  be  greatly  simplified,  if  the  given 
point  A  should  occur  in  the  strai^t  line  or  in  the  circle^  and 
hence  coincide  with  either  of  the  points  of  contact  H  or  I; 
for  EIH  and  FIK  being  drawn,  the  perpendicular  HK  is  the 
diameter  of  the  required  circle. 

PHOP.  XXX.    PROB. 

Through  a  given  point,  to  describe  a  circle  touch- 
ing two  given  circles. 

Let  it  be  required,  through  the  point  C,  to  describe  a  cir- 
cle touching  two  given  circles  whose  centres  are  A  and  B. 

ANALYSIS. 

Join  AB,  and  produce  it  to  meet,  in  D,  the  extension  of 
the  straight  line  which  connects  E,  F,  the  points  of  contact ; 
join  OA  and  OB,  AG  and  BH,  draw  CEI,  and  produce  16 
and  DC  to  meet  in  K. 

The  isosceles  triangles  EOF,  EAG,  and  FBH,  are  eri- 
dently  similar,  and  conse- 
quently AG  is  parallel  to  BF 
and  AE  to  BH.  Whence 
(VI.  2.  EL)  AE  :  BH  :  : 
AD  :  BD  *,  and,  this  ratio 
being  therefore  given,  the 
point  D  is  given.  Again, 
AG  :  BF  : :  DG  :  DF,  and 
DG:DF  ::  DK  :  DC,  for 

(III.  29.  El.)  IG  is  parallel  to     /^    ^-^-^r:,.^^ •■ ^ 

FC;  consequently,  DC  being  given,  DK,  and  the' point  K, 
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Are  given. .  Wherefore,  by  Pvoposition  17.  xif  the  first  Baok 
of  Analysis,  the  straight  line  G^  included  by  the  k*efieefed 
lines  KI  and  CI,  and  directed  to  the  givqn  point  Dk,  is^gii^n^ 
hence  A^O  is  given  in  positbiu  Join  OO,  afifl  tbe  ftng^^ 
ECO,  being  equal  (L  11.  £L)  to  C£0|  is  giveii;  ^nd  o«>|ise- 
quently  CO,  and  the  centre  O,' are  given. 

COMPOSITION,     • 

Make  (VJ.  3.  El.)  AE  :  BH  :  :  AD  :  BD,  j6in  DC,  make 
BH  :  AE  :  :  DC  :  DK ;  and,  from  the  points  K  atid  C,  in-  ' 
fleet  KI  and  CI,  by  Prop.  17.  Book  I.  such  that  GE' shall  tend 
to  D,  produce  AE  and  CO,  making  the  angle  ECO  equal  to 
CEO ;  the  intersection  O  is  the  centre  of  the  required  circlef. 

For  jofai  AG,  CF,  OB,  and  BH.  Because  AE  ot 
AG  :  BH  or  BP  t :  AD  :  BD,  and  the  triangles  ADG  and 
BDiP  have  a  common  angle  at  D,  they  are  (VI.  15.  El.)  si- 
milar; consequently  AD  :  BD ,: :  DG  :  DF  : :  DK  :  DC,  anA 
IG  is  parallel  to  FC  \  a^d  therefore  tl^e  circles  touch  at  E. 
But  the  triangle,  BFH,  having  its  sides  BF  and  BH  paral- 
lel to  AG  and  AE,  the  sides  pf  the  isosceles  triangle  GAE, 
must  likewise  be  isosceles;  wherefore  the  circles  meet  at  I^: 
And,  since  6H  is  paralld  to  ££),  they  must  touch  at  dia^ 
point.  Again,  the  angle  ECO  being  equal  to  CEO,  the  sldfe 
OE  is  equal  to  OC;  and  consequently  the  circle  described 
from  O,  and  which  touches  kt  £  and  f",*  must  also  pa^ 
through  Ci. 

(Hher^se  thus. 

ANALYSIS 

Join  the  centres  A,  3  and  O,  and  produce  AB  i3^  th^ 
straight  line  connecting  E#  F,  tl^e  points  of  contact,  till  they 
nieet  in  D ;  join  also  BH  and  DC,  and  extend  thi§  to  cut  the 
circle  in  L.  '  ' 
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Smce  EOF  and  FBH  are  isoscdes  triangles,  the  Vertical 
angles  OF£  and  BFH  are  equal 
to  0£F  and  BHF,  which  are 
therefore  equal,  and  consequent* 
ly  (L  2S.  EL)  EO  is  parallel  to 
BH ;  whence  (VI.  2-  EL)  AE 
:  BH  :  :  DA  r  DB,  and  the 
point  D  is  therefore  ^iven. 
Again  (VI.  1.  El.)  DA  :DB:: 
DE :  DH,  or  (V.  25.  cor.  2.  El.) 

DE.DF  :  DH.DFj  but  the         ^^"^ ^C  » 

rectangle  DH,  DF,  bdng  equal  (III.  32.  £1.)  to  the  rectangle 
under  the  segments  of  DB  intercepted  by  the  circle  B,  is 
given,  and  hence  DE.DF  or  DC.DL  are  given  rectangles ; 
wherefore  DC  being  given,  DL  and  the  point  L  are  likewise 
given.  The  pr6blem  is  thus  reduced  to  Proportion  2S.  of 
this  Book* 

COMPOSITION. 

Make  (VL  3.  EL)  AE  :  BH  : :  AD  :  BD,  join  DC,  and 
produce  it  to  L,  such  that  the  rectangle  DC,  DL  shall  be  to 
the  rectangle  formed  by  a  secant  drawn  from  D  to  the  circle 
B,  in  the  ratio  of  AE  to  BH,  and  (11.  28.  Anal.)  describe  a 
circle  through  the  points  C  and  L,  and  touching  tibe  drde 
A  f  this  will  also  touch  the  circle  B. 

For  join  OA,  OB,  EH,  and  draw  BH  parallel  to  AO. 
Because  AE  :  BH  : :  AD  :  BD,  it  is  evident  that  EH,  being 
produced,  will  meet  AD  in  D ;  hence  AE  :  BH  : :  DE :  DH, 
or  (V.  25.  cor.  2.  El.)  DE.DF  : :  DH-DFj  but,  by  construc- 
tion, AE  :  BH  : :  DC.DL  :  DH.DF,  and  consequently  DC, 
DL  is  equal  to  DE,  DF,  and  the  point  F  lies  in  the  circle 
O.     Wherefore  the  triangle  EOF  is  isosceles,  and  likewise 
the  similar  triangle  HBF  j  hence  F  belongs  also  to  the  circle 
B  and  (III.  28.  El.)  is  the  point  of  mutual  contact. 
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If  Lt  should  coincide  with  the  point  C,.  the  construction 
will  be  effected  by  the  coroDary  to  the  preceding  Proposition  f . 

PROP.  XXXI.    PROB. 

To  describe  a  circle  that  shall  touch  a  given  cir- 
cle and  two  straight  lines  given  in  position. 

Let  it  required  to  describe  a  circle  touching  the  straight 
lines  AB  and  CD^  and  another  circle  whose  centre  is  £• 

ANALYSIS. 

Join  F£,  draw  FH,FI  to  the  points  of  contact^  from 
F,  with  the  radius  FE, 
describe  a  circle  meet- 
ing  FH  and  FI  pro- 
duced in  K  and  L,  and, 
at  these  points,,  apply 
the  tangents  MN  and 
OP. 

Because  F£=FK=: 
FL  and  FG  =  FH= 
FI,  therefore  GE=HK 
= IL.    But  the  tangents 
CD  and  OP,  being  per- 
pendicukir  to  FK,  are 
parallel  s   and,  for  the 
same  reason,   the  tan- 
gents AB  and  MN  are 
parallel.  Wherefore  OP 
and  MN  are  given  in 
position,     and     conse- 
quenily,  by  Prop.  27. 
the  circle  EKL  is  gi- 
ven ;  and  thence  the  concentric  circle  GHI. 


See  Note  LVII. 
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COMPOSITION. 


At  a  distance  equal  to  the  radius  of  the  given  circle,  draw 
MN  and  OP  paraOd  to  AB  and  CD;  and,  by  Prop.  27.  of 
this  Book,  find  F  the  centre  of  a  circle  which  passes  through 
£  and  touches  MN  and  OP ;  F  is  h'kewise  the  centre  of  the 
required  circle. 

For  join  FE^  and  draw  FK  and  FL  to  the  points  of  con- 
tact And  because  GE^HK=:IL,  it  is  evideot  th^t  FG=: 
FH=FI.  But  the  circle  also  touches  at  the  poinu  Hand 
Ii  since  CD  and  AB  are  perpendicular  to  FK  and  FL. 

Scholium*  The  sisc  preceding  propositions  arc  only  cases 
of  a  general  problem :  **  Three  things  being  given, — whether 
points,  or  straight  lines,  or  circles, — to  describe  a  circle 
limited  by  them  all.**  This  problem  comprizes  ten  ,dis- 
tinct  cases.  Two  of  these  have  been  akeady  given  in  the 
Elements :  To  describe  a  circle  through  three  given  points, 
forms  the  10th  Prop.  Book  III.:  To  describe  a  circle  that 
ahaU  touch  three  straight  lines  given  in  position,  is  the  basis 
of  Prop.  10.  BodL  IV.,  and  appears  complete  in  the  con- 
struction of  Prop.  3 1 .  Book  VI.  The  same  principle,  it  may 
be  perceived,  runs  through  aU  the  solutions  already  given  \  the 
conditions  of  the  problem  are  only  repeatedly  simplified,  each  of 
the  linear  or  circular  data  being  exchanged  in  succession  for 
a  point.  Two  cases  still  remain  :  When  there  are  ^ven  three 
circles  or  two  circles  and  a  straight  line,  to  describe  another 
circle  limited  by  these  data.  These  are  easily  reduced,  how- 
ever, to  the  cases  already  solved,  as  in  the  concluding  propo- 
flition,^-by  drawing  a  parallel,  or  describing  a  concentric  cir- 
cle, at  distances,  according  to  the  relative  poskioil  of  the  data, 
equal  to  the  sum  or  differenoe  of  the  given  radii  *• 


^  See  Note  LVIII. 
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DEFINITION. 

If  a  point  vary  its  position  according  to  some  det€litnined 
law,  it  will  trace  a  Une  which  is  termed  its  Locus. 

PROP.  L    THEOR, 

If  a  straight  line,  drawn  through  a  given  point 
to  a  straight  line  given  in  position,  be  divided  in  a 
given  ratio,  the  locus  of  the  point  of  section  is  a 
straight  line  given  in  position. 

Let  the  point  A  and  the  straight  Hne  BD  be  given  in  po^ 

sition,  and  let  AB,  limited  by  ihese,  be  cut  in  a  giveti  ratio 

at  C ;  this  point  will  lie  in  a  straight  Une  which  is  given  in 

position. 

ANALYiaS. 

From  A  let  fall  the  perpendicu- 
lar AD  upon  Bp,  and,  throzigh 
C,  draw  CE  parallel  to  BD.  It  is 
evidtot  (VI.  1.  El.)  that  AC  :  AB 

:  AE  :  AD,  and  consequently 
that  the  ratio  of  AE  to  AD  is 
given;  but  AD  is  given  both  in 
position  and  magnitude,  and  heilCe  AE  and  the  point  £  are 
^ven,  and  therefore  C£,  which  stands  at  right  angles  to  AD^ 
is  given  in  position.  .       •    * 
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COMPOSITION. 

Let  full  the  perpendicular  AD,  which  divide  at  E  in  the 
given  ratiot  and  erect  the  perpendicular  CE ;  this  straight  line 
is  the  locus  required.  For  CE  being  parallel  to  BD,  AC  : 
AB  : :  AE  :  AD,  that  is,  in  the  given  ratio. 

PROP.  II.    THEOR. 

If  a  straight  line,  drawn  through  a  given  point  to 
the  circumference  of  a  given  circle,  be  divided  in  a 
given  ratiO)  the  locus  of  the  point  of  section  will  also 
be  the  circumference  of  a  given  circle. 

Let  AB}  terminating  in  a  given  circumference,  be  cut  in  a 
given  ratio ;  the  segment  AC  wUl  likewise  terminate  in  a  gi- 
ven circumference. 

ANALYSIS. 

Join  A  with  D  the  centre  of  the  given  circle,  and  draw  C£ 
paralld  to  BD.  It  is  obvious 
(VI.  1.  EL)  that  AC  :  AB  : :  AE  : 
AD  i  whence  the  ratio  of  AE  to 
AD  bemg  given,  AE  and  the 
point  E  are  given.  Again,  since 
(VI.  2.  El.)  AC  :  AB  : :  CE:  BD, 
the  ratio  of  CE  to  BD  is  given, 
and  consequently  CE  is  given 
in  magnitude.  Wherefore  the 
one  extremity  £  being  given,  the  other  extremity  of  CE  must 
trace  the  circumference  of  a  given  circle. 

COMPOSITION. 
Join  AD,  and  divide  it  at  £  in  the  given  rafio,  and  in  the 
same  ratio  make  DB  to  the  radius  EC,  with  which>  and  from 
t)ie  centre  £,  describe  a  circle. 
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BOOK  IM, 
DEFINITION. 

If  a  point  vary  its  position  according  to  aonie  detQininet} 
law,  it  will  trace  a  line  which  is  termed  its  Loots. 

PROP.  I.    THEOR, 

If  a  straight  line,  drawn  through  a  given  point 
to  a  straight  line  given  in  position,  be  divided  in  a 
given  ratio,  the  locus  of  the  point  of  section  is  a 
straight  line  given  in  position. 

Let  the  point  A  and  the  straight  Hne  BD  be  ^ren  m  po^ 
aition,  and  let  AB,  limited  by  these,  be  cut  in  a  giren  ratio 
at  C ;  this  point  wiH  lie  in  a  straight  line  which  is  giren  io 
position. 

ANALYSIS. 

Fix»n  A  1^  &U  the  perpendieu-       >  1 
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tbe  angle  CEA  is  equal  to  BDA,  and  therefore  a  right  anglei 
consequenlfy  the  atraight  line  EC  is  giTon  in  portion. 

COMPOSITION. 

Having  let  fall  the  perpendicular  AD,  and  nuute  tlie  aa^o 
DAE  equal  to  BAC,  make  AD  to  AE  in  the  given  ratio, 
and,  at  right  angles  to  AE,  draw  EC ;  this  is  the  locus  requi- 
red. For  the  triangles  BAD  and  C AE,  having  their  vertical 
angles  equal,  and  the  angles  at  D  and  £  right  angles,  are  si- 
milar, and  consequently  AB  :  AD  : :  AC  :  AE,  or  alternate* 
ly  AB  s  AC  i :  AD  :  AE,  that  is,  in  the  given  ratio. 

PROP.  IV.    THEOR. 

If,  through  a  given  point,  two  straight  lines  be 
drawn  in  a  given  nitio,  and  containing  a  given  an* 
gle ;  if  the  one  terminate  in  a  given  circumference^ 
the  other  will  also  terminate  in  a  given  circumfe- 
rence. 


Let  the  angle  BAC,  its  vertex  A,  and  the  ratio 
be  given }  if  AB  be  limited  by  a  given  click,  the  hem  of  C 
wiU  also  be  a  given  circle. 

ANALYSIS. 

Join  A  with  D  the  centre  of  the  given  cirde,  draw  AE  at 
the  given  angle  with  AD,  and  in  the  given  ratio,  and  join 
DB  and  EC. 

Because  the  point  A  and  the  centre  D  are  «given,  the 
straight  line  AD  is  given ;  and  since  the  angle  DAE,  beuig 
equal  to  BAC,  is  given,  AE  is  given  in  position.  But  AD 
being  to  AE  in  the  given  ratio,  AE  must  b^  idven  also  in 
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magnitude,  and  consequently  the 
point  E  is  given. 

Again,  the  whole  angle  BAC 
being  equal  to  DAE,  the  part 
Bad  is  equal  to  CAE ;  and  be- 
cause AB  :  AC  :  :  AD  :  AE,  al- 
ternately AB  :  AD  :  :  AC  :  AE ,- 
wherefore  the  triangles  ADB  and 
A  EC    are    similar,    and    hence 

AB  :  BD  :  :  AC  :  CE,  or  alternately  AB  :  AC  :  .*  Sb:  CE; 
consequently  the  fourth  term  OE  is  given  in  magnitude ;  aiid 
its  extremity  E  being  given,  the  other  must  lie  in  a  given  cir^ 
cumference. 

COMPOSltlON. 

Maving'drawn  AE  at  die  given  angle  with  AD,  make  AD 
to  Ali  in  the  givten  ratio,  and  in  the  samfe  ratio  let  DB  be 
made  to  EC  -,  a  circle  described  from  the  centre  £  with  the' 
distance  EC,  is  the  loais  required.  '      * 

For  AD  :  AE :  :  DB  :  EC,  and  alternately  AD^  DB  :  5 
A£  :  EC  'j  but  the  angle  BAD  is  equal  to  CAE,  because  the 
Yfhcie  BAC  is  equal  to  DAE  ;  consequent^  the  triangle* 
ABD  and  ACE  are  similar,  and  AB  t  AD ;  r  AG  :  AE  or 
alternately  AB  :  AC  : :  AD  :  AE,  that  is,  ?n  the  given  ratio. 

Scholium,  Since  the  tangent  of  a  cirde  is  only  the  extreme 
limit  of  its  adjacent  arc,  which,  in  proportion  as  the  circle  ex- 
pands, must  continually  approach  to  that  ultimate  position—* 
the  rectilineal,  may  be  derived  from  the  circular,  loom.  Thus,  in^ 
Pr,op.  2.  of  this  Book,  if  the  centres  E  and  D  be  supposed  to 
retire  to  a  distance  indefinitely  remote,  the  arcs  which  pass 
through  C  and  B  may  be  viewed  as  merging  in  their  tan- 
gents or  in  perpendiculars  let  fall  from  those  points  upon  AD, 
which  is  the  first  proposition.  In  like  manner,  if  the  circles 
in  Prop.  4.  be  supposed  immeasurably  expanded,  the  arcs  in 
which  the  points  B  and  C  lie  may  be  conceived  to  pass  into 
tangents  perpendicular  to  AD  and  AE,  as  m  Prop.  S. 
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PROP.  V.    THEOR. 

If  a  straight  line^  drawn  from  a  given  point  to  a 
straight  line  given  in  position,  contain  a  given  rect- 
angle, the  locus  of  its  point  of  section  will  be  a  given 
eircle. 

.  Let  the  rectangle  AB,  AC  be  given,  while  the  point  Band 
the  straight  Une  BD  are  given  in  position ;  the  point  C  will 
lie  in  the  circumference  of  a  given  circle. 

ANALYSIS. 

Draw  AD  perpendicular  to  BD,  and  make  the  rectangle 
AD.AE= AB.  AC.  Since  AD  is  evidently  given  both  in  po^ 
sition  and  magnitude,  A£  and  the  point 
£  are  given.  Join  C£.  Because 
AD.AE= AB.AC,  AD  :  AB  : :  AC-: 
A£,  and  the  triangles  DAB  and  CAE, 
having  the  sides  about  the  common 
angle  at  A  proportional,  are  therefore 
similar;  and  consequently  the  angle 
ACE  is  equal  to  ADB,  or  a  right  angle.  Whence  (III.  22.  El.) 
the  point  C  must  lie  in  a  semicircle,  of  which  AE  the  diame- 
ter is  given. 

COMPOSITION. 

Having  drawn  the  perpendicular  AD,  make  the  rectangle 
AD,  AE  equal  to  the  given  space,  and  upon  the  diameter  AE 
describe  a  circle ;  this  is  the  locus  required.  For  draw  AC 
and  CE.  The  triangles  ABD  and  AEC  are  similar,  since 
they  have  a  common  angle  at  A,  and  those  at  D  andC  right 
angles;  wherefore  AB  :  AD  :  :  AE  :  AC,  and  AB.AC= 
AD.AE^  that  is,  equal  to  the  given  space. 
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PROP.  VI.    THEOR. 

If  a  straight  Kne,  containing  a  given  rectangle,  be 
drawn  through  a  given  point  to  the  cii'cumference  of 
a  given  circle,  the  locus  of  its  point  of  section  will 
be  either  a  straight  line  given  in  position  or  a  given 
circle,  according  as  it  originates  or  not  in  the  given 
circiunference.  ' 

Let  the  rectangle  AC,  AB  be  equal  to  a  given  space/  and 
the  segment  AC  terminate  in  a  given  circumference,  the  point 
of  origin  A -may  lie  either  in  that  circumference  or  not. 

V 

1.  Suppose  the  given  point  A  lies  in  the  given  circumference ; 
the  locus  of  Bis  a  straight  line  given  in  position. 

ANALYSIS. 

Draw  the  diameter  AE,  and  make  AE.AD  =  AB.AC; 
wherefore  the  point  D  is  given.  ,  Join 
CE  and  BD  \  and  because  AE.AD 
=AB.AC,  AC  :  AE::  AD:  AB; 
whence  the  triangles  CAE'  and 
DAB,  having  hkewise  a  common 
^gle  at  A3  are  similar.  Consequent* 
Jy  the  angle  ADB  being  thus  equal 
to  ACE,  is  a  right  angle,  and  the. 
straight  line  DB  is  hence  given  in  position. 

COMPOSITION. 

Having  drawn  the  diameter  AE,  make  the  rectangle 
AE,  AD  equal  to  the  given  space,  and  erect  the  perpendicular 
DB ;  this  ia  the  locus  required.  For  draw  ACB,  and  join  CE. 
The  right-angled  triangles  ACE  and  ADB  being  evidently 
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siinilar,  AC  :  A£ : :  AD :  AB,  and  AC.ABs=  AEJU)>  or 
the^ven  space. 

2.  Suppose  that  the  point  A  does  not  lie  in  the  given  arcwn- 
Jerenoes  then  M^*locus  qf  Bisa  given  circle*  ' 

ANALYSIS. 

f)raw  the  diameter  BAD,  and  produce  CAF  to  the  drcoDt- 
ferenee.  The  rectai^e  AC,  AF, 
being  e^rilal  to  AD,  AE,  n  giveo, 
and  has  therefore  a  given  ratio  to 
the  rectangle  AC,  AB;  whence 
the  ratio  of  AF  to  AB  is  givtd, 
and  Go&sequeBtljr  (III.  9.  AnaL) 
AB  terauBates  in  the  corcvidfe- 
rence  of  a  given  circle. 

COMPOSITION. 

Having  drawn  the  diameter  £AD,  make  the  rectangle  AI)» 
AH  equal  to  the  given  space,  and  (IIL2.  Amd.)  deaddbea  circle 
EB6F,  such  that  a  straight  line,  paasiBg  ffarongh  it  AsA  be  cut 
by  the  circumference  in  the  ratio  of  AE  to  AH  ;  this  cu^ 
is  the  locu9  required.  For  AE :  AH : :  AF  :  AB  :  :  AF.AC : 
AB.AC  $  wherefore  AF.AC :  AB.AC  : :  AE. AD  :  AH.AD, 
and  the  first  term  of  tfab  analogj  being  equal  to  the  Afild, 
the  second  term  is  equal  to  thelborth,  or  AB.ACs:  AH.AD, 
that  is,  equal  to  the  givto  space* 

PKOP.  Vir.    THEOR. 

If  two  straight  lines,  contafemg  a  given  rectangle, 
be  dratvn  from  a  given  i^fcA&H  at  a  giten  angle  y  should 
the  one  teifminate  in  a  &rtra%ht  H^e  given  in  pfosfition, 
the  other  will  tenninatfe  in  the  circumference  of  a 
given  circle. 
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Let  the  point  A,  the  angle  BAC^  and  the  rectangle  under 
its  sides  BA^  AC  b&  giV6n  i  i^  die  clirt^dtion  BD  be  given, 
theix  will  the  locus  of  C  be  a  given  circle^ 

AnaLysii^. 

IVoiti  A  let  &H  the  peixrdhditfdlar 
AD  upon  BD.  Diraw  A£,  ho  emi- 
tain  with  AD  an  angle  equal  to  the 
given  angle^  and  a.r^tangle  equal  to 
the  given  space;  and  join  CE.. 

Since  AD  is  ^dently  giv^i  in  po- 
sition and  magnitude,  A£  is  likewise 
given  in  position  and  magnitude;  and  the  rectangle  AD,  AE 
being  equal  to  AB, AC,  therefore  AD  :  AB : :  AC  :  AE  j  but 
the  angle  DAE  is  equal  to  BAC,  arid  hence  t)AB  is  equal  to 
EAC.  Wherefore  the  triangles  ABD  and  AEC,  having  ea<j| 
an  equal  angle  and  its  containing  sides  proportipoial,  are  simi- 
lar ;  and  consequent^  the  angle  ACE  is  equal  to  the  right 
angle  ADB.  Whence  the  locus  of  C  is  a  circle,  with  AE  for 
its  diameter. 

comMsitioIt. 

Having  let  fell  the  peipendicular  AD,  draw  AJE,  mating 
the  aiigle  DAE  equal  to  flie  given  angle,  and  the  rectangle 
Da,  AE  cfqual  to  the  given  space,  aitd  on  AE,  as  a  diameter, 
describe'  a  circle ;  this  is  the  loctis  required. 

For  join  CE  5  and  the  triangles  D  AB  and  E  AC  being  rigtt- 
angled  at  D  and  C,  and  having  the  vertical  angled  at  A  equal, 
are  evidently  snnilar,  and  eomeqiiently  AD :  AB  : :  AC :  AE; 
and  hence  the  rectangle  AB,  AC  is  equal  to  AD,  AE,  that 
is,  to  the  given  space.  J 
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COMPOSITION.  , 

At  a  distance  equal  to  the  radius  of  the  given  circle,  draw 
MN  and  OP  paraM  to  AB  and  CD;  and,  by  Prop.  27.  of 
this  Book,  find  F  the  centre  of  a  circle  which  passes  through 
£  and  toudies  MN  and  OP ;  F  is  h'kewise  the  centre  of  the 
required  circle. 

For  join  F£,  and  draw  FK  and  FL  to  the  points  of  con- 
tact And  because  GEs^HK^IL,  it  is  evident  that  FG=: 
FH=FI.  But  the  circle  also  touches  at  the  points  H  and 
I,  since  CD  and  AB  are  perpendicular  to  FK  and  FL. 

Scholium.  The  six  preceding  propositions  are  only  cases 
of  a  general  problem :  "  Three  things  boing  given, — whether 
points,  or  straight  lines,  or  circles, — to  describe  a  circle 
limited  by  them  alL"  This  problem  comprizes  ten  ,  dis- 
tinct cases.  Two  of  these  have  been  already  given  in  the 
Elements :  To  describe  a  circle  through  three  given  points, 
forms  the  10th  Prop.  Book  III. :  To  describe  a  circle  that 
shall  touch  three  straight  lines  given  in  position,  is  the  basis 
of  Prop,  10.  Book  IV.,  and  appears  complete  in  the  con- 
•truction  of  Pmp.  31.  Book  VI.  The  same  principle,  it  may 
be  parceived,  runs  through  all  the  solutions  already  given  i  the 
conditions  of  the  problem  are  only  repeatedly  simplified,  each  of 
the  Cnear  or  circular  data  being  exchanged  in  succession  for 
a  point.  Two  cases  still  remain  :  When  there  are  ^ven  three 
circles  or  two  circles  and  a  straight  line,  to  describe  another 
circle  limited  by  these  data.  These  are  ea^y  reduced,  how- 
ever, to  the  cases  already  solved,  as  in  thef  concluding  propo* 
fiition,-^by  drawing  a  parallel,  or  describing  a  concentric  cir- 
cle, at  distances,  according  to  the  relative  poskioii  of  the  data, 
equal  to  the  sum  or  diflferenoe  of  the  giv^'  radii  *» 


•  See  Note  LVUI. 
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DEFINITION. 


If  a  point  vary  its  position  according  to  some  dettigrtnined 
law,  it  wiU  trace  a  Une  which  is  termed  its  Locus* 

PROP.  I.    THEOR, 

If  a  straight  line,  drawn  through  a  given  point 
to  a  straight  line  given  in  position,  be  divided  in  a 
given  ratio,  the  locus  of  the  point  of  section  is  a 
straight  line  given  in  position. 

Let  the  point  A  and  the  straight  Hne  BD  be  given  in  po^ 

sition,  and  let  AB,  limited  by  these,  be  cat  in  a  giveti  ratio 

at  C ;  this  point  will  lie  in  a  straight  line  which  is  given  m 

position. 

ANALYSIS. 

From  A  let  fall  the  perpendicu- 
lar AD  upon  BP,  and,  through 
C,  draw  CE  parallel  to  BD.  It  is 
evidtot  (VI.  1.  EL)  that  AC  :  AB 
:  :  AE  :  AD,  and  consequently 
that  the  rado  of  AE  to  AD  is 
given;  but  AD  is  given  both  in 

position  and  magnitude,  and  heilce  AE  and  the  point  £  are 
gH^,  and  therefore  CE,  which  stands  at  right  angles  to  AD^ 
is  given  in  position.  *    * 
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the  oantaiAed  aog^  AE^  im  giir€n»  the  trinflk  VBJi  h  ]ft»- 
ime  given  in  species  s  and  diefice  the  pcwt  A9  imd  ^K 
ftraiglit  line  £A»  are  given  in  poeiticat. 

COMPOSITION. 

Having  assumed  in  EH  any  pdnt  H»  draw  HGF  in  the 
given  inclination,  make  FG  :  ^H  : :  NM  :  MO>  and  pro- 
dace  HF  till  KN  :  OL  : :  FG  :  IF}  EI  is  the  etrai^t  line 
required.  Fcr  BC :  AB ::  FG  :IF ::  KN  ^  OI^.  and  A&EH= 
BC.OL  ;  but  ?C  :  BD  : :  FG  ;  FH  : :  NM  :  MO,  and 
3C.MO  s  BD.NM.  \^erefi>re  AQ,KN  ^  BC.OL  a 
PC.ML  H-  BP.NM,  4ind  AB.KM  s  AB.NM  +  BCMI.  + 
SDNM  :s  PCML  +  AD,NM,  «nd  henoe  AB.KI.  = 
AB.ML+BC.MI,+AD.NM=AC.ML+AD.NM. 


TOOP.  3J-    TOEOR. 

a 

Fpur  diverging  lines  being  given  in  position,  if  a 
straight  line  cut  them  at  given  angles,  and  such 
that  the  rectangles  of  its  first  and  second  segments 
by  given  lines  shall  be  eqinil  to  both  the  rectangles 
^  its  third  and  &urth  s^mrata  by  giveii  fines; 
the  loQMci  its  point  of  origin  will  be  a  atn^gfat  line 
given  in  position. 

Let  ABCDE  cut  the  diverging  Hives  FO,  FH,  FI,  md  FK 
at  given  aiigles,  and  let  ARMN^f- AIC.NO  =  AD.OP4- 
*  AE.FQ ;  then  ivill  the  locus  of  the  point  A  be  a  strqi|gbt  line 
given  in  position. 

ANALYSIS. 
Because  AB.MN  +  AC.NO  =  AD.OP  +  AE.PQ,  it  fol- 
lows, by  deconiposition,  that  AB.M0+BC.N0=:A6.OQ+ 
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PZ).OP:f  BEJQ,  wd  qonsc- 
queody  ARMQ  +  BC.;(^0= 
BD.OP  +  BE.PQ.      Make 
BD  :  BC  :  :  NO  :  OR,  and 
BD:  B£  ::  PQ  :  PS;  then 
BaOR  =:  BC.NO,«iidBD.PS 
=:BE.PQ;  whmce  AB.MQ-f 
BD.OR  =  BD.OP  +  BD.PS, 
or  AB.MQ  =  BD.SR,   aud, 
therefore,  AB  :BD ::  SR  :MQ. 
But  the  triangle  BDF  being 
given  in  ^ecies,  the  ratio  of 
BD  to  BF  is  giyen ;  and  con- 
sequently the  ratio  of  AB  to  BF  is  given»  and  the  contained 
angle  ABF  being  given,  the  triangle  BFA  is  likewise  given 
in  species  j  and  hence  the  straight  line  FA  is  given  in  posi- 
tion. 

COMPOSITION. 

Having  assumed  in  FK  any  point  K,  draw  KIH6  at  the 
^ven  inclination,  make  61 :  6H  : :  NO  :OR,  and  GI :  6K 
::PQ  :  PS,  aiid produce  KG  tiU  MQ:SR  ::  GI  :GL;  FL 
is  the  straight  line  required. 

For  BD  :  BC  : :  GI  :  GH  : :  NO  :  OR,  and  BD.OR= 
BC.NO ;  but  BD  :  BE : :  GI :  GK  : :  PQ :  PS,  and  BD.PS= 
BE.PQ;  again,  MQ :  SR  : :  GI  :  GL  :  :  BD  :  A6,  and 
AB.MQ=  BD.SR.  Whi^iceAP-MQ-J- BC.NO =BD.SR+ 
BD.OR  :p  B.D.SO  =  .BD.PSThBp.pP=pEJPQ+BD.OP, 
add  to  ^  AB OQ  =  ABNQ f-  AB.NQ,  or  AB,PQ+ 
AB.OP,  and  AB.MN+ AC.NO= AD.OP+ AE.PQ  *• 


PRQP.  XL    TJflEQ?L. 

If  a  straight  line  given  in  position,  be  cut  at  giv£9 
angles  by  two  straight  lines,  which  intercept,  ftdm 
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two  given  points  in  it,  segments  that  have  a  gives 
ratio,  the  locus  of  the  point  of  concourse  is  a  straight 
line  given  in  position. 

,  Let  AB  and  AC  be  drawn,  such  that  the  angles  ABF, 
and  ACF|  with  the  ratio  of  DB  to  EC,  are  given ;  the  hem 
of  A,  the  point  of  concourse,  is  a  stnught  line  given  in 
Qpsition. 

ANALYSIS. 
Make  FD  to  FE  in  the  given  ratio,  and  join  FA.  Since 
therefore  FD  :  FE  : :  DB  :  EC,  it  follows  (V.  19.  EL)  that 
FD  :  FE  :  :  FB  :  FC  j  consequently  the  ratio  of  FB  to  FC, 
and  thence  that  of  FB  to  BC,  are  each  given.  But  the 
angles  FBA  and  FCA  being  given,  the  triangle  BAC  is  evi- 
dently given  in  specieS)  and 
therefore  the  ratio  of  AB  to 
BC  is  given,  and  hence  the 
ratio  of  FB  to  AB  is  also 
given.  The  triangle  FBA 
having  thus  two  sides  con- 
taining a  given  angle  and  in 
a  given  ratio,  is  (VI.  14.  EL) 

given  in  species ;  and  consequently  the  angle  BFA  is  giVen, 
and  the  straight  lii^e  FA  given  in  position. 

COMPOSITION. 

Having  made  FD  to  FE  in  the  given  ratio,  draw  DG  aod 
EG  at  the  given  angles  with  FI,  and  join  F  with  their  point 
of  concourse;  FGH  is  the  locus  required. 

For,  from  any  point  A  in  FH,  draw  AB  and  AC  at  the 
given  angles  with  FI,  and  consequently  parallel  to  GD  and 
GE.  Because  AB  is  parallel  to  GD,  and  AC  to  GE, 
FG  :  FA  : :  FJ)  :  FB  ::  FE  :  FC  (VL  l.EL)  and  alternately 
FD  :  FE  : :  FB :  FC  j  wherefore  (V.  19.  cor.  1.  El.)  DB :  EC 
: :  FD  :  FE,  that  is,  in  the  given  ratio. 
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PROP.  XII.    THEOR. 

« 

If,  from  two  given  points,  there  be  inflected  two 
straight  lines  in  a  given  ratio,  the  locus  of  their  point 
of  concourse  is  a  straight  line,  or  a  circle  given  in 
position. 

Let  AC  and  BC,  drawn  from  the  points  A  and  B>  have  a 
given  ratio;  then  will  C,  the  point  of  concourse,  lie  in  a( 
straight  line  given  in  position^  or  in  the  circumference  of  a 
given  circle* 

1.  When  the  inflected  lines  are  equals  they  terminate  in  a 
straight  line  given  in  position. 

ANALYSIS. 
Bisect  AB  in  E,  and  join  EC.  The  tri- 
angles ACE  and  BCE,  having  the  sides 
AE  and  AC  equal  to  BE  and  BC,  and 
EC  common,  are  equal  (I.  2.  £1.) ;  where- 
fore the  angle  AEC  is  equal  to  BEC,  and 
EC  is  perpendicular  to  AB,  and  conse- 
quently given  i|i  position. 

COMPOSITION. 
Bisect  AB  by  the  perpendicular  EC,  which  is  the  Uxms  re-» 
quired.     For  draw  AC  luid  BC  to  any  point  in  it,  and  the 
triangles  AEC  and  BEC  are  (I.  d.  EL)  evidently  equal,  and 
hence  AC  is  equal  to  BC. 

2.  When  the  iriflected  lines  AC  and  BC  have  an  unequal 
ratiOf  their  point  of  concourse  lies  in  the  circumference  of  a  gi^ 
ven  circle. ^^ 

ANALYSIS. 

Draw  CD,  making  the  angle  BCt)  equal  to  BAC,  and 

ftieeting  AB  produced  in  D.  The  triangles  D AC  and  DCB> 

having  the  angle  at  D  common,  and  the  angles  at  A  and  C 

equal,  are  evidently  similar*,  and  hence  AD :  AC ; :  DC :  B0, 
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and  alternately  AD  :  DC  :  : 

AC  :  BC9  that  is,  in  the  given 

ratio.  BtttAD{DC::DC:BD» 

and  oonseqaently  AD  is  to  BD 

in  the  duplicate  of  the  given 

ratio  of  AD  to  DC^  and  which 

18     therefore    likewise    given. 

Consequendy    BD^    and    the 

point  D}  are  given ;  and  DC  being  thence  given,  its  extremi- 

1^  C  must  lie  in  the  drciuqference  of  a  circle  described  with 

that  radius* 

CpMPOSITION. 

Divide  AB  in  the  given  ratio  Ml  £1  and  in  <be  same  ratio 
make  ED  to  BD  $  the  circle  described  from  the  centre  D, 
and  with  the  radius  DE,  is  the  locus  required. 

For,  since  AE  :  BE  : :  ED  :  BD,  it  follows  (V.  19.  £L) 
ihat  AD  :  ED,  or  DC  : :  ED,  or  DC  :  BD  j  hence  the  tri- 
angles DAC  and  I)CB,  thus  having  the  sides  which  contain 
their  common  angle  at  D  proportional,  are  similar,  and 
therefore  AC  :  AD  :  :  BC  :  DC,  or  alternately  AC  :  BC  :  : 
AD  :  DC  or  ED,  that  is,  in  the  given  ratio. 

Sckoltum.  Since,  in  the  second  case,  AC  :  BC ::  AD :  ED, 
it  is  obvious,  that  as  Ihe  ratio  /^f  AC  to  BC  approaches  to 
egna]»ty#  )he  cent^  D  must  contij^ally  rec^  fytmi  A  or  E, 
a^d  cpnsegueptly  tiie  lurc  EC  may  be  cQnqeiyed  .as  ultimitely 
passii^  la(o  the  t^gent  which  bisects  A3  at  xig^t  aji§^ ; 
thus  comprehending  the  first  case  of  |)ie  pipppsitAQn. 

PROP.  XIII.    THEOR. 

A  point  and  a  straight  line  being  given  in  posi^ 
tion,  the  locus  of  aivother  point,  the  square  of  whose 
distance  from  the  former,  is  equal  to  the  rectangle 
lender  its  distance  from  tibie  J»tter  and  a  given 
straigl^it  line — is  a  given  <;i):cle* 
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llie  point  A  and  the  straight  line  DC  being  given  in 
position^  let  the  aquAre  of  BA  be  ^qual  to  the  rectangle 
under  the  perpendicular  BC  and  K  ;  the  locus  of  B  is  a  gi- 
ven circle. 

ANALYSIS. 

Draw  DFA  parallel  to  CB^  make  AO  equal  to  the  half  of 
K,  and  bisect  it  in  G^  join  BO^  and  let  fall  the  perpendicu- 
lar BF. 

Because  AO  is  bisected  in  G,  OB*— AB*,  or  AB'*— OB'% 
(11.  «4/EI0==2AO,OF:?:K.GFj  bm  AB*s?if,BG,  or 
K.PF9^dhanoeOB*:;:K.Oa  W 
§jp9c^ .  tJieri^Qre  DG  k  giy^n^ 

PB  |s^l^  gi^eQ  \  aj>d  the  one 
&f:^^¥^}tj  O  beiog  ^ven,  the 
other  extremiiy  B  must  lie  in 
the  circumference  of  a  given 
rirde. 


COMPOSITION. 

Having  drawn  I) A  parallel  to  CB,  m^ke  AO= JK,  and 
AG=:iAO,  and  find  OH  a  mean  proportional  between  K 
and  DG ;  a  circle  described  from  O  with  the  radius  OH^  is 
the  loctis  required. 

For  OB*— ABS  or  AB'*— OB'*,=;2AO.GF=K.GF;  and 
since,  by  construction,  OH*,  or  OB^^^K-DG,  it  follows  that 
AB*=K.DF,orK.BC. 

Cor.  If  the  given  point  A  lies  in  DC,  or  coincides  with  Dj 
then  DG=4K  and  OH=iK,  or  the  circle  likewise  passes 
thrpvgh  D  'j  whence  AB  becomes  a  chord,  and  its  square 
(VI.  16.  cor.  1.  £1.)  is  equivalent  to  the  rectangle  under  the 
s^^^nt  DF,  and  the  diameter  or  K. 
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PROP.  XIV.    THEOB. 

If,  from  two  given  points,  there  be  inflected  two 
straight  lines,  such  that  the  difference  of  the  square 
of  the  one  and  a  gi^en  space,  shall  have  to  the 
square  of  the  other,  a  given  unequal  ratio — their 
point  of  concourse  will  lie  in  the  circumference  of  a 
given  circle. 

Let  AC  and  BC  he  the  inflected  lines,  and  the  rectangle 
AC,  AD  be  made  equal  to  the  given  space ;  then  if  the  dif- 
ference between  the  square  of  AC  and  that  rectanglei  or  tJie 
remaining  rectangle  AC,  CD,  have  a  given  unequal  ratio  to 
fbe  square  of  BC^  the  locta  of  the  point  C  will  be  a  given  dr^ 

de. 

ANALYSIS. 

Make  (VL  4.  El.)  AE  to  BE  m  die  given  ratio,  join  C^ 

and  BD,  produce  CB  to 

meet  the  circumference  of  a 

circle  described  about  the 

« 

triangle  ADB,  and  join  AF. 
Because  (IIL  32.  El.)  the 
rectangle  AC,  CD  is  equal 
to  FC,  BC,  it  follows  that 
the  rectangle  FC,  BC  is  to 
the  square  of  BC,  or  (V.  25. 
cor.  2.  El.)  FC  is  to  BC,  in  th^  given  ratio  of  AE  to  BE; 
wherefore  (VI.  1.  cor.  1.  El.)  AF  is  parallel  to  CE,  and  con- 
sequently  the  angle  ECB  is  equal  to  AFB,  which  is  equal  lo 
CJPB  the  opposite  exterior  angle  .of  the  quadrilateral  figure 
ADBF.  Through  the  points  C,  D,  B,  describe  a  circle  cut- 
ting AB  in  G,  and  join  CG  and  DG ;  then  (III.  32.  EL)  the 
rectangle  BA,  AG  is  equal  to  CA,  AD,  or  to  the  given  space, 
«nd  hence  AG,  and  the  point  G  are  given.  The  angle  CD6» 
or  ECB,  is,  therefore,  equal  to  CGB,  and  consequently  the 
triangles  BEC  and  CEGwe  aimilar,  and  GE  :  CE  : :  C£  : 
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BEi  wl^nce  C£^=GE.B£,  which  is  a  giyen  rectangle,  and 

4 

thus  C£  is  given,  and  the  loom  of  C  a  given  circle 

COMPOSITION. 

Make  the  rectangle  AB,  AG  equal  to  the  given  space>  and. 
AE  to  BE  in  the  given  ratio/  and  find  EH  a  mean  propor- 
tional between  G£  and  BE ;  the  loai^  required  is  a  circle  de^ 
scribed  from  E  with  the  radius  EH. 

For,  through  the  points  A,  D,  B,  and  through  C,  B,  G, 
describe  circles,  produce  CB  to  F,  and  join  AF,  CG,  and 
DG.  Because  GE.BE=HE*,  GE  :  HE  or  CE  : :  HE  or 
CEj:  be,  andy  therefore,  the  triangles  GEC  and  CEB  ar^  si- 
milar, and  the  angle  EGC  is  equal  to  ECB  \  but  the  anglQ 
EGC,  or  BGC,  is  equal  to  CDB,  which  again  is  equal  to 
AFB  5  consequently  the  alternate  angles  ECB  and  AFB  are 
equal,  and  the  straight  lines  CE  and  AF  parallel.  Where- 
fore AE  ;BE  : :  FC  :  BC  :  :  FC.BC,  or  AC.  CD  :  BC».  But 
CA,AD=BA.AG,  or  the  given  space;  and  hence  the  differ-* 
ence  between  the  square  of  AC  and  that  space,  or  the  reel* 
angle  AC,  CD,  is  to  the  square  of  BC,  in  the  given  ratio. 

Scholium.'  If  this  local  theorem  were  extended  to  the  ex- 
treme  cases,  it  would  include  other  propositions  which  are 
exhibited  in  a  separate  form.  Thus,  supposing  the  given  ra- 
tio to  be  that  of  equahty,  the  sum  or  difference  of  the  squares 
of  AC  and  BC  will  be  equivalent  to  the  givep  space,  accord- 
ing as  this  is  greater  or  less  than  the  square  of  AC.  When 
the  given  space  exceeds  the  square  of  AC,  the  centre  E  of  the 
circle  bisects  AB,  as  in  the  first  case  of  the  sixteenth  propo- 
sition of  this  Book.  But  when  the  square  of  AC  is  deficient 
by  the  given  space,  the  ratio  of  AE  to  BE  bebig  that  of 
equality,  the  centre  £,  lymg  beyond  B,  must  bef  throvidi  to  an 
infinite  distance,  and  consequently  the  arc  which  crosses  AB 
win  merge  in  a  tangent  bisecting  GB  at  right  angles, .  as  in  Pro- 
position 15.  Ag^n,  if  the  deficient  space  be  snp{)osiiBd  to.  va^^ 
lush,  while  the  ratio  of  the  squares  of  AC  and  BC,  or  .that  ot 


S18 


GEOMETHICAL  ANALYSIS. 


the  inflected  lines  themselveB  is  given»  the  pokit  O  wiB  odn- 
dde  with  A,  and  the  centre  and  radios  of  th6  circle  are  he6ee 
determined,  after  the  same  maimer  as  in  Proposition  12. 


PROP.  XV.    THEOR. 

'  If  from  two  given  points  there  be  inflected  two 
straight  lines,  of  whose  squares  the  diflerence  is 
given,  the  hms  of  their  point  of  concourse  will  be  a 
straight  line  given  in  position. 

Let  AC  and  BC,  drawn  from  the  points  A  and  B,  have 
the  difference  of  their  squares  given ;  the  locu&  of  C,  the  point 
of  concomrse,  is  a  straight  line  given  in  position. 

ANALYSIS. 
Draw  CD  perpendicular  to 
AB,  which  bisect  in  £•  The 
difference  between  the  squares 
of  AC  and  BC  is  (II.  24.  £1.) 
equal  to  twice  the  rectangle 
under  AB  and  ED;  conse- 
quently that  rectangle,  and 
its  containing  side  £Dj  are 
given;  whence  the  point  of 
bisection  £  being  given^  the 
point  D  is  given,  and  the  per- 
pendicular CD  is  therefore 
given  in  position. 

COMPOSITION. 

Bisect  AB  in  £,  and  make  (II.  9.  S.)  dl^  redongle  imder 
twice  AB  and  ED  equal  to  the  given  space  i  the  perpdndittH 
!ar  DC  18  the  locus  required. 

For  (II.  24.  EL)  AC»— BC*=AB.2EDi3«ARED,  and 
consequent^  the  diffiarence  of  the  squares  of  AC  alid  dC  is 
^ual  to  the  given  spaee* 
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If  a  straight  line  ABM  dd  aty  him  in  the  point  D,  but  A- 
inded  at  dao  that  the  segment  AC  sktOi  be  the  fi^part  (ffBCt 
then  n.AD*+Biy=AB.BC+  (n+i)  CD*. 

For  upon  AB  describe  a  semicircle,  and  erect  the  perpen- 
dicular CE,  join  AE,  BE,  draw  DF  parallel  to^Cfcand  meet- 
ing AE  or  its  extension,  and  join  TSP, 

The  angle  AEB  in  a  semicircle  being  a  right  atigle^ 
AC  :  CE  : :  CE  :  BC  (VI.  16.  cor.  EI.)  and  conse^ttently 
(V.24.  EL)  AC  :  BC  : :  AC*  :  CE* ;  but  «C=fi.AC,  and 
therefore  CE^  =  n.AC*.  Again,  from  the  same  property^ 
AB  :  AE  : :  AE  :  AC,  and  lEv' 

AB  :  AC  : :  AE»  :  AC*  ;  /\ 

andsinccAB=(n+ i)AC; 
if  foHoT^  {V.  5.  El.) 
that  AE»=i:(n+i)  AC*, 
Now  CE  and  DF  being 
|!iaralleli  CE  :  IJF  : :  AC  : 
AD,  and  (V.  22.  cor.  1.  EI.) 
CE»:DF*::AC*:ADS 
and  CE*  being  equal  to  7r.AC%  thetefoi'e  (V.  8.  and  3.  EL) 
DF*=w. AD*.  In  the  same  manner,  it  is  shotm  thftt  EB**  dt 
(n+1)  CD*.  Blit  (VI.  16.  cor.  1.  El.)  BE*3:AB.BC,  and 
the  triangles  BDF  and  BEF  being  right  angled,  BD*-i« 
DF*s:$BP*±rBE>-f  EF%  atld  eongeqnenlly  bjr  subfctiliiclon^ 
n. AD* + BD* = AB.BC +{n+i)  CD*. 

PROP.  XVL    THEOR. 

If,  from  given  points,  there  be  iti^ctUd  straight 
lines,  whose  squares  are  together  equal  to  ar^iveft 
space, — ^their  point  of  concourse  will  terminate  in 
the  circumference  of  a  given  circle, 

1.  When  there  are  only  two  given  points* 


MO 


«lKOliBT]UCAX»  ANALYSfSt 


Let  AP  and  BP9  drawn  from  the  points  A  and  B,  have 
ihe  sum  of  thdr  squares  giv^i ;  the  locus  of  their  point  of 
coDooarse  is  a  given  circle. 

ANALYSIS. 
Bisect  AB  in  O,  and  join  OP.    The  squares  of  AP  and 
BP  are  (11.  25.  EL)  equal  to 
twice  the  squares  of  AO  and 
OP.    Hence  the  sum  of  the 
squares  of  AO  and  OP  is  gi- 
ven ;  but  AO  and  its  square 
being  giveuj  the  square  of  OP 
and  OP  itself  must  be  given ; 
wherefore  the  locus  of  the  extremity  P  i$  a  cirde,  of  which' the 
point  of  bisection  is  the  centre. 

COMPOSITION. 

Bisect  AB  in  O,  find  (III.  3S.  £1.)  AF  the  side  of  a  square 
equal  to  half  the  given  space>  and  make  (IL  14.  £L}  0£*  = 
AF^— AO^ ;  the  point  O  is  the  centre,  and  OE  the  radius, 
of  the  required  circle. 

For  (II.  25.  m.)  AP»+BP=2A0» +20P*=2AO*  + 
'20E* =2AF*,  or  jthe  given  space. 

2.  When  three  points  are  given. 

Let  the  straight  lines  AP,  BP  and  CP,  inflected  from  the 
points  Ay  By  and  C,  have  the  sum  of  their  squares  given  $  the 
locus  of  their  point  of  concourse  is  a  given  circle. 

ANALYSIS. 
Insect  AB  in  £,  and  (IL  25.  El.)  AP^4.BP^=s2A£«+ 

2EP*;consequentlyAP^+  C 

BP*  +  CP*  =  2AE*  + 

2EP*+CP*.Now2AE»= 

AB.BE,  and,  letting  fall 

the    perpendicular    PF*, 

(ILll.El.)2EP*=2EF*  + 

2PF*,  and  CP*=PF*+     ^ 

CF*.    Wherefore  AP*+ 
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BP + CP*  =  AB.BE  +  SPF*  +  2EB**  +  CF*.  ttiaect  EC 
(I.  38.  £1.)  in  iiii  point  O,  and  join  PO  $  nkd,  by  the  Lemfnaf 
2EF»  +  CF*  =  EC.CO  +  30F*.  Whence  AP*  +  BP*  + 
CP*  =  AB.BE  +  EC.CO  +  SPF*  +  30B^  s=  AB.BE  + 
EC.CO+SPO*.  But  the  intermediate  pdints  of  dinsion  t 
and  O,  are  evidently  given,  and  thence  the  rectdi^glai  AB,B£, 
and  EC,  CO,  ^e  given;  wherefore  3P0*  is  given,  and  ccrnse* 
quentlyPOitseI£  Sii^ce  one  extremity  ofthatUne  then  is  given^ 
the  other  extremity  P  must  lie  in  the  circumference  of  a  givea 
drcle. 


COMPOSITION.    ' 

Bisect  AB  in  £,  trisect  EC  in  O,  and  find  (Itt.  S3.  £I«) 
OP  such  that  its  square  shall  be  triple  the  excess  of  the  gi« 
ven  space  above  the  rectangles  AB,  BE  and  EC,  CO ;  the 
locus  required  is  a  circle,  of  which  O  is  the  centre,  and  PO 
the  radius.  ,For  3PO*=:3PF*+30P,  3PO*+EC.COs3 
SPF*  +  EC.C6+  SOF*  t£  3PF*  +  2EF*  4  CF*  =  2PE*  + 
PF* + CF*  =:  2PE* + CP* ;  consequently  the  given  space,  or 
SP0*+AB:BE+  ECCOs:  2AE*  +  2PE*+CPc;AP*^< 

BP*+CP*. 

■.    -        \  - 

S.  When  there  are  Jbfur  pvenpoints* 

Let  AP,  BP,  CF  and  DP  drawn  fi-om  the  pointy  A,  B,  jC, 
itxd  Djihave  the  sum.of  thm*  square^  girenj  tibe  Ipok  of  liieir 
concotme  P- is  a  ^ven  ^cl&  .  .     :> 


ANALYSIS 

Bisect  AB  in  E,  trisect  EG  in  F,  and  join  PE  and  PF. 
It  is  manifest,  firoftt  the  last  caa^  that  AP*HhBP*'fCJP*a 
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AB.B£  +  EaCF  + 
SPF»j  add  DP*  to  ea«A, 
lyid  AP»+BP»+CP»+ 
pP»a:  AB.BE+EC.CF 
+  8PF»+DP».  LetM 
the  perpendicular  P6  up- 
on DF9  and  the  given 
space  is  equal  to  AB.BE 
+  EC.CF  +  SPG*  + 
SFG*+PG*+DG*iand 
hence  4PG*  +  SFG*  + 

DGr*  must  be  equal  to  a  ^ren  space.  Let  FO  be  made  the 
fourth  part  of  DF,  and  join  PO:  then,  by  the  Lemma, 
9¥&  +  DG*  =  FD.DO  +  40G*.  Wherefore  FD.DO  + 
^OG»+4PG*,  or  FD.D0+4P0%  is  equal  to  a  given  qjace, 
and  hence  4P0*»  and  PO  itself,,  are  given.  Now  the  point  0 
being  given,  P  must  lie  in  the  circumference  of  a  given  circle. 

COMPOSITION. 
Bisect  AB  in  E,  trisect  EC  in  F,  and  quadrisect  FD  inO; 
from  the  given  space  take  away  the  aocumulate  rectangles 
AB.BE+EC.CF+FD.DO,  and  find  (III.  ,S3.  EL)  the  side 
of  a  square  equal  to  this  difference :  That  straight  Un£  ift  the 
diameter  of  a  circle,  which  is  the  locus  required. 

For  jom  PE,  PF,  PO,  and  let  fell  the  perpendicular  PG 
upon  DFj  then  FD.IK>+  4P0* = FD.DO + 40G* + 4PG* = 
3FG*+DG*+4PG*  =  SFG*+3PG*+DP*=3PF*+DP*. 
Wherefore  AB.BE  +  EC.CJ*  +  3PF*  +  DP*,  is  equal 
to  the  given  space.  But,  fitmi  the  composition  of  the  last 
case,  it  is  manifest  that  AP*  +  BP*  +  CP*  s=  AB,BE  + 
EC.CF+3PF*;  consequently  AP*+BP*+CP*+DP»  are 
together  equal  to  the  given  space. 

»  '  I 

By  pursuing  this  mode  of  investigation,  it  is  obvious  that 
the  proposition  will  be  successivdy  extended  to  any  number 
of  given  points^ 

(  Scholium.  The  property  now  demonstrate!  is  capable  of  be- 

ing generalized.     Thus,  if  any  multiples  of  the  squares  of  the 
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infixed  lines,  b^  together  equal  to  a  given  ^ace,  the  locus  of 
their  point  of  concourse  is  still  a  given  circle:  For,  conceive 
10  many  points  to  be  clustered  together  at  each  centre  A,  B, 
C,  &c.  of  inflection,  and  the  squares  of  the  lines  which  pro- 
ceed from  them  will  evidently  receive  in  effect  a  correspond- 
ing Multiplication. — But  the  property  may  be  traced  out  more 
clearly,  and  through  all  its  shadings,  by  help  of  a  simple  ex- 
tension of  die  Lemma.  Let  AP  and  BP  be  iwo  straight  lines 
inflected  from  the  points  A  and  B,  and  let  the  segment  OB  =3 
v.OA;     then,   joining    PO    and 
drawing  the   perpendicular    PL, 
it   was     proved     that    «?.AL*  + 
BL*  =  AB.BO  +  (t;+i)   OL*; 
add   {v  +  i)  PL*   to   each,   and 
v{AU  +  PL*)  +  BL*  +  PL*  = 
AB.BO  +  (t;+i)(OL*+PL*),  or 
i;.AP*  +  BP*  =  AB.BO+  (t;+i)OP*.     Multiply  both  by  n, 
and  suppose  nvrzm^  and  there  results  2».AP*  +  «*BP*  = 
n.AB.BO  +  (»!+«)  OP*.     By  repeated  application  of  this 
principle,  it  may  be  demonstrated  that  »i. AP*  +  n.BP*  + 
;?.CP*+y.DP*,  &c.  —{m+n+p+qj  &c.)OP*,  together  with 
certain  multiples  of  given  rectangles,  and  consequently  that 
their  point  of  concourse  has  for  its  locus  a  circle,  whose  centre 
is  O  and  radius  OP.    But  the  property  must  likewise  hold,  if 
all  those  multiple  squares  were  divided  by  the  same  numj^er, 
that  is,  if  instead  of  the  squares  of  the  inflected  lines,  there 
were  substituted  only  similar  rectilineal  figures  constructed 
upon  .them.     If  the  given  space  should  be  equal  to  the  rect? 
angles,  the  circle  will  evidently  contract  to  a  point,  and  be- 
yond this  limit  the  problem  becomes  impossible.    It  is  like- 
wise obvious,  that  the  centre  O  and  radius  QP  will  turn  out 
the  same,  in  whatever  order  the  successive  connected  section^ 
take  place  *. 


♦  See  Note  LIX. 
X2 


^*24f  GEOMETBICAL  ANALYSIS. 

» 

DEFINITION. 

» 

A  Poritm  pnqpoaes  to  demonstrate  that  one  or  more  things 
may  be  founds  between  which  and  innmnerable  other  objects 
assumed  after  some  given  law,  a  certain  q)ecified  rektian  is 
to  be  shown  to  exist. 

He  Aatore  of  a  porbm  coiirists  io  afBrmiog  the  posabililyoffiad- 
iing  sach  coaditioDSy  as  will  render  a  problem  iodetermiaate,  or  ca^ 
pable  of  ianamerable  solutions, 

PROP.  XVIIL    PORISM. 

Three  points  being  given,  a  fourth  may  be  founds 
such  that  any  straight  line  drawn  through  it  shall 
have  its  distances  from  two  of  those  equal  to  its  dis« 
tance  from  the  third. 

^'Let  A,  B,  and  G  be  given  points/ another  point  D  maybe 
fiiimdy  so  that}  HDI  being  drawn  throi^  it,  the  perpendi- 
culars AH  and  BI,  let  &I1  on  the  one  side,  shall  be  equal  to 
CO  on  the  other. 

ANALYSIS. 

Throuj^  .Ae  point  D»  draw  CDK,  and  npon  ihis  let  &D 
the  perpendioolflrs  AK,  BLy  and  join  AB*  meeting  KG  in  £. 

Since  GDK  passes  through  O^  its  distances  KA  and  US 
on  either  side,  fiom  the  two  remaining  points,  must  evidat' 
ly  be  eqoaL  Hence  (1. 21.  EL) 
the  right-ang^  triangles  AEK 
and  BEL  are  equal,  and  etm* 
sequently  the  side  A£  is  equal 
to  BE;  wherefore  £,  being 
thus  the  point  of  Usection,  is 
given.  Draw  the  perpendicu- 
lar EF*,  and  it  is  evident  (IL 
10.  EL)  that  2EF*=r  AH  and 
BI.  Now  C6  and  £F  being 
parallel,  CD  :  DE  :;  GG  :  EP,  and  (V.  13. EI.)  CD: 2DE  :: 


CG:12FE,  or  AH+BI;  but,  by  hypothesis,  CG=AH+BI, 
and  therefore  (V.  4-.  E1-)  CBscfiDE.  Whencei  CE  being 
giveob  the  poipt  D  is  |^Ye^^ 

COMPOSITION. 

Bisect  AB  in  E,  join  CE  and  trisect  it  in  D  ji  this  is  ih^ 

point  required. 

. •*•  -  ■       *       . 

For  let  f^H  the  perp^dicular  EF.     Because  CQ  and. EF , 
are  parallel,  CD  :  DE  ;  -•  CG  :'EFi  but  CD  =e  SDJE,  and 
therefore  (V.  4,  El.)  CG=2EF,  that  is,  Am-BL 


4         *■ 


« «      •  rf 


The  porism  now  demonstrated  m^y  be  viewed  as  origina- 
ting in  the  solution  of  this  problem)  ;-t-To  dr^w,  through  the 
point  M;  a  straight  line  MN,  such  tht^t  the  perpendiculars 
4^H  and  BI,  let  fall  upon  it  from  the  points  A  and  B,  shal^ 
be  together  equal  to  the  perpendicular  CG,  fro9i  the  point  C 
on  the  other  side.  The  point  D  is  found  as  before^  and 
thence  the  position  of  MDN  is  assigned.  But  this  straight 
line,  it  is  evident,  will  become  indeterminate  if  the  point  M 
should  happen  to  coincide  with  D ;  o^  that  supposition,  the 
problem  would  admit,  of  innumerable  answers,  or  the  diame- 
ter MDN  might  lie  in  every  possible  direction  *. 

PROP.  XIX.  >ORISM.        '  f 

A  dipcle  and  a  straight  line  being  given  in  pod-^ 
tion,  a  point  may  be  found,-  sueh  that  any  straight 
line,  drawn  through  it  and  limited  by  these,  shall 
conta;in  a  given  rectangle.  * 

*       '  *  • 

Let  the  stnedght  line  AB,  and  the  eirde  HDE^  be  giten  m 
portion ;  it  is  required  to  .deter!nune  a  poiat  F,  iirhicdi  mAjp 
divide  any  connecting  straight  line  D£%  into  sclents  oim^ 
^^^ining. a  rectangle  that  wiQ  fae  giiien. 


»  See  Note  LX. 


St6  GEOMETKICAL  AKALTSIS. 

ANALYSIS. 

Through  F  draw  HFG  perpendicular  to  AB*    By  hypo- 
theos,  the  rectangle  HF.FO  is  Mkewise  equal  to  the  given 
■pace,  and  therefore  equal  to  DF.FE}  whence  (V.  6.  £L) 
DF:  HF: :  FG:  FE,  andtfae 
triangles  DFH  and  OFE,  ha- 
TOig  the  vertical  angles  at  F 
equal,  are  consequently  simi- 
lar,  and  the  angle  FDH  is 
thus  equal  to  FG£|  or  is  a 
right  angle.  Wherefore  HDF 
is  a  semicircle,  of  which  HF  Is 
the  diameter  f  but  the  centre 

C  being  given,  the  perpendicular  HCG  is  thence  ^ven,  and 
consequently  the  ^ctremity  of  the  diameter,  or  the  point  F. 
Again,  tlie  points  H,  F,  and  G  being  given,  the  rectangle  un- 
der the  segments  HF  and  FG  is  given. 

COMPOSITION. 

From  the  centre  C,  let  M  upon  AB  the  perpendicular 
HCFGi  cutting  the  circumference  in  F ;  this  point  has  the 
property,  that  any  intersecting  line  drawn  through  it  will  con- 
tain a  given  rectangle.  For  join  DH,  and  the  triangles  FOE 
and  FDH  are  similar}  whence  FG  :  F£  : :  FD  :  FH,  and 
consequaitly  FE«FD=:FG«FH>  which  is  manifestly  given. 

This  porism  also  may  be  considered  as  arising  out  of  the 
solution  of  a  simple  problem: — ^Through  the  point  M,  to  draw 
a  6traig)it  Ime  DMFE,  so  thait  its  s^pnents  DF  and  FE  shall 
contain  a  given  rectangle.  The  point  F  being  found  as  be- 
,fi>re,  DME^is  consequently  given  in  position.  Bat  when  the 
point  M  coalesces  with  F,  the  straight  line  D£  can  thus  have 
no  determinate  position,  or  it  will  fulfil  the  conditions  of  the 
problem,  in  whatever  direction  it  be  drawn. 
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PROP.  XX.    PORISM. 

A  circle  and  a  point  being  given,  anotiier  point 
may  be  found,  silch  that  straight  lines  drawn  froni 
them  to  any  point  in  the,  circumference,  shall  have  a 
ratio,  which  will  be  given. 

The  point  B  may  be  found,  so  that  AC  and  BC,  inflected 
to  the  given  circumference  £CF,  8hall.have  a  ratio  which 
may  be  likewise  assigned. 

'  ,  r     '  '  ' 

ANALYSIS. 

Draw  AB,  cutting  the  circle  in  E  and  F;  join  dE,  CF, 
and  produce  AC.  Because 'Ei  F  are  points  in  the  circum- 
ference, AC  :  BC  : :  AE ,:  EB,  ahd  AG  i  BG : :  AP  :  iFB ; 
whence  (VL  11.  cor.  EL)  CE  biseds  the  vertical  angle  ACBj 
and  CF  the  adjacent  angle  BCD  ^  conseguently  the  angle 
£CF,  being  the  half  of  both  of  these>  is  anight  angle,  and 
(in.  2i.  El.)  EGF,  a  sen^cirde.    /''  '^[  ';'.';      '  ' 

Wherefore    AF,    thus    passing 
through  the  centre  O,  is  given  m       . 
position.   Now,  since  AP^:1  FBv :  i  7.  ! 
AE  :  EB,  ^JtOTWrtely  AEj  AEf^:  .  ^  ^ 
FB  :  ElEf;  heBce  EF,  being  cUt  )  ^   .:e',jb 
externi^lly  and  iintern^Jly  itt  Ihe  ;    ..« 

same  ratio,  EO  is  (VI.  7.  £I>)  a  inean.  proportional  between' 
AO  and  BO,  or  EO*=AO.BO.  But  AO  and  EO  are  gi- 
ven,  and  therefore  BO  and  the  point  B  are  given.  Again, 
because  AO  :  £0  :  :  EO  :  BQ,,  l>y  division  ,and  alternation^ 
AE  :  EB  : :  £0  :  BO;  that  is,  the  inflected  lines  have  the 
given  ratio  of  EO  to  BO.  "^ 

COMPOSITION. 
Dxaw  AF  through  the  centre  of  the  given  circle^  and 
»ake  AO  :  EO  :^:  EO  :JBO  •,  B  is  the  point  required.    Fo^ 
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join  CO.  Becaine  EO  is  equal  to  CX),  therefore  AO  :  CO :: 
CO  :  BO  I  anueqaenlfy  the  trian^e^  ACO  and  CBO| 
haring  besides  the  common  angle  at  O,  aie  similar,  and 
AC  :  AO  : :  BC  :  CO,  or  aHeraatdy  AC  :  BC  ; :  AO  :  €0, 
that  is,  in  a  given  ratio. 

The  parism  now  demonstvat^  is  evidently  derived  fions 
the  local  theorem,  which  forms  the  12th  Propoaition  of  this 
Book. 


PROP.  XXL    PORISM. 

A  circle  and  a  straigl^t  line  being  given  in  posi- 
tiop,  a  point  may  be  found,  such  that  any  straight 
line  ^awp  from  it  to  the  given  line,  shall  be  a  mean 
propprtipp^l  ,between  the  segment?  intercepted  by 
)die  given  ciireumference* 

Let  the  straight  line  ABy  and  the  circle  HKF  be  given  in 
position ;  it  is  possible  to  assign  a.point  D,  through  whidi  a 
Straight  line  FDC  being  drawn,  CD  shall  bcr  a  mean  pxopor* 
tkmal  betwe^  the  legnientg  C£  and  CF. 

ANALSSIS: 

I 

From  D  let  faH  upon  AB  the^perpendicular  IDG,  and  join 
CI  and  HK..    Because  CE  .:  CD  : :  CD  :  CF,.CD^= 
CE.CF=(III.  32.  EL)  CK.CIi  and^  since  OI  passes  througk 
die  point  D,  QH  :  GD  :  i 
GD  :  GI,  and  GD*fflGH.GI, 
But  (IL  11.  EJ,)  CD*aCG*+  ■ 
GD*,andoohsequentIyCK,ClsB  > 
CG^+OI.GH$  take  these  away 
from  CP  =  CG*  +  GP,  and 
there  remains   CLKr=GLHI. 
Whence  CI  :  GI  : :  HI  :  KI, 
and  consequently  the  triaqgles 
'pIG  and  HIK,  haying  a  com* 
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moQ  yertiail  «DgK  are  similar*  ^  Tllierefore  tjhe  ai^e  HKI9 
being  thus  equal  to  CGI,  stapds  in  11  sen^icirde,  of  wbicb  HI 
is  the  diameter ;  con9equently  GI  is  giyen  in  position,  and 
the  points  G>  H,  and  I  being  thence  given,  the  rectangle 
under  GH  and  GI,  or  the  square  of  GD,  is  given,  and  there* 
fore  the  point  D. 

COMPOSITION. 
Tbrovgh  the  centre  0,  draw  the  pei^endlcular  GQI }  ai^ 
find  (VJ,  la.  EL)  GD  a  mem  proporticmal  to  GH.and  Qlk 
D  is  the  point  required.  For  (III.  32.  and  11.  19.  El.) 
CE.CF?=  CQ*^HO*  i;:  CG"^  +  GO*-HO»  :^  Q&  +  GH.GI5 
but  (V.  6.  EI.)  Gi:)*=;:GH.GI,  and  consequently  CE.CF= 
CG*+GD»=CD*. 

This  porism  may  be  supposed  to  derive  its  carigin  frdm  ih# 
problem  :-^*'  Through  a  given  pdnt  P,  in  the  diameter  of  & 
circle,  to  draw  a  straight  Hne  CLFM  to  the  perpendicular 
AB,  so  that  the  rectangle  undetr  the  segments  CL  and  CM 
shaU  be  equal  to  the  square  of  GN.^  I^oe  (III.  $2.  EL) 
CL.CM=rCK.CI=CP— CI.KI;  but  (11.  11.  Bl)  CI*» 
CG*+GP,  andCLKI=GI.HI|  whence  CL.CM±=;G©*+ 
QLGH,  or  making  GD^aGLGH,  CL.CM=OG*+GB*  or 
CD*,  and  consequently  CD^  33  Gaf%  or  CD=GN.  Wheretbie 
tbe  point  D  being -given,  the  rpoint  C  is  also  given,  andi 
thence  the  straight  Une  CLPM.  Hie  problem  then  is  solv^ 
by  finding  GD  a  mean  proportional  to  GH  and  GI,  and  de^ 
scribing,  from  D  with  the  radius  GN,  ^  circle  to  intersect  the 
perpendicular  in  C.  It  is  hence  evident,  that  C  is  indepen- 
dent of  the  point  P.  Let  CLM,  therefore,  coincide  with 
CEF,  and  CE.CF=GN*=CD*.  But  this  property  mus^ 
evidently  obtain,  whatever  be  the  position  of  ithe  point  C  *. 

•    *         r  *  • 

t 

PROP.  XXII.    PORISM. 

A  point  being  given  in  tbe  diameter  of  a  given 
circle,  another  point  in  the  same  extension  ma^  he 


*■  See  Note  LXl.- 
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found,  aich  that  the  angle  contained  by  two  straight 
lines  drawn  from  it  to  the  extremities  of  a  chord 
passing  through  the  given  point,  shall  be  bisected  by 
the  diameter. 

In  the  diameter  FH  of  a  given  circle,  let  A  be  a  ghren 
point  through  which  any  chord  B  AC  is  drawn ;  a  point  D 
may  be  feund  in  the  extension  of  the  diameter,  so  that  DC 
and  DB  being  joined,  the  angle  ADC  shall  be  eqoal  to  ADJS. 

ANALYSIS. 
Join  £B,  and  draw  £0  and  BO  to  the  centre  O.    The  tri- 
angles fX)D  and  BOD,  baring  the  side  £0  equal  to  BO,  OD 
common,  and  the  angle  ODE 


equal  to  ODB,  and  being 

irise  of  die.aame   afiection, 

ainoe  the  angles  DEO  and 

DBO  are  evidently  both  acute 

•—are  (I.  22*  EL)  equal,  and 

consequently  .die  angle.  EOO 

IS  equal  to  BQ0.      Whence  ^  •  ^ 

the  triangles  OEG  and  OBG  are  (L  S.  £L)  also  equal,  and 

therefoxte.  £B  is  perpendicular  to  the  diameter  FH.    Where- 

li^e  (VI.  9.  Et)  FA  :  AH  : :  FD  :  DH ;  but  theratioofFA 

to  AH  being  giv^,  and  consequently  that  of  FD  to  DH,  the 

poim  jD  {VI.  6,  EL)  is  given. 

* 

COMPOSITION. 
Make  (VI.  3.  EL)  OA  :OH  : :  OH  :  OD,  and  then  Di» 
the  point  required.  For  join  OC  and  OB.  -  Because  OH=; 
OC,  OA  :  OC  : :  OC  :  OD  j  wherefore  the  triangles  AOC 
and  COD,  having  thus  the  sides  about  their  common  angle 
DOC  proportional,  are  similar }  and  hence  the  angle  OCA  is 
equal  to  ODC.  In  the  same  manner,  it  is  proved  that  the 
angle  OBA  is  equal  to  ODB.  But  BOC  being  an  isosceles 
triangle,  the  angle  OCA  is  equal  to  OBA  j  whence  the  angle 
ODC  is  equal  to  ODB*  * 
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This  poiism  is  likewue  derived  from  the  load  theorem  gi^ 
ven  in  Prop.  12;  For  A.G,  DC,  and  AB,  DB  being  inflect* 
ed  in  the  same  ratio,  AC  :  AB  : :  DC  :  DB  -,  and  conse- 
quently (VI.  II.  cor.  EL)  the  angle  BDC  is  bisected  by  DA« 

PROP.  XXm     PORISM. 

A  point  being  given  in  the  circumference  of  a 
circle,  another  point  4nay  be  fpund,  so  that  -  twQ. 
straight  lines  inflected  irom:1hem  to  the  opposite 
circumference,,  shall  cut  ofl;  on  a  given  chord,  ex- 
treme segments,  whose  alternate  rectangles  shall 

have  a  given  ratio.  * 

•  •  '  *      .  .       • . 

Let  the  circle  AD^E,  4he  pdnt  A,  and  the  chord  BE,  ba 
given  in  position, — ^anqther  point  :C  liiay  be  feuh^'Miob  thai 
straight  lines  AB  and  CB  inflected  to  the  opposite  cimunifo 
rence,  shall  form  segments  containing  rectangles  DG,  FE^ 

and  DF,  GE,  m  the  ratio  of  KM  to  LM. 

.  .  .  .         ^        .  ,  .  ^ 

ANALYSIS.  .   ' 

Join  CA,  and  produce  it  to  me^  the  extennon  4|f  Uwxhoiri 
EDinH. 

Because  KM :  JM  : :  DG.FE  ;  DF.GE,  by  divirion  KI^ : 
LM : :  DQ.FE— DF.GE  :  DF.GEjbut  DG.F£-<-I»F.GE 

=(DF+  FG)  (GE  +  FG)—       k ^  M 

DF.GEssFG.de,  andcoBse- 
quently  KL  :  LM  : :  FG.DE : 
DF.GE.  MakeKL:LM:: 
D£  :  DH,  then  kL  :  LM  :  : 
FG.DE  :  FGJDH;  whence 

FG.DH=DF.GE,  and,  add-  

ing  DF.FG  to  both,  FH.FG  =  ^ 

DF.FE=(III.  32.  H.)  AF.FB.    Wherefore  FH  :  FB  : :  AF 
:  FG,  and  (VI.  14.  £1.)  the  triangles  AFH  and  GFB  are  si- 
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:» and  coQsoqamtlj  die  angle  AHF  iflfqo^  but 

|he  «pigie  AHF  is  giveiv  «inoe  tjie  points  A|  H|  9pd  ]>  are 
IpveDi  and,  tberefoi^  the  diord  AC,  cutting  off  from  the  gi- 
rat  dfxx»Mfsre$Qf9  p  wegtaeot  lliat  caontwa.  ft  iS|ve&  angle 
ABC  or  FBG  b  given*  and  thence  th«  point  C. 

COMPOSITION. 

^hrodooe  die  chovd  ED  t«  H  in  the  ratio  ef  KM  to  LM, 
JsiaHA,  and*  nt  suf  point  B  in  liie  einnimfereiioe»  maketlic 
«D^  ABC  equal  ]to  AHf ;  C  is  tlie  point  reffwed- 

For*  tbe  tpto^et  AFQ.  and  OFB  beii^  endeodf  timilar, 
FH  :  FB  :  :AF  :  FG^  and  FH.FGsFBAF=DF.F£; 
whence.  FH.FG—.DF.FG=DF.FE^DF.FG,orFGJ)H= 
DF.OE.  But  KL  :  LM  : :  DE :  DH  : :  FG.b£  :  FG.DH, 
add  m^nfarfe.KL  :  IM- :  :.FG.DE  :  DF.GE;  coaMqomtly 
(V;  Sk  Eg  &M  )  UI  :  :  FG.DE4'I]kF.G£>  or  DG.FE : 


•  I 
i' 


The  porlnn  now'  inTeati||atad  ariaea  jaaHmaSfy  oat  of  An 
problem : — *'  From  two  given  points  A  and  C,  one  of  idiich 
lies  in  a  given  drcuinference,  to  inflect  straight  lines  AB  and 
t!IB,'  a6  as  to  intc^^roept  on  the  chord  DE  segments  that  am- 
tein  rectangles  DG,  F£  and  DF,  GE,  which  are  in  a  girai 
julio,'?'  YtiTy  tte  point  ll  being  assumed  as  before,  the  ana» 
tjA  reqaires  that  the  angle*ABC  dbenld  be  made  eqod  to 
AHF«  Whence,  if  on  AC,  a'segment  of  a  circle  were  de- 
scribed containing  that  angle,  its  contact  or  interaection  widi 
the  givoi  circumference,  would  determine  the  point  of  infleD- 
tion.  Supposing,  therefore,  the  two  circles  entirely  to  coin* 
cide,  the  problem  will  in  that  case  become  indeterminate,  or 
admit  of  innumerable  answers. 
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PROP.  XXIV.    PORlSM*  ' 

Turd  pmnfe  afid  two  diverging  lines  being  giveifr 
in  position,  straight  lines,  inflected  from  those  points 
to  one  of  the  diverging  lines^  intercept  segments,  on 
the  other,  from  points  that  may  be  found,  and  con- 
taining a  rectangle  which  will  be  likewise  assign- 
able. 

Ldt  Df"  and  ^t  be  inflected,  f^roiii  the  points  D  and  E/to^ 
the  diverging  line  AC*;  they  will  cut  off  segments^  ofi  AB, 
nroUi  points  I  and  K  ^hich  may  be  found,  ^o  that  the  rect* 
dngle  IH,  GK  shall  be  ^Ven.  ' 

ANALYSIS. 

'    Join  EI  and  EA,  DA  and  DK,  and  produce  ED  to  m^t 
AC  in  P.  l&Aoe  A,  F»  and  P  afeso  many  points  ofitifleGtidn, 
It  fa  evident,  fi^m  die  hj^otheds,  (hat  lA-AKuIH^aKsa- 
IN.NK)  whencelHaA  : ; 
AK  :  GK,  afid,  bf  division^ 
AH  sIA::  AG:  OK, and 
altematdy  AH  :  AG  : :  I A 

:  GK.    Through  E,  draw         ^  xX^hrJ^        X  :n 

LEM  parallel  to  AB  aiid 
meeting  AC  and  FD  pro- 
duced; then  (VI;  2.  El.) 
Is  :  LM:  :AH:AG:: 
lA  :  GK.  Again,  because  IA.AK:=IN.NK,  IN  :  lA  :  : 
AK  :  ,NK,  by  division  AN :  lA  :  :  AN  :  NK,  and  conse- 
quently  IA=NK.  Wherefore,  by  substitution,  L£  :  LM : : 
NK  :  GK,  and  LE  :  EM  :  :  NK  :  GN,  or  alternately  LE  : 
NK  :  :  EM  :  GN,  that  is,  (VI.  2.  £1.)  ED.:  liN;  hence 
(VI.  14.  El.)  the  triangles  LDE  and  KBN  are  similar,  and 
XiDK  forms  one  single  straight  line.   Join  DO.   Since  IA=: ' 


]£  K 
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NK,  LE  :IA  : :  LE  :  NK,  diat  is,(VL  2.  EL)  EO  :  OI 
ED  :  DN,  and  therefore  (VI.  1.  oor.  I.  EL)  DO  is  paraDel  to 
AB.  But  the  paralleb  OD  and  LM  being  gtven  in  poaitiony 
die  points  O  and  L>  and  thenoe  I  and  Ky  are  gtren^  and  oon- 
lequentfy  the  rectan^^  lA,  AK  is  ghren. 

COMPOSITION. 
Draw  DO,  EL  parallel  to  AB  and  meeting  the  extensi^Ni 


of  AC,  join  EOy  LD,  and  produce  them  to  meet  AB  inland 
K;  these  are  the  points  required.  For  DF  and  EF  being  in- 
flected»  LE  :  lA  : :  OE  :  OI : :  ED  :  DN  :  :  DM  :  DG  :  : 
LM :  GK,  and  alternately  LE  :  LM  : :  lA  r  GK|  but  LE : 
LM  :  :  AH  :  AG»  and  diei^ore  lA  :  GK  :  :  AH  :  AG; 
consequent^  (V.  8.  and  11.  EL)  lA  :  IH  : :  GK  :  AK,  and 
LkJkK=:IH.GK. 

The  porism  thus  investigated  foQows*  from  this  prohkm : 
<<  Two  straight  lines  AB  and  AC  beijH^  given  in  pootioDi 
with  the  points  I  and  K,  1^  and  D,  to  find  a  point  F,  such 
that  the  inflected  lines  EF  and  DF  shall  intero^  segments 
IH  andGKy  containing  a  given  space  :'*  For,  when  the  pomts 
I  and  K  have  the  position  before  assigned,  the  constmctioa 
becomes  indeterminate. 

PROP.  XXV.    PORISM. 

Three  diverging  lines  being  given  in  position,  a 
fourth  may  be  found,  such  that  straight  liAes  can  be 
drawn  intersecting  all  these  and  divided  by  them  into 
proportional  segments. 

Let  AB»  CD,  and  AE  be  given  diverging  linesj  and  HIKL 
any  transversa  line  cut  by  them  in  given  ratios ;  a  fourth  di- 
verging line  FG  may  be  fomid  limiting  the  s^ment  KL. 
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ANALYSIS. 

'  Produce  EA  and  GF  to  meet  in  M,  through  K  and  P 
draw  NO  and  PO  parallel  to  AB  and  FG,  and  meeting  in  O, 
join  CO ;  let  HTK'L'  be  another  transverse  line  divided 
into  proportional :  8^* 
ments,  draw  PTO'  pa- 
rallel to  PIO  and  meet- 
ing CO  in  0^3  and  join 
O'K'  and  produce  it  to 

N': 

Because  KO  is'paral^ 
lei  to  PH,  HI :  IK  :  : 
PI :  10 ;  and,  since  the 
parallels  PO  and  P'O 
are  cut  by  the  diverg- 
ing lines  CP,  CI,  and 

COi  PI  :  10  :  :  PT  :  FO^  consequently  HT  :  PK' :  :  PI' 
VCy,  and  O'N'  is  parallel  to  ON.  Again,  IK  :  KL  : :  OK 
KN  and  FK' :  KX' : :  O'K' :  K'N'  i  wherefore  OK  :  KN  : 
O'K' :  K'N'j  and  hence  the  straight  Knes  OC,  EA,  and  GF 
all  converge  to  the  same  point  M.  Now  CA  :  AF  : :  OK : 
KN  : :  IK  :  KL;  whence  the  ratio  of  CA  to  AF  being  gi- 
ven,  AF  and  the  point  F  are  given ;  but  the  point  L  is  gi- 
ven, axkdf  therefore,  FLG  is  given  in  position. 

COMPOSITION. 

Make  .CA  to  AF  in  the  given  ratio  of  the  segment  IK  to 
KL,  imd  join  FL ;  this  is  the  diverging  line  required.  For 
draw  NK  and  PI  parallel  to  AB  and  FG,  and  meeting  in  O, 
join  CO^  and,  assuming  in  it  another  point  O^^  draw  likewise 
the  parallels  O'K'N'  and  OTP',  intersecting  AE  and  AB  in 
K'  and  F;  the  transverse  line  HTK'L'  is  cut  similarly  to 
HIKL. 

For,  since  NO,  N'O'  are  parallel  to  AB,  and  OP,  O'P'pal 
rallel  to  FG,  it  follow*  that  HI :  IK  :  :  PI  :  lO  :  :  PT  :  PO' : : 
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IH':I'K'.  Again,  beeawe  CA  :  AF ::  IK :  KL  ::  OE : 
KN  {  whence  0(^  EA,  and  GF  canretgb  to  the  same  point, 
and  oonsequently  IK  :  KL  :  :  OK  :  KN  :  ;.CyK' :  KV : : 
VK' :  K'L'. 

The  porism  now  demonstrated  arises  out  of  the  indeleniii^ 
nate  case  of  a  celebrated  problem : — <<  Four  stnuglit  linesi 
AB)  CD,  A£  and  F6,  being  given  in  position,  to  draw  $ 
transyerse  line,  HIKL,  that  shall 
be  cut  by  them  into  segments  in  a 
given  proportion.^    Suppose   it 
done;  produce  GF  and  EA  to 
meet  in  M,  draw  the  paraDek 
NKO  and  PIO,  and  join  MTO. 
Because  TA  :  AF  : :  OK  :  KN 
s  :  IK  :   KL,   the  ratio  of  TA 
to  AF  is  given,  and  hence  die 
point  T  and  the  straight  line  MO 
are  given  in  position.     Again, 
PI :  lO  :  :  HI  :  IK,  and  there- 
^ire  the  ratio  of  PI  to  PO  is  gi- 
ven ;  but  the  triangle  CPI,  being  evidently  given  in  spedtof 
the  ratio  of  CP  to  PI  is  given;  whence  the  ratio  of  CP  toPK 
is  gi^en,  alid  th&  triangle  CPO  is  givto  in  Bped^    The 
straight  lines  MO  and  GO  bdng,  therefcre,  both  given  in  po* 
aition,  their  intersection  O  is  given ;  consequently  the  parak 
lels  NO  and  PO  are  given  in  position,  and  thence  are  like^ 
wise  given  their  intersections  K  and  I,  and  the  trani^erseBntf 
HIKL. 

The  construction  is  easily  derived :  For,  having  produced 
EA  and  GF  to  meet  in  H,  make  l^A  :  AT  : :  Z  :  Y,  and 
draw  MTO.  Again,  take  any  point  Q  in  CB,  draw  QS  pa- 
rallel to  FG,  and  make  QR  :  RS  : :  X  :  Y,  join  CS  and  pro- 
duce  it  to  meet  MO  in  O,  and  draw  OI  and  KO  parallel  to 
TG  and  AB }  HIKL,  which  passes  through  the  points  of  in- 
tersection I  and  K,  is  the  straight  line  required*   For  HI :  IK 
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: :  PI  f  lO  : :  OR  :  RS  : :  X  :  Y,  and  IK  :  KL  ; :  OK  :  KM 

: :  T A  :  AF  : :  Y  :  Z. 

Now^  if  the  ratio  of  CA  to  AF  ahoiild  be  liie  i^ame  as  that 
ef  Y  to  Z,  the  point  T  wiD  eoincide  with  C,  and  the  straight 
line  TO  with  CO.  The  proUem^  therefore^  becomes,  in  this 
case,  porismatic,  or  every  point  whatever  in  CO  has  the  pro- 
perty which  belonged  before  to  the  single  p^int  O  *. 


1^^^****—      If*  t  *  *      in 


DEFINITION. 

LqperimeiricalSgatea  are  such  as  faarejequal  perimeters,  6t 
the  same  eiLtent  of  linear  bomtdaiy. 

PROP.  XXVI.    PEOS. 

In  a  straight  line  given  in  position,  to  find  a  point, 
"whose  distances  from*  two  given  points  on  the  same 
side  ^all  together  be  the  least  possible. 

Let  it  be  required,  from  the  points  A  and  B  to  some  point 
in  CD,  to  draw  AG  and  BG,  forming  jointly  a  minimum. 

ANALYSIS 
From  B^  either  rfthe  given  pointy  let  fail  BE  a  perpendi- 
cular iipoii  CD,  and,  hacviiig  produced  it  equally  on  the  op- 
posite side,  join  OF.    It  is  obvioas  that  the  triangles  BEG^ 
F£G  are   equal,  and   conse- 
quently that  BGs  GF;  whence 
AG-f»OF  is  a  minimium.    But 
the  points  A  asid  F  are  ev^ 
dently  both  given,  and  since 
(I.  15.  El.)  the  shortest  com- 
munication between  them  is  a 
straight  liae,  its  itttersedtieo  6 
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irith  CD  ifl  giVen^  and  therefore  the  inflected  lines  AG  and 
BG  are  given  in  positiim. 

It  henoe  appears  that,  when'  the  tombiBed  distance  of  the 
points  A  and  B  frctn  the  straight  line  CD  is  the  least  possi- 
b]e>  the  incident  angles  AGC  and  BGD  are  equaL 

Ccr.  Hence  also  the  solution  of  si  similar  problem : — ^  ^ 
a  straight  line  given  in  position,  to  find  a  point  the  difference 
of  whose  distances  from  two  given  points  shall  be  the  greatest 
possible.**  If  these  points  He  on  the  same  side  of  the  straight 
line  CD,  it  is  evident  that  the 
difference  between  AG  and  BG 
being  (L  16.  EL)  less  than  the 
base  AB,  this  must  be  the  ex- 
treme limit,  or  die  differencee 
must  reach  its  maximum  when 
AG  aiid  BG  coincide  with  AB, 
and  consequently  the  point  G 
occurs  where  the  production  of  AB  meets  CD. — But  if  A  and 
B  lie  on  opposite  sides  of  CD,  let  fall  the  perpendicular  BE 
whidh  produce  till  EF  be  equal  to  it,  and  join  AF  and  GF. 
The  triangles  BEG,  FEG  are  evidently  equal,  and  therdtpre 
BG=GF-,  but,  in  the  triangle  AP*G,  the  difference  of  AG 
and  GF,  being  less  than  AF,  firnist  atta&^its  greatest  extent, 
when  that  triangle  is  supposed*  td  flatten  into  a  straigbt  )ine; 
in. which  case  the  angle  AGE  is  eqiisd  to  BGC. 

PROP.  XXVII.    THEOR. 

Straight  lines  drawn  from  two  given  points  to  the 
circumference  of  a  given  circle '  are  the  least  possi- 
ble, when  they  make  equal  angles  with  a  tangent  ap- 
plied at  the  point  of  inflecliph. 

I  .  .    ,    »     '•     ' 

Of  all  the  straight  lines  inflected 'from  the  points  A  ami  B 
to  the  circumference  of  the  circle  GDH,  AD  and  BD  whick 
meet  the  tangent  EF  at  equal  angles,  form  together  a  mini^ 
mtem* 
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"•   For,byiheIastpfopo6ttion,  ADabd 

BD,  .&lling  ;ait  -an;eqital«  incidence^  -  are 

jointly  sbarteF  thsD  any  other  fines  in* 

fleeted  from. ike  pcHnts  A  and  Bio  the 

straight  line  EF;  but  (I.  17.  El-)  such 

lines  drawn  to  that  tangent  are  iesa 

than  the  exterior  lines  which  termi- 

nate  in  the  cirtutnference  ;   whence, 

for  both  these  reasons  combing,  AD 

and  BD  must  form  the  minimum  of  all  the .  strai^it  laies  in* 

fleeted  to  the  circumference  GDH. 

PROP.  XXVIIL.   PROB.: 

To  find  a  point,  whose  distances  from  three  given 
points  are  the  least  possible. 

Let  it  be  required,  fromthp  poitits  Aj  B^and  C,.  to  draw 
AD,  BD,  and  CD,  such  thatjtheir  siim  shall  be  v^mifiimwn* 

ANALYSIS. 

If  the  distance  BD  were  supposed  to  rem^  consfant>  the 
position  of  D,  in  the  circumference  of  a  circle  described  from 
B  with  the  radius  BD,  must^4)y  the  last  proposition,  beisuch, 
when  AD  and  CD  compose  a  minimum^  that  the  angle  ADB 
than  be  equal  to  CDB.  For  the  same  reason,  if  AD  conti- 
nued invariable,  BD  and  CD,  completing  the  minimum^  must 
form  with  it  equal  angles  ADB  , 

and  ADC.  Whence,  uniting 
these  conditions,  the  straight  lines 
AD3D,  and  CD  all  make  equal 
angles  about  their  point  of  qon- 
course. 

Hence  this  construction  :— 
Connect  the  triangle  ABC,  and  upon  each  of  the  sides  AC 
and  BC  describe  equilateral  triangles,  and  again  circumscribe 
these  by  circles,  which  will  intersect  in  the  point  D«    For,  the 

y2 
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angles  ADC  and  CDB^  bebig  tbe  nppkaittlh  df  afij^  at 
equilateral  triangles,  are  each  equal  tb  two  third  psrta  of  tvo 
right  angles,  or  to  one-third  dtfrntii^otaa^^t  ueiaiquinf* 
ly  three  such  angles  wilt  ataadf  aboMt  the  pooit  D. 

PROP.  XXIX.    PROR 

»         •       • 

In  a  straight  line  jpvea  in.  poution,  to  find  a  poinii 
at  which  the  straight  linee^  drawn  to  two  given  poiati 
oh  the  sa^ie  dide^  vHH  contain  the  greatest  angle* 

Let  it  be  required  to  draw  AC  And  BC,  so  that  the  an^ 
ACB  shall  be  a  iliktjlMm. . 

ANALYSI& 

Describe  a  circle  about  the  points  C^  A^  and  B»  Because  the 
angle  ACB  is  greater  than  any  other 
Irhidi  has  its  vertex  in  AE»  d^ 

circnmfereiite  must  lie  within  that 

« 

straight  line,  and  therefore  .P£ 
tduches  the  circfe. 

It  is  hence  evident,  that  GA.OB 
xts  GC%  and)  thereforei  the  point  C 
iaatisigned* 

PROP.  XXX*    PROB. 

» 

To  find  a  triangle  with  a  given  perimeter,  and 
standing  on  a  given  base,  which  shall  contain  the 
greatest  area. 

.Let  it  be  required  to  find  a  triangle  ABC,  constituted  on 
the  base  AC,  and  containing,  within  a  given  perimeter,  the 
greatest  possible  surfitce. 

ANALYSIS. 
Since  the  base  g£  the  triangle  ABC  ia  constant  while  ki 
erea  forms  a  maximum^  the  corresponding  altitude  must  e^ 


9QOJf.  iiu  9^h 

d«iitljr  b^  tine  ffmteep  pomi^l^  jp4  ^cNoaequeci^  1^  v4a«tQx  9 

must  lie  in  a  parallel  the  rem^ieitt  Un^m  AC^    SupposMP^ 

Uierefore^  tho  p4U*«Ilel  D£  to  imtain  it^  plapej  tb^  ^^Mip  Qf  fhe 

«kles  AB  and  €3f  wd  c(m9€iqi|^i»tly  tb^  ^ 

whole  perimeter  of  the  triangle,  wlllj  bj 

Proposition  26.  of  this  Bookp  be  ti|e 

least  possible,  when  tbd  angje  AJSiD  i$ 

equal  to  CBE.    Whence,  :psmfitvki^ 

the  same  perimeter,  the  paraifl^l  w^l  be 

enabled  to  recede  to  the  greaftest  distance  firoiad  j&<Ci  if  t^ae 

incident  ai^l^  still  maiiitain  ^mr  equality  |  b»t  P£  bei^g 

parallel  to  AC,  the  ak^mati^iwgldsBAC^tfl  SCA(i[.S3.£l.) 

are  likewise  equals  and  oaBsequen%  tbeir  0ppo(nt9  sjdes  C^ 

fmd  AB.    1^  triautgle  A3C  is  tima  isofoeiesi  f^d  it  i^  iil^ 

giren,  for  its  sides  are  aH  gbfm* 

Cor,  Hence  an  equiliit^^al  |H>Iygon  is  ih,at  KrHcjhj  ^nnder  n 
^ven  nximbet  qf  sides*  contains*  within  'the  s^me  pearunetepb 
the  greatest  possible  surface  :  For,  the  rest  of  the  figure  re^ 
m«oi»g  ««stent,  .,VJK>»e  any  two  ^aoent  «<k6  to  vary,  v»d 
the  accrescent  triangle  so  ^med  will^  by  this  proposition,  b# 
9  mudmnnh  when  those  sides  are  eqnsJL  The  polygon,  4e>* 
iriying  it^  oxpw^W  fr<»n  the  aggre^e  of  the  exterior  ii^ 
angles,  must  ^ttierefore  be  the  greatest  possible,  when  such  taci^* 
fwgles  are  in  py,e^  combination  isosceles,  and  consequent^ 
^  the  side^  of  the  figure  equal 

JROR  XXXI.    THEOR. 

If  a  polygon  have  all  its  sides  given,  except  one, — • 
it  ynS.  contain  the  greatest  area,  when  it  can  be  in- 
scribed in  a  semicircle,  of  which  that  indeterminate 
side  is  the  diameter. 

Let  the  polygon  ABCDEF,  having  given  sides  AB,  BC, 
CD,  D£  and  £F,  stand  upon  a  base  AF,  which  is  variables 
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the  area  wffl  attain  its  nummtmh  when  AF  beoomea  the  dk« 
meter  of  a  Gircunitcribing  semicircle. 

For,  AD  and  FD  being  inflected  to  any  point  D,  the 
qNices  ABCD  and  DEF  will  evidently  remain  the  samey 
while  the  angle  ADFis  enlafgedf 
or  the  points  A  and  P  are  dis- 
tended. "Whence  the  polygon 
most  contain  the  greatest  area, 
when  the  included  triangle  ADF 
contained  by  given  sides  AD  and 
DF,  is  a  maximum*  Now,  this  wiQ  take  place  when  the  aM^ 
tnde  of  the  triangle,  or  the  perpendicular  let  &B.  from  the 
vertex  F  upon  AD,  is  the  greatest  possible.  Wherefore 
(1. 1 8.  EL)  ADF  is  a  right  angle,  and  consequently  (III.  22.  £1.) 
the  point  D  lies  in  a  semicircumferenoe.  But  the  same  Fea- 
son  Implies  to  every  other  intermediate  point  B,  C,  or  E,  of 
the  polygon,  which  consequently,  in  its  state  of  maximumf  is 
diq>osed  within  a  semicircle  described  on  the  variable  side  AF. 

Cor.  1.  Hence  a  polygon,  whose  sides  are  all  giveo,  con- 
tains the  greatest  area,  when  it  can  be  inscribed  in  a  circle. 
For  let  ABCD  be  a  polygon,  which  has  eadi  of  its  sides  AB, 
BC,  CD,  and  AD  given.  Draw  the  diameter  AF,  and 
join  DF.  The  polygon  ABCDF  is  thus  a  maximum ;  but  the 
triangle  ADF  being  evidently  determinate,' the  remajnuig 
polygon  ABCD  is  likewise  a  maximum. 

Cor.  2.  Hence  a  regular  polygon  is  that  which,  with  a  gi- 
ven perimeter,  formed  by  a  given  number  of  sides,  contams 
the  greatest  area.  For,  by  the  corollary  to  the  last  Propositiooi 
the  sides  are  all  equal ;  but  its  angles  ere  (III.  H.  and  18.  £1^) 
also  equal,  since  it  occupies  the  circumference  pf  a  cir^. 
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PROP.  XXXII.    THEOR. 

A  circle  contains,  within  a  given  perimeter,  the 
greatest  possible  area. 

From  the  preceding  investigalipns,  it  appears,  that  the  pe- 
rimeter and  number  of  sides  being  given,  the  figure  of  great- 
est capacity  is  a  legular  polygon.     Let  ABCDEF  be  such  a 
polygon,  bounded  by  the  given  perimeter :  Bisect  the  corre- 
sponding arcs  oir  the  circumscribing  circle,  and  another  regu- 
lar polygon  MBGCHDIEKFLA  will  arise,  having  twice  the 
number  of  sides.    Draw  the  diameter  MI,  and  join  MD  and 
O J).     Both  polygon^  are  alike  composed  of  triangles  equal 
to  ODN  Mid  ODI,  and  consequently  the  area  of  the  poly- 
gon ABCDEF  is  to  that  of 
MBGCHDIEKFLA  as  ON 
to  OI,  or  as.  20N  or  PN  to 
20I  or  MI.  But  if  this  exterior 
polygon  MBGCHDIEKFLA 
were  contracted  to  the  same 
perimeter  with  ABCDEF,  its 
area  would  (VI.  26.  El.)  be  di- 
minished in  the  ratio  of  DP  to 
DN*,  that  is,  (III.  22.  and  VL 
16.  cor.  1.  El.)  in  the  ratio  of  the  rectangle  MI,  NI  to  MN,^NI, 
or  that  of  MI  to  MN.     Whence  (V.  16,  El.)  the  wigi- 
nal  polygon  is  to  another  of  equal  perimeter  and  with  double 
the  number  of  sides,  as  PN  to  MN.  An  isoperimetrical  figure 
thus  has  its  area  always  increased,  by  doubling  the  number  of 
its  sides.     Continuing  this  duplication,  therefore^  the  regular 
polygons  which  arise  in  succession  will  have  their  capacity  per- 
petually enlarged.     Whence  the  circle,  as  it  forms  the  limit 
pr  extreme  boundary  of  all  those  polygons,  must,  with  a  gi- 
ven circiimferei^ce,  contain  the  greatest  possible  spacis  *. 


*  See  Note  LXIU. 
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PLANE  TRIGONOMETRY. 


Trigonometry  is  the  science  of  calculating  the 
sides  or  angles  of  a  triangle.  It  grounds  its  conclu- 
sions on  the  application  of  the  principles  of  Geome- 
try  and  Arithmetic. 

The  sides  of  a  triangle  are  measured,  by  referring 
them  to  some  definite  portion  of  linear  extent^ 
which  is  fixed  by  convention.  The  mensuration  of 
angles  is  effected,  by  means  of  that  universal  stand- 
ard  derived  from  the  partition  of  a  circuit.  Since 
angles  were  shown  to  be  proportional  to  the  inter- 
cepted arcs  of  a  circle  described  from  their  vertex, 
the  subdivision  of  the  circumference  therefore  de- 
termines their  magnitude.  A  quadrant,  or  the  fourth 
part  of  the  circumference,  as  it  corresponds  to  a 
right  angle,  hence  forms  the  basis  of  angular  mea- 
sures. But  these  measures  depend  dn  the  relatioii 
of  certain  orders  of  lines  connected  with  the  circle, 
and  which  it  is  necessary  previously  to  investigate. 
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DEFINITIONS. 


1.  The  complement  of  an  arc  is  its  defect  from  a  qaadnmt ; 
and  its  ntpflemeni  is  its  defect  from  a  semidrcuiiiference. 

2.  The  tine  of  an  arc  is  a  peipendiciilar  let  fidi  from 
one  of  its  ei^tremities  upon  a  diameter  passing  Aroagh  the 
other* 

S.  The  versed  sine  of  an  arc  is  that  portion  of  a  dismetep 
intercepted  between  its  sine  and  the  circmnference. 

4.  The  iangeni  of  an  arc  is  a  perpendicidar  drawn  at  one 
extremity  to  a  diameter^  and  limited  by  a  diiimetet  extending 
through  the  odier. 

5.  The  secofU  of  an  arc  is  a  straight  line  ifirfaich  joins  the 
centre  with  the  termination  of  the  tangents 

In  naming  the  sme^  ioMgeHi^  or  secant  of  the  tomifUmeai  ct  sn  arc, 
it  is  uBoal  to  employ  the  abbreviated  tens  of  cosbsty-  cdoHgeaif  a&d 
€Qsectmi.  A  farther  contraction  is  frequently]  ioade  in  noting  the 
radius  and  other  lines  connected  with  the  circle,  by  retaining  onlj 
the  first  syUable  of  the  word,  or  even  the  mere  initial  letter. 
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Let  ACFE  bt  a  circle,  of  which  the  diameifesrs  AF  and  CEait  a^ 

right  angles;  having  taken  any  arc 

AB,  produce  the  radius  OB,  and  draw 

BD,  AH  perpendicular  to  AF,  and 

BG,  CI  perpendicular  to  CE.  Of  this 

assumed  arc  AB,  the  compkmeni  is 

BC,  and  the  ^ppUnunt  BCF;  the 

mc  if  BD,  the  aosmeWf  or  QD,  the 

wefsed  sine  AD,  the  cwcrstd  sine  CG, 

and    the    suppkmpUary  versed  sme 

FD;    the  tangent  of  AB  is  AH, 'and 

its  cotangent  CI ;  and  the  secant  of  the  same  arc  is  Olf,  and  its  co- 

secant  OI. 


A 
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TBlOOVOMSraT.  SMI 

'    Sef^rd  •ImouB  eonsequenoct   flow  firom  tbeie  definl» 
tiono 


1.  Since  the  diameter  which  bisects  an  arc  bisects  also  the 
chord  at  right  angles,  it  follows  that  h^  the  chord  of  ax^ 
arc  is  equal  to  the  sine  of  half  that  arc. 

*        * 

2.  lortheright-angled-triangleODB,  BD»+OD*=rOB*} 
and  hehce  the  squares  of  the  sine  and  cosine  of  an  arc  are  to« 
gether  eqitiit  to  the  square  of  the  radius. 

3.  T^  triiii^  OpB  being  eiodentljr  timilalr  to  OAI^ 
OD  :  D!B  :t  OA  t  AH;  that  is,  the  conne  of  an  arc  is  to  tl|6 
«iile^  as  die  iradiuA  to  ifae  tgng^Qt*: 

4.  From  the  similar  triangles  ODB  and  OAH,  OD  :  03 
::  OA  :  OH;  wherefore  the  radius  is  a  mean  pro^oi^iial 
betweep  the  cosine  and  the  secant  of  an  arc. 

5.  Since  BD*=AD.FD,  it  is  evident  that  the  siiie  of  all 
fcrc  is  a  mean  proportional  between  the  rersed  sine  and  this 
tfupplanentary  versed  sine,  or  b^ween  the  smn  and  diflerence 
of  the  radios  and  the  cosina 

6.  Hence  abo  the  chord  of  an  arc  is  a  mean  proportionid 
between  the  versed  sine  and  the  diameter  i  f<^  AB^  3t 
AD.AF. 

.7.  The  triangles  OAH  and  ICO  being  similar,  AH  :  OA 
: :  DC  :  CI  ^  and  hence  the  radius  is  a  mean  proportional  be^ 
tween  the  tangent  of  an  arc  and  its  cotangent 

S.  l%iioeOD*=BG^sCG.G£,  it  fellows  that  the  cosine 
rf  an  arc  is  a  mean  pn^rtional  between  the  sum  and  the 
difierenoe  of  the  radios  and  the  sine. 

The  circumference  of  the  circle  is  commonly  divided 
into  360  equal  parts»  called  degrees,  each  of  them  being 
subdivided  into  60  minutesy  and  these  again  being  eack 


950  iBUsmeatrs  of 

dutingoiihed  into  60  seoondt.  It  rerj  flddom  is  required 
to  cany  this  subdivirion  any  frirther.  Degrees,  mkiatesi 
ieoondBi  or  thirdsi  are  conveoiently  noted  by  these  marks^ 

Thus,  25''  27'  4S"  42%  Bignifies  28  degrees,  27  minntes, 
48  leoondst  and  42  thirds  *. 

• 

Scholium.  To  discern  more  clearly  the  connexion  oC  the 
lines  derived  from  the  circle,  it  will  be  pr(^)er  to  trace  their 
successive  valaes,  while  the  correqionding  arc  is  supposed  to 
jncTease,.  Let  the  arc  AB^  on  the  opposite  sid^  be  made  e« 
^ual  to  ABy  driiw  the  diam^r  FOA,  extend  the  diameters 
i^OB  and  bOB\  join  BB'  and  bl/^  and  at  A  apply  the  double 
tangent  HAH'.  It  is  evident  that  BEszie^  or  that  tbe  sine 
of  the  aire  AB  is  equal  to  the  sine  of  its  supplement  ABi. 
But  "SnS  and  Ve,  or  the  sines  of  ABFi'  and  ABFi^B',  which 
lie  on  the  opposite  side  of  the  diameter,  are  likewise  equal  to 
^E }  that  is,  the  inverted  mne  of 
an  arc  is  equal  to  the  sine  of  that 
arc  or  <^.  its  supplement,  augment- 
ed, each  by  a  semicircumference. 
The  arc  AB,  and  its  defect  ABFB' 
from  a  whole  dtcumferenee^. 
have  both  the  same  cosine  OE; 
and  the  supplemaital  arc  ABd, 
atid  its  defect  from  a  whole  cir-* 
cumference,  have  likewise  the  same 
cosine,  although  witti  an  inverted  position.  AH  and  OH 
are  respectively  the  tangent  and  secant  not  only  of  AB^  but 
of  the  eotc  ABbFb\  which  is  compounded  of  the  original  arc 
and  a  semicircumference ;  and  the  similar  lines  AH'  and  OH'', 
on  the  opposite  side,  are  at  once  the  tangent  and  secant  of 
the  supplementary  arc  ABi,  and  of  ABftFi'B',  likewise 
compounded  of  that  arc  and  a  semicircumference. 

As  the  prolonged  diameter  6'OBH,  therefore,  turns  about 


•  See  Note  LXIV. 
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like  centrej  the  sine  and  tt^igent  both  incre^e>  till  the  arc 
attains  90^,  when  the  sine  becomes  equal  to  the  radius,  and 
the  tangent  vanishes  into  unlimited  extent  Between  90^  and 
IBO^j  the  sine  again  diminishes,  a:nd  the  tangent,  re-appear- 
ing in  the  opposite  direction,  likewise  contracts  by  suoeessiYe 
diminutions.  In  the  third  quadrant,  the  sine  emerg^'with'  a 
contrary  position,  and  increases  till  it  becomes  equal  to  the 
radius;  while  the  tangent,  resuming  its  first  position,  stretches 
out  tiH  it  vanishes  awiay.  Between  270^  and  360°,  tile  oppo- 
site sine  again  contracts,  and  the  tangent,  re-appearing  on 'die 
same  side,  shrinks  also  by  degrees  to  a  point.  In  theifir^t  and 
fourth  quadrants,  the  cosine  lies  on  the  same  side  of  the  oentre> 
while  the  secant  stlretches  from  itin  tHe  dii^ection  of^th^  ex- 
tremity of  the  arc ;  but,  in  the  second  and  third  quadrants,  the 
cosine  shifts  to  the  opposite  side,  and  the  secant  shoots  fi-om  the 
Centre  in  a  direction  opposite  to  the  termination  of  the  arc. 

The  same  phases  are  thus  repeated  at  e^h  succeeding  re- 
volution. Hehce,  i£m  denote  any  integral  number,  the  sine' 
of  an  arc  a  is  equal  to  the  sine  of  the  arc  {^m — ^i)l  80° --^-£7, 
and  to  the  opposite  sines  of  {^m — i)  ldO°  +  a  and  of 
2m.l80°^-a  s  the  cosine  and  secant  of  an  arc  <r  are  equal  to 
the  cosine  and  secant  of  2m.  180° — a,  and  to  the  opposite  co« 
sines  and  secants  of  (2»i*— i)  180°-— i  and  of  (2»ij — -i)  180°+a; 
and'the  tangent  or  cotangent  of  an  arc  a  is  equal  to  the  tan- 
gent or  cotaiigent  of  the  arc  (2wi-^i)  180* +a,  and  to  the 
c^posite  tangents  or  cotangents  of  the  arcs  (2m~i)  180°—- a 
and  2»».180°— «. 

An  arc  may,  by  a  simple  ext^sion  of  analogy,  be  con- 
ceived to  'comprehend'  innumerable  other  ar^s.  Thus,  the 
arc  ABi  infiict,  represents  aO  tfad  aires  which  hs^e  their  ori- 
gin at  A  and  their 't^rmihaticm  at  By  it  therefore  includes  not 
only  the  sitiaU  arc  AB,  but  diat  arc  as  augmented  by  succes- 
sive revolutibns,  or  the  i^peated  addition  6f  entire  circumfe^ 
rences.  Hence  the  sine  or  tangent  of  an -arc  a  are  the  same 
with  the  sine  or  tangent  of  any  arc  w.360°  +a  *. 


*  See  Nate  LX  V. 
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PROP.  I.    THEOR. 

The  rectani^  uoder  the  radius  and  the  sine  (rf' Ibe 
•nm  or  diftrenoe  of  two  aros  is  equd  to  tihe  sum  or 
diftreoce  of  the  rectangles  under  their  alternate 
smes  and  cosines. 

Let  A  and  3  doioCe  two  ares,  of  which  A  is  the  greater; 
Aen,  BX8in{A:=t:B)sBsinAxoo$Bs±xoiAxmnB. 

F€r»  haying  made  BC';c  BC»  it  is  evidrat  that  AC  and  AC^ 
will  represenl  the  siun  and  cUfierenoeof  the  arcs  AB  and  BC| 
join  OB  and  CC,  and  draw  HFH'  paraBd»  and  CE,  FG, 
BDp  and  H^CE  perpendicular,  to  the  radius  OA. 

The  triangles  COF  and  COF,  havii^  the  side  (X>  equal 
to  C^Oy  OF  common,  and  the  contauied  an^  FOC  sod 
FOC^  measured  bjr  the  equal  arcs  BC 
and  BC,  are  equal  $  wherefore  OF  hi-* 
sects  CO  at  right  angles.  But  the  tri- 
angles OBD  and  OFG  being  similar, 
OB  :  BD  : :  OF  :  FO,  or  HE,  and 
consequently  OB.HEcBD.OF.  The 
triaoDgia  OBD  and  CFH  are.  Hkewiae  /  [  ^  ^  ^  > 
similar,  for  the  ri^t  angle  CFO  being 
equal  to  HF6,  if  HFO  be  taken  from  bodb,  the  remabing 
angle  CFH  is  equal  to  OFG  or  OBD ;  whence  OB  :  CD :: 
CF  :  CH,  and  OB.CH=OD.CF.  Wherefore  OB.HB  + 
OB.CH,  or  OB.CE=xBD.OF+OD.CF.  But  BD  and  OD 
are  the  sine  and  coune  of  the  arc  AB,  CF  and  OF  the  tine 
and  cosine  of  BC,  and  CEis  the  sineoftheoompound  ar^  A& 
Consequently,  RxsinACs=$inABX€oaBC+€o$AB  xsinhC 

Again,  taking  the  diffisrence  of  the  reetarn^  OB>  H'E'  and 
Oft  OH',  and  OBxOE'=:BDxOF— QDxCFj  whence 
B  X  sinAO:s8inAB  X  ccffBC~co^AB  x  sinBC. 


€ir*  1-  If  the  ^m>  9ras  A:m4  ^^  $iil^  it:  mi  Q]^yj9wt^at 


Or^  %^  S^f  «)i^  9i«  A  !QCMi<ip.45f  I 

Vi(c£»5B;±=stiiB.) 

Car.  3.  Let  SAsC^  Aad^'\)y4iM fik«t<x>rolkry)  JSXanCs 
«iniCx2co«iC 


1     .  .  J* 


The  rectangle  und^.tl^^  r^diw-a^d  j:|^e  x^osinj^  of 
the  sum  or  difference  of  two  arcs,  is  equal  to  the  dif- 
ference! or  the  suiii  of  the  rbctaiiites  imo^r  l^eir  re- 
spective  cosides  aild  smes. 


^   i.4\  .     .-' 


1^'  :     . 


Lret  A  and  B  denote  two  arcS|  of  which  A  is  the  greater ; 
them  ^  X)^ A'slaB>^  iogAi  bccDjfiopsm A  Hsm^^ 

For,  in  the  preceding  figure,  the  triangleb:0&D  adui  QF0 
bemg  similar,  OB  :  OD  : :  OF :  06,  andCffiXKflr»(H).OP«  ^ 
and  the  triangles  OBD  and  CFH  heiagAyk^jii^  finiJM^ 
OB  :  BD  : :  CF  :  FH,  or  6£,  and  cojmtptt^tOBJSJi;^ 
BD.CF.  Wherefore  OB.OG-OB.GE3d3B.O£^^fi«QK9- 
BD.CF;  that  is,  Bxco&AC:=:cQsABxcoaK:^^dtUkBXmt^* 

Again>  taking  the  sum  of  those  rectaogks,  0]|^.^  Q&  4* 
OBxOE'sOB  X  0£'=0D  x  OF  +  BD :it^F  i  wh^aaa^ 
RXcosAC'^cosABxcasBC+sinABxM'BCu   d:  > 

Cor.  1.  If  A  and  B  represent  two  equal  .a^rci^  U  wiQ  follow, 
that  jRXcoi2A=zcosA* — sinA* :=(cosA+^{nA)(cos^ — si^A)  J 
or,  since  cos  A*  =  R* — sin  A*,  R  X  cos2A^  jX^-^i^iflA*  5= 
2awA*^J8*. 


^■ 


Car*  2-  Hence  mAf  ^  iiI(JB -ft*  lac^ A),  and  eaiA\  9 

iR{R+cos2A)i  .wfa«r0(breniiA'^-r*jiiiB*s|iZ(«o^Br-^tfotf  A}. 
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•  Cbr.  S.  Let Ihe  ii« be  equd  to45^y  fiad  Jt X  e8i(45<'£fc:]^ 
-  Oir/4.  Let9A:«:€,  and  by lih^ first  oorDDiuy,  MxcotOi: 


.:    PROP.  UL    THEOR. 

Of  three  equidifierent  arcs,  the  rectangle  under 
the  radius  and  the  sum  or  difierence  of  the  sines  of 
the  extremes,  is  equal  to  tifnce  -  the  rectangle  under 
the  cosine  or  sine  of  the  common  difference  and  the 
sine  or  cosiiie^bf  the  mean  arc; 

.    Let  A^B^.iV9  ^^  ^+^.  repreflcot  three  arcs  incieasing 
by  the  difference  B  5  then  R  f«n(A  +  B)+«n(A— B))  = 

icosB  X  5f  nA,  and  R{sin{A + B)— «»( A— B))  =  2«nB  XcosA. 


r\    /. 


o  •'; 


These  prcqfiertite  areefsiiir  dodiiload  by  MKimbinuig  tk  pre^ 
ceding  theorffin8;'btit 
ihey  are  mott  ed£fy'* 
perceived,  by  rtfqnw 
ingimmediatdytqthe 
original  figare»  The  . 
triangle  QBD-aidl 
OFO'hrfng  omiiar, 
OB:BD::OF:FG, 
orOB:BD:.^SOF 
:2FGorCE+CE', 

andb^cfe+t:±;')== 

SOFxBDj  tlmt  is, 
R{stnAC^stnAC'):= 
^casBC  X  sin  AB.  Again,  OB  :  OD  : :  CF  :  CH  : :  2CF : 
2CH  or  CE— C'E',  and  OB(CE— CTE')=2CFxOD  j  con- 
sequently R{sinAO^^$nAC')si2sin  BCxcosAB. 
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Car,  I .  Hencedfio  Jt(co<(  A-B) + cos{A + B))  s  2eosB  X  cosAf 

and  R[cos{A—B)—cos{A + B)) = 2«inB  X  sin  A. 

For  OB  :  OD  : :  OF  .  OG  :  :  20P  :  20G  or  OE'+OE, 
and  0B(0E'+OE)=2OF  X  OD;  Aat  is,R{casAa+cosAC^ 
=  2«>iBC  X  C05AB.  Again,  OB  :  BD  :  :  CF  :  FH:: 
2Ci?:  1?FH,or  OE'— OE,  and  OB(OE'— OE)=:2CPxBD; 

that  i9;'lt{cosAO—co$AC)=s2sinBCxsinAB. 

'   •  •      •     •  J 

G^r.  2,  Let  the  radius  be  expressed  by  unit»  and  arcs  B 
and  A^  denpted  by  a  and  na ;  then  collectively  2sina  Xcosna 
:=zsin{n  +  i}a -i-  sin(n^i)a,  2cgs  a  X  sin  na^sin{nJ^x)a'\» 

•    •   ^         *  .  "  "  » 

nn(}i--i)a|  .2sina  X  ^mna  :^  cos(ii — i)a — cas{n  +  i}a>  and 

-      •  • 
2cos  a  X  cos  ;m; =rots(n*i)a -f^o^(n + 1  )a. 

Cor.  3.  Since  wrsB==;Pr-r€:osB,  it  follows  that  ^(^^(A+B) 

+^'n(A — B))=2JSXs2nA-7-2c?^5BxstnA|  and  conseqven^tly 

-B  X  «»( A+  B) = 2«  X  sinA^R  X  «m( A— B)-2wgrsB  X  »mA, 
or^(sw(  A-|-B)~5f  nA) = B(«nArrjm(  A-B))-^2t»r*B  X  sinAi 

In  the  same  way,  it  may  be  shown'that  iZ(ro5(A— B)— co^A)ss 
R^cosA — c(?5(A+B)\— SwCT'^Bxco^A, 

Cor.  4.  If  the  mean  arc  contain  60'';  then  R[sin{e6° -j-B) 

— 5in{60*»— B))=25mB  X  cosSO'',  or  sinB  x2siWS0®.     But 

twice  the  sine  of  SO^  bein^  (cor.  1.  def.)  equal  to  the  chord 
of  60^    or  the  radius,   it  is  evident  that  stn{60^  +  B)— - 

«n(60<> — B)=sjnB,  or  5in(60<;+B)=  sfi?(60«— B)+«nB., ^ 

This  property  also  follows  from  Prop.  14.  Book  IV.  of  die 
Elements;  forBD^AD+CD,  and  4BD=?iAD+jCD,  or 
»ra^BAD  =  5m  J  AD  +.sinkCD,  that  is,  if«(60«  +  iAD)zs 
«»i  AD + ««(60«— J  AD.) 

Cor.  5.  Produce  CE  to  the  circumference,,  join  CI  meet- 
ing the  production  of  FG  in  K^  and  joixr  OK-^    Since  FK  is 
parallel  to  CI  and  bisects  CC,  it  likewise  bise<^  IC ;  and 
hence  OK  is  perpendicular  to  ^Oj  whith  is^  4herefire,  the 
^ine  of  half  the  arc  I  AC,  or  of  half  the  sum  of  the  arcs  AC 

and  AC/,  as  CF  is  the  sme  of  half  their  difference.    Ba^ 

J,  '    1  ^   ' 


956  xtKiflsim  or 

<IL24.EL)  lO-CC^alC  X  2C'B'^0rC!«M3P»=CK  xCT'f 
ooDflequently  gf9i^AB^^m*W^  cssjnAC  X  $inAC\  or,  em- 
jkymg  tbe  gwanl.  notation^  mA*-^nl^*s^sin{Ji+^x 

firAtrfftt«r«  By  bejp  ef  ihk  frqp9Ntion»  the  allies  aad  CQ^ 
oCmoltJpi^  artm  axe  etsSjr  de^enpinedf  but  tfn^  eaqaivwpiw  &r 
them  wiU  becoiw  simpler,  j|^  110  iacor*  8«  the  ndius  be  8u^ 
flqoaltojmit  For  A»  2  A  and  S  A  being  three  equidifferent  arc% 
ftiiA  -|-  sin9  A  ^  2co8A  X  sfii2  A  c  9cosA  X  2cosA  X  ir/iiA,  or 
sinSA  =:  4e(»A*  X  imA— «fnA;  and  coiA  4-  casSA  =  2tosA  X 
ros2  A  :^  fcosA  (2cosA* — i)  ±:  4fC0sA  *  —2  cos  A,  or  a?^  5A  =: 
^osA^ — ScosA.  Again,  since  2 A,  8 A,  and  4A  are  equidi^ 
fereat  arc^  |iii2 A +5f fi4 A  =^2cosA  x  smS  A = 8cos A^  X  smA^ 
2C0SA  X  smA,  or  sin4iA  =  ScosA'  X  sin  A — kosA  X  5/i»A; 
eos9A  +  cos^Azi2cosAXeoAA^2cosA{4feosA^ — Seosk)y  or 
^«ii4Ac^aasA<«^^Mif  A*4'  i«  In  like  manner,  anwnning  tk 
m^mSbreat  arc^  SA,  4A,  ^,  and  die  sine  and  coaioe  of  5A 
arefoundf  and  this  roode  of  proocdure  may  be  continually  rcy 
peated.  To  abridge  the  notation^  however,  it  will  be  proper 
to  express^  the  sine  and  the  cosine  of  the  arc  a,hys  and  c. 
The  results  are  thus  expressed  in  a  tabular  form : 

Sm  2a  9=  2c«. 

Sin  Aa  ss  8c'«  —  4C9. 
(1 .)  Sin  5a  =  i6c**  ■—  12(;*«  +  *. 
5w  6a  =  Zic^s  —  32c^*  +  6cs. 
Sin  7a  =tf  ff4c«/  —  SOc^s  +  24c^i  —  ^. 

&c,  &c.  i&e. 

Cm  2a  =  ilc* —  1. 

Cos  3b  cs  4c*  —  3c. 

{i.)  Co»  4o  =»  8c*  — a(>  +  4. 

&c,  6!c.  &t*  • 


See  Notis  LXVI. 
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If  in  these  expressions,  i — s*  be  substituted  for^^t  in  the  sines 
of  the  odd  multiples  of  a,  and  in  the  odsines  of  the  eV^n  mul- 
tiples) — ^the  sines  and  cosines  of  sadi  muMpte  aici  viH  be  re» 
presented  merely  by  the  powers  df  die  sine  A.  '      .     - 


Sin  ^a  :*  3«  —  4f  ^  - 
(3.)  '^^  5a  ^  6s  —  20sf  4-  1&  ., 

Sin  7a  =  Js  —  56s^  +  112**  —  645'. 

&c.  &c.  &c. 


<;l 


.   Cos  Qa  ±z  +  I  —  Qs\     .  ♦ 
(4.)  Co*  4«  st=  +  1  — .  84*  +.  8a*.  .1 

Co*  6a  =  +  1  —  ISA*  +  48a*  -^  324*.. 

&c.  &c.  &c. 

1         •        "" 

■   I       •  * 

\ 

If  the  terms  of  the  first  table  be  rei)eatedly  mtiHij^ed  bjr 
2^,  ajid  those  of  the  second  by  2c:,  observing  the  Substitu- 
tions of  cor.  ft  J  there  wiS  result  ^^ressidns  for  ^e  iinf^  «nd 
cosines.  Thus,  9sin  a^  t^^.s  £=**-  eot  2^4*  ^i  ^^«  ^^'  — "^ 
2j.r^j  2/1+2/  z=  —  ««  3fl  +  ji«  fl+tx  ts  — 1  i^f»  S«i  +'S>i  ftfid 
8/1/1  a^  = — 2j./i«  3fl  +  2/.Sj  t=  +  cas  ^a^-^'^s  3b— S^5  %d  '^Bsfs 
fw4a—4rw  2^1+3.  Again^  2f^/^i*=2r.r:itrd/^3ii+li  4^/lfl*'afc 
2^.^^/  2tf  -f-  "2^  =  ^/  3^1  +  f0/  /I  +  Sr  %=  ^/  Sdi+Sr^/  0^  fiild 
8c^j  tf^  =  2c.cos  3a  +  2r*3rp/  a  =:  cm  ita+eos  '2ti  +3rw  2<i+;Safc 
rox  4ta + 4icos  2a +S.  In  this  mamt^,  the  f^wing  taties  are 
formed*       »  , 

Sin  a  =  8, 
^  Sin  a*  =:  —  cp*  2a  +  1.  » 

'^4>Sin  a^'=ic  —  sin  Sa  -4-  35. 
(5.3^  ^  Sh'a^  =  -|-  t05  4a  —  jicos  2a  4*  3. 
^  ,  •     1«  Sfi!  Ti*  »  4.  m  5a  --  55m  3a  +  10*. 

^  SAi  a'  =t  -^  cox  6a  4-  6co5  4a  —  l5cos  2a  +  10. 
•    '      £4 i^'/i  07  :?:«-»  ^  7a  -h  7m  5a  —  2\m  3a  4-  35<. 

&c.  &c.  &c. 


S56 


suvBimov 


Cota 
sew  a* 

(6.)  8Co#4* 
l6Cb«a' 
3SCW<^ 


CM  4a  +  4coi  2a  4-  3. 
cot  5a  -I-  5eof  3a  4-  10c. 
cof  6a  +  6co9  4a  +  13coi  2a  4.  10. 
C09  7a  +  7c9i  5a  ^,  2lcos  3a  4.  35c; 
&c.  &C4  5ec  \ 


PROP.  IV.    THEOR. 

The  sum  of  the  sines  of  two  arcs  is  to  their  diffe- 
rence,  as  the  tangent  oP  half  the  sum  of  the  arcs  to 
the  tangent  of  half  the  diflference. 

If  A  and  B  denote  two  arcs ;  the  sinA+sinB  :  sinK^sinB 


::tafi 


A+B.,_A_B 


ttatit 


2  2 

For,  let  AC  and  AC  be  the  nun  and  difference  of  the  arcs 
AB  and  BC,  OT  BC'$  draw  the  popendicolan  CE,  antf  CE', 
extend  the  chord  CC,  and 
fpffy  at  B  the  parallel  ^- 
«Bnt  HBL,  meeting  in  K 
»nd  h  the  diameter  produ. 
«ed,  and  draw  OCHj  OFB 
•nd  OC'H'.    Because  CE 
M  parallel  to  CE',  and  CK 
toHL,CE:CE'::CKiC'K 


O  £ 


JE'A 


KL 


Vn.  2.  EL)  HL  :  H'Lj  and  consequently  CE+CE': 

m     S^'""''+'''^=  "^"^''  ^->  2BL:2BH, or 

A  '\^'    ?"'  ^^  "***  ^'^'  "•*  *«  -^^  of  Ae  arcs  AC 

«d  AC'  and  BL  and  BH  are  the  tangente  of  AB  and  Bq. 

or  of  half  the  sum  and  half  the  diffemice  of  those  arcs. 

Wherefore«nAC+5wAC':«»AC--««AC'::to«;i£±^s 

41 


tan 


AC—AC. 


2 


•  See 'Note  LXVII. 
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l\  €br.  L.Thedn^  dffAhe^Kom  and  diflferewd  of  two  arcs 
are  propcNrticaial  to  the  mm  .ud  SSffevmeei  «f /tbeir  tungesAi. 
JFor  CE  :  C'F  : :  HL,  ob  Bli+BH  :  Wi,  w^I^-BH; 
that  is,  resuming  the^neKal  tibtatioii,^i1»(ATh*B)«  ^^(^"^^B)!^ 

C<9r.  2*  J^  Hid  greait^r  arc^l^  ^ual  tof  as  quadrant ;  s£sed 

jco^  (45*^+iB).  B)ft»  thejraditRil  bc^i^g  a  xn^^ii  ]^(r^ortionail 
jbetween  tbe^  jwge^t.^^  ootai^^ut  of,  iMiy.  9^rci:  and  the  cor 
sine  of  an  arcb^ng  a  ip^iEia  pitQ^ojrtional  beti^e^^e;  tke  Bvm  and 
difference  .of  the  n^iusrwd  tl^e  pine,  it  folfeii?^  Aat  R  +.$m9i 
fiosB  :  z  R  :  /<r«(45°-r-4B),  i^d  JS — ^inB  >  '^sJ^  or  cp^m 
JJ..+««B,  iiR.:  tan{4i5^+iQ).y,  '   .         .    /    r:  ,> 

Or,  if  iQstead  of  B,  there  be  substituted  its,  •ctilnpIetneD^ 
,these  analogies  will  become  R+cosB  :  sin^ii  R  \taniBi  pid 
R — C05B  :  sifiB  :  :  R  :  co^jB/  ,        ,      .         . 

,Car*  3.  Sipce  co^B  :  ^  : :  -?— r^mB  :  #^»(455*^-^B),  ^d 
cQsB  iR\:  R+sifi^  :  te»(45«>+jB),  therefore;  (V.  19. .  JEU) 
^^^  :R::^R:  to»(45^-^B)+^fl»?(45°  +iB) ;  that  is,  sup- 
posing JB  to  be  the  compl^nent  of  2C,  ,5t;j2C.,;  2^>:' : 
IlitanC+cotC.  Bnt{Px(yp.l.cor.l.)Rxisiv^Q:=2eo$C XsinQ, 
.and.copse^entl^  cosCxsinC  :  R*  :;  R  :tanC+co$Cp  .  ,  y 
r  Cbr.  4.  Since  (4*  cor.  def.)  cpsB  :  R  :  :  R.isecBj  and 
'(•3  •  coJJL.  ^ef. )  cosB :  sinS^ : :  22 :  tanBf  therefore  <:o5  B ;  /! + 5/nB : : 
ii :  tanB+secBf  andconsequeQtly^(2.cor>de£)^a;i(45^+iB)=r 
tanB+secB. — This  also  appearsclearlyfrom  thefigure,  on  sup- 
posing OH'=HX^  or  the  angle  LOH'  equal  to  QLH^  and 
consequently  the  arc  AC  equal  to  the  complement  of  AB- 

-     *  '< 
PROP.  V.    THEOR. 

As  the  difference  or  sum  of  the  square  of  the  ra- 
dius and  the  rectangle  under  the  tangents  of  two 
arcs,  h  to  the.  square  of  the  radiusy-r-so  is  the  spm  or 
difference  of  their  tangents,  jto  the  tangent  of  the 
sum  or  difference  of  the  arcs* 


Ml.  sunmraiDK 

La  A  lAd  B  danole  ti»o  «rQ%  of  )RrUdi  A  k  Ae  gwhi ; 
liwiH^iApteliA^iauB  :  JP  i :  tenAcisftifiB  :^AstrflL) 

Far  fd.  ottr.  de£)  jB  i  tonA  : :  MwA  :  sinAf  aftd  Jt  :/tfnB : ; 
wB:ttnB§  lAmoe  (V.2S.  £L)  M^iUmAxtdnB-i'^iioiA  x  ismB 
:  smAxnnB,  and  (V.  U.  and  ;^«  £L>  Jt*\sp^MAyfonB  t 
Jl*  :  t  MsAXciOfB  i^tf  IftHAXiUR  :  «8tA  X  M^  ihnt  i% 
JPcp^ltmAKAmB  I  H*  : :  J!i(Xim(Adblf) :  eovA  XcorB.  But 
(  8.  eor.  dA)  t»s{Ai±tB)  x>m( A2ft::B)=i«  x  5m(A?^B)9  aod 
-dOiA  X  <^B  (Ion  A 3lr  #im B)  bcmA  XM^A  X  i»rB=<? 
totAxa«BxteiiBt£:JiX5mAXic:<toB:±»£  X^o^AxmBs: 
(Prop.  1.)  X^  X  ftis(A  =tr  B)  I  wherefore  (V.  6.  and  S.  EL) 
it  xc(a{Ag±:B)  icosAxcosB :  }#aAA=±=tonB:  teii(A:i±^B)>and 
conaequently  R*  zspzianAxtanB  :  R*-  z  i  tanA3±stanR  : 
Am(  AsfisB)  *. 

Cbr.  1.  Let  the  two  arcs  be  equal ;  and  R^ — tanA*  :  R^  : : 
itanA  :  to»2A. 

Ci)r.  9.  Let  iht  greater  afc  tohtain  45^  ;  and  since 
IdMS''  si^i  It  foDows  that  R^zi^R  X  tanB  :  R*  ii  R^±=tanB : 
1bKn(45^sftrB),  or  R:=^anB  :  i?:±:tenB  :  :  *  :  to#»(45<»=±rB)  f  . 

SdhoUim.  Asduinilig  the  radius  eqiial  t6  ttHk^  ej:pjcsBioiia 
Hre  hence  easily  derived  for  th^  tatigents  cS  inoitifde  lurcs. 
Let  t  denote  the  t&ngent  of  im  arc  a  ;  theh  i*^  :  l : :  ^^  : 


tonSas' — a  and  i--/.^^ — s-i'*-^+r— s  s  tenSac 


fii  Ifikemanner,  ft  wi&  be  found  that^ 

4/— 4/* 


&c.  &c.  &c.  t- 


•  See  Note  LXVIII.  f  See  Note 

:  Sfee  Note  LXX. 


n:  '<•-■'  M  :•  *-  ^".i 


:ry«  •  S61 


:  thMefimiiiamifj^  ^ixptmm^  for 

thi  idne  onAi  oosBie  <tf  die  iluikipfle  »o  which  inTDlve  the 

powers  of  the  tangent.   Thus,  from  (1),  sin2a  =:  2c$ = c*(  2-  I 

=:c*.2/,  and  5mSfl==4(:*5— -/s=ac*^— {i— c*)sr:c*(^S-' — r  J 
=c'(3^ — ;^' )  S    agaJBf  from    (2),    co52a=2^*o^i=rc*-*«is*':«: 

I— 8-yJ=f5(i— 3/»).    In  this  way,  the  following  tabfes 
ajre  formed : 

Sin  ^a  =te  c».2iP. 

(8.)  iSfm  4a  =  c*(4/— 4^3). 

Sin  5a  =  c*(5^— lOi^+^s). 

Shi  6<i  ^  c'xeism^^i^^y  *  ■       ^ 

&tL  &c«  Slc^ 


Cos  20=::  C*(l— <*). 

(9-)  Cm  4a  =  c*(i— Ci^+if^).  , 

&c.  &c.  &c. 

The  &st  set  of  ezpxesttons  being  divided  by  the  secondf 
Mrill  evidently  give  the  same  resists  for  the  ttmgent  of  the 
multiple  are  l*^.  .  .        .        ;      •    . 

PROP.  n.    THEOR. 

The  supplemental  chord  of  half  an  arc,  is  a  meail 
proportional  iDelween  the  f  adius,  and  the  iftim  of  the 
diameter  and  the  supplemental  chord  of  the  whol6 
arc. 


'  '  < 


6tb  Note  LXXT; 


tei 


iitf  t  r;.<)ir;ji 


Thjgpwpgrty ,  whick  fa  MymnmXitkwt^^^m 
will  adink  of  a  nove.dilifdl  damdmntMatafim*  .  F 
^hord  ABy  the  semichorcb  A£  and  ,B£|  and  t^e 
alchords  CB  and  CE, 
Olid  the  radiuB  OE^ 
The  isosceles  triang^ 
AEB  and  COE  are  si- 
milar, finr  the  angles 
OCE  and  EAB  at  the 
fa^ie  stand  op.  equal  arqf 
AE  and  EB;  consequently  AE  :  AB  :  :  CO  :  CK  But, 
ACBE  being  a  quadrilateral  figure  contaoied  in  a  drdei 
CE.AB=:AE.CB+EaCA=sAE  (CA+GB),  or  AE  :  AB 
: :  CE  :  CA+CB ;  wherefore  CO  :  C£  : :  CP  :  CA+CB^ 

orCE*=CA(^i^l^). 

Cor.  Henoe«  in  small  arcs,  the  ratio  of  the  sine  to  the  arc 
ifiproaches  that  of  equality.  For>  kt  the  semiarcs  AE  and 
£B  be  again  bisected  in  the  points  Fand  G ;  and, coDtinuing 
their  subdivision  indefinitely,  let  the  succ^sive  intennediate 
chords  be  drawn.  The  ratio  of  tjbe  pine  BP  to  the  arp  AB 
may  be  viewed  as  compound^  ot  the  i:a^io  of  6D  to  the 
chord  AB,  of  that  of  AB  to  the  twp  chords  A£  and  W,  of 
that  of  AE  and  £B  to  the  four  chords  AF,  FE,  EG,  and 
OB,  and  so  finrdi.  But  these  ratios,  it  has  been  shown)  are 
the  same  respectively  ^as' those  of  thei'sup^leinpentsfif  chords 
CB,  CE,  CF,  &c.  to  the  diametorCA.'^  Afifl  >ilide  each  of 
the  ratios  CB  :  CA,  CE  :  CA,  CF  :  CA,  &c.  approaches  to 
equality,  it  is  evident  that  their  compounded  ratio,  or  that  of 
the  sine  to  its  co^^ponding  arc,  mbii  lefflba  i^proach  to  equa- 

^ ,  SehQliynk'^  H^noe  ^he  ratio  pf  the  sine  BI)  to  the  a^c  A3  is 
ttpsessed  numerically,  by  the  ratio  of  the  qontinued  product 

^/i  ■    ■ .  '  >'  t^^>  vj^;.  V     4  '^w  :;jii  il^  « 

of  the  series  of  supplemental  chords  CB,  CE,  CF,  &c.  to  the 
relative  continjied  power  of  the  diameter  CA.  The  ratio 
may,  therefore,  be  de^nnined  ta  any  degree  of  exactness,  by 


the  ifqpeated  appliealion  of  tbe  pi^Diitioii  in  comptttkig  those 
derivative  chords.  But  a  very  csonveniait  s^proximation  is 
more  readity  assigned.  Make  CD  to  CI  as  CB  to  CA|  CI  to 
CK  as  C£  to  CA,  CK  to  CL  as  CF  to  CA,  and  so  Ibrdi, 
tending  always  towards  the  limit  Z;  daen  the  nitia  of  CD 
to  CZ,  being  compounded  of  these  ri^aos,  must  expness  the  ra^ 
tio  of  thesine  BD  to  its  correspbndih^  arc  AB.  Now  CD :  CB 
:  :  CB  :  CA  ;  consequently  CIt=CB,  and  CD  :  CI  :  2 
CI   :   CA9  or  the .  point    I  nearly .  bisck^  DA.     Again, 

CE*  =  CA  (^^t       \   and  therefore  CE  differs  from  CA, 

by  only  the  foivtb  part  of  t}ie  difference  between  CB  and  CA. 
These  differences  b^ing  smpi}  in  comparison  of  the  quaatities 
themselves,  the  series  of  supplemental  chords  ipay  be  .consi- 
dered  as  forming  a  regular  progression,  each  succeeding  term 
of  which  approaches  four  times  nearer  to  the  length  of  the 
diameter.  Wherefore  IK=  ^DI,  KLs  7IK,  and  so  conti« 
nually.  But  (V.  91.  £1.)  as  the  difference  betweea  the  &«( 
and  sQcoyid  teirpi,  i$  tp  tl^e  firsts  so  is  the  di^Terence  between 
the  first  and  last  term,  or  DI  itself,  tp  the  sum  of  all  the  terms, 
or  the  extreme  limit  DZ ;  that  is,  3  :  4  :  :  DI :  DZ  \  and  con- 
sequently DZszfDA. /  The  ratio  ofihe  sine  BD  to  the.ai* 
AB  is,  thereforie,  nearly  tfifit  of  CD  to  CD-f  fDA,  or  of 
3CDtoCD+2CA. 

This  approximation  may  be  differently  modified.  Since 
SOD  =  60A— SDA,  and  CD  +  SAC  =  60A— DA,  it  fol- 
lows that  BD  is  to  AB,  as  60A— SDA  to  60A— DA. 
But  this  ratio,  which  approaches  to  equality,  will  not  be 
sensibly  affected,  by  annexing  or  taking  away  equal  small  dif- 
ferences. Whence  the  sine  is  to  the  arc,  as  60A^ — 6DA 
to  60A— 4DA,  or  SOD  to  0A+20D.  But  OD  is  to  OA, 
as  the  sine  of  AB Js.to  its  tangent;  and  consequently  the 
tri{de  of  that  arc. is  equal  .to  its* tangent  tc^etber  with  twice 
its  sine. 

Again,  botfi  terms  of  the  ratio  increased  by  the  minute 
difference  DA  become  %Olk*^T>k%  m^  ^A  >  vjhei^rfwfe 


864  .  ELCMSim  OF 

BD]stoAB,«8  30A~DAtD90A^<v4i80C+OD*oSGO. 

Henoe^  if  CP  be  nude  eqoil 

to  the  radius  CO,  and  PBH 

bedrawi^  to  meet  the  tmgsxitf 

*^*4he  arc  AB  wiH  be  near- 

p 

ly  equal  to  &e  intevcepted 

fiortiimAiL  ForBD:AH:tPD:FA»orSOC+OD:SOC; 

tbat  la,  as  the  aine  BD  is  to  its  arc  AB. 

Another  approadmation,  of  much  higher  importanoc^  may 
be  hence  derhred^  for  PD  :  PA :  :'BD  :  AH,  or  as  the 
siue  to  its  arc  nearly.  But  (V.  3.  EI.)  PD  X  CD  is  to 
iPAxCD iolhe same ratio^ and  PA  X  CDsPD  x  CD  *^ 
AD  X  CD  s:  (IILSfl,  cor.  1.)  PD  X  CD  +  BD*  ;  yOasMe 
PD  X  CD  is  to  PD  X  CD  +  BD^,  as  the  fane  to  jls  are 
nearly^  If  the  att;  be  small)  it  is  evident  that  OD  wiB 
be  rerj  nearly  equd  to  AO,  and  eonseqtt«itly  PD  may  be 
ussuttied  equal  to  SAO,  and  CD  equal  to  2AOk  Wherefore 
«AO*  :  6AO*  +  BD*  : :  BD  :  AB  neariy  i  or»  the  radios 
being  unit,  and  tf  and  i  denoting  a  smaQ  arc  abd  its  sine^ 

S  :6  +  s*  ::s  :a^  andhencea  =  «  +  —  nearly*    But  since 

6        I 

m and  t  Mevety  sasaH^  6>  will apptoach  ^otixteBidy nettr  to  s^i 
and  it  may,  therefore)  be  inferred  converseW,  that  s  =a — — * 

A  -convenient  apprdximatloh  for  the  versed  sine  of  an 

arc  is  easily  derived  from  the  fundamental  property  of  die 

lines  themselves;  for  2A0,AD  =  AB*  =  BD*+AD*,  or 

employing  v  to  denote  the  versed  sine,   2^=^4-p*,   and 

s*       tr* 
v^~+~.  U,  therefore,  the  arc  be  analls  it  may  be  suffi- 

ciently  near  the  truth  to  assume  v=z—i  but  should  greater 
accuracy  be  required,  substitute  this  vHu^  of  19  in  th^  second 
term  of  the  complete  expression^  and  v=-^+--^->  which  wiQ 
Arm  a  very  ^bae  ipprotiinftliott* 
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Cal^lati(m  of  the  Tiigpfumetrical  Lines.     -     • 

The  preceding  theorems  contain  all  the  principles  requiijofl 
in  constructing  Trigonometrical  Tables.  The  radius  being 
denoted  by  unit,  die  seferal  Hues  ccmneoted'  with  the  dv^ 
9ixe  referred  to  that  standard,  and  are  generdOy  computed  to 
seTen  decimal  {daees. 

The  first  object  is  to  compute  the  Stkes  for  every  arc  of 
the  quadrant. 

Since  the  semicircumference  of  a  dtrcle  whose  radius  is 
unit  was  found,  by  the  scholium  to  Prop.  32.  Book  VI.  of 
the  Elements,  to  be  3.1415926,  the  length  of  the  arc  of  one 
minute  is  .0002909,.  which,  in.  so  3ma^  an  arc^  m^y  be  as- 
sumed  as  equal  to  the  sine,  and  consequently  the  versed 
sine  of  a  minute  =  5(.ob02909)*  =  .000;>000,042,30S. 
Whence,  by  cor.  3,  to  Prop.  3.  sin^A.  + 1')  =  2sinA. — 
2sin^  X  .0Q0,P00/)42,308— ^»  (A— l') ;  8^4  therefore,  by  a 
ferioB  of  repeated  operations,  the  iptennedi^  arc  being  suc- 
cessively 1',  2',  5',  4',  ^c.  the  sipes  of  %\  3^  V*  5',  &c.  in 
their  order  will  be  calculated^ 

The  numbers  thus  obtained  wiD  at  first  scarcely  differ  firom 
an  uniform  progression,  the  versed  sine  of  T,  which  (orxo^ 
the  multiplier  of  deviation,  being  so  extremely  smay.  It  is 
hence  superfluous  to  compute  rigidly  all  thoi^  minute  varia- 
tions.  The  labour  n^ay  be  greatly  shortened,  by  calculating 
the  sines  for  each  de;gre^  only,  and  employing  some  abridged 
process  for  filling  up  the  sines,  cprresponding  to  the  'subdivi-  ' 
sion  in  minuter* 

The  arc  of  one  degree  b^ing  equ4  to  .01745334  it  fol- 
lows from  the  scholium  to  Prop.  6.,  that  the  sine  pf 
l^  =:  .Ol74S?3-4(.0174533)»  =,0174524,.  and  hence  the 
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vened  sine  of  I''  rs  i(.O174524)^=.00O152d.     Wherefore 
im(A+l^)==2«nA— 2«»AX.()00152S— 5m{A--l^);    or,  if 
from  twice  the  sine  rfan  arc,  diminisked  by  Us  656€*  port, 
tike  sine  qfan  arc  one  degree  lower  be  subtracted^  the  remahtder 
wSl  exhibit  the  sine  of  an  arCf  iMck  is  one  degree  h^har. 

SmSPimtmX  —fiml^'x  •0001593=^034904^— -0000053 

«.a%48S94  ,        . 

5m3^s2nii2»— 2m2»X.0001523-^I''  ».0^799O--^O0OO10ff— 

•0174524=.0523360.  . 
5i«4®==:2m3«— 2n»3**X.0001523— ^2*=.1046720— -OOOOZfiO — 

.0348995=.o6p7565. 

After  ihis  maimer^  the  sine  for  each  degree  is  computed  in 
succession. 

But  the  sines  may  be  found,  independently  of  the  previous 
quadrature  of  the  circle.  Assuming  an  arc  whose  diord  is 
'aL*eady  known,  it  is'  easy,  from  Prop.  6.  to  determine  the 
successive  chords  and  supplemental  chords  of  its  continued 
bisection.  Let  thait  arc  be  60^ ;  its  chord  is  equal  to 
the  radius,,  and  (IV.  20.  con  2.)  its  supplemental  chord 
r=VS  =  1.7320508076.  Whence  the  supplemental  chord 
of  80O  =  V (2 +  1.7820508076)  =  1.9318516525.  In  this 
way,  by  continued  extractions,  the  supplemental  chords  <^ 
15%  7^  30',  3^  45^,  and  P  52'i  are  successively  computed, 
the  last  one  being  equal  to  1.9997322758.  Again,  the 
chords  themselves  are  deduced  by  a  series  of  analogies; 
fcr  1.93^8316525  :  1  : :  1  :  .5 1763809604= chord  of  15% 
and  so  repeatedly,  till  the  chord  of  1^'52'i,  whidi  is 
.0327234633.  Hence,  taking  the  halves  of  those  num-> 
bers,  the  sine  of  S^'^  =  .016361731?  and  the  cosine  of 
$6'^;=  9998661379, « and  therefore  ([cor.  3.  defin.)  the  tan- 
gent of  that  arc  is  .0163639215  ;  consequently  the  arc  itadf 
4  (2  X  .0163617317  +  .0163639215)  =  .0163624616,  and 
thence  the  length  of  the  arc  of  a  minute  is  .0002908882086. 


VnteXf^hteAe  Ateot  i<2:£UMto20O8a62~{<.OOM9D88a2}s 
e.00bd9d88lfi604di  alid  die  Vdraed  sine  of  r  s  \o 

<     i(.'OooiMe8$£6Q46)*=.ooooaooi2aos.  .  r 

'£mpIojKfaig^tke8ed«ta^  thereforiy    . 

«M/«>Sm$^.3m^'X.00(X)0O043dO8*-*-m  ;- 

and  so  forth*.  •    •?  •        . 

..  But  .jit  i.ia  lYeiQr  3«ldom  -nqliisit^  tp  push  the  taitimlitlon 
to  guch  extreme. .'BJcety.  Hiie  smea  beings .  calcnlitfgd  fy^ 
e9f^'iiegpee;a(9  J^e^plve^  those  cojnfesffifDdmgio  the  subdivision 
in  mniitesy.inay'tlie  fbttiid.by  ft  more  expeditious  methoMJ^ 
thpu^  £>tiBde4::On  jiiltei:i(»r  con^iderfttions.  ,  If  the  sines  in*- 
creased  uniformly,  the.  sine  of  At-^n^  wouU-exqeed  that  of 

A  by  the  quantity  fonC^^A  +  l** — sin  A — 1®)=B.     But  the 

rate  of  this  augmentation,  being  continually  retarded,  occa^ 
sions  a  defect,  equal  to  n*  X  sink,  X  .000,000,042303  =  C.  A- 
gain,  since  the  retardation  itself  gradually  relaxes,  it  requires 
a  small  compensation,  which  may  be  estimated  at  (6p-^ii)B  ?C 
•0000013=rD.  The  sme  of  A°+«'  is  then  very  nearly s; 
xmA  +  B— C  +  D.  Thus,  the  sines  of  31%  32°,  and 
%%">  being  itespectiyeiy  .5150881,  .5299199,  aiid  \5446S90, 
let  it  be  required  to   find  the  sine-  of  32^:  40^.      Here 

B  =,l-(/i«33o— /i/i3lo^  =  .0098670,  C  =  1600 X//«32<*  X 
120^  ' 

.0000000423 = .0000359,  and  D  =^20  X  .0098^70  X  *Q000013 

=.0000008.      Whence  /w32*>  40' =.52991 93 +.0088670^ 

.0000359 + .0000003 = .5397507. 

After  the  sines  are  calculated.up  to  60  ° ,  the  rest  ar^Lde^Qced 

from  cor.  4.  Prop.  3.  by  sinaple  addition.    Tlius^  iff/i61?  = 

/w59**  +/i/il«  =.8571673  +  4)174524=.8746197  f. « 

The  VERSED  SINES  and  supplementary  versed  smes /a>ro 
only  the  difference  and  sum  of  the  radius  and  the  sines.^ 


See  Note  LXXII.  f  See  Note  LXXIH. 
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Tlie  XivosNts  wee  euOf  detmd  flma  &e  Aiei^  Igr  kdjp 
of  the  analogjr  giten  m  Am  9d  coroBirjr  to  liio  dfrflHitioBa 
Thus,  wd2<>  :^8i«  : :  R  itamM\  tm,  .MMMI :  .0299195 
:*:  1  :  .6248694 s/tfiiS2<».  B^ood  45«»  the  rtlpytoimt  is 
mmj^S&edf  the  radhuf  hdng  (oor«  7«  dsfiit)  a  mean  prapov* 
tioiiel  between  the  tangeat  and  eotangenl,  or  4e  cotaqgwrt 
is  the  reciprocal  of  the  tangent 

Hie  8KCA19TS  are  ^eddeed  by  oer.  4^  to  the  deihiition% 
«iinoe  tiiey  are  the  reeipfooals  ofthe  cosines.  • 

FVom  the  lower  tttngents  and  secants^'Ae  ta^;eBfis  of  eras 
iIm  eaceeed  45^  ta«  meat  ea^  defifed  ^  ibr  {ooi.  4.  I^epi  4.) 
^4Mr(45^ +a) t=Mc  ^+tan  fa.  Thas,  teii4C^Ajir 9^-Hfli  ff ^^ 
or  L085MOS  ss  1.0006095 +X»498M. 
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PROP.  VIL    THEOR. 

In  a  right  angled  triopgie,  the  radius  ie  to  th&suie 
cf  an  oblique  angle,  as  the  hypotenuse  to  the  oppo- 
site side. 

Let  the  triangle  ABQ^  be  right  an^M  st  B:s  tbco 
il : /mCAB  : :  AG  I  CB. 

For  assume  AR  equid  to  tb^  given  radius,  describe  the  an: 
RDy  and  draw  the  peipendicular 
R&  The  triangte  ARS  and 
AC!B  are  etid^itfy  simSar,  and 
therefore  AR  :  RS  : :  AC  :  CB. 
Baty  AR  being  the  radius,  RS 
fB  the  sine  of  die  arc  RD  wMch 
measures  the  angle  RAD  or 
CAB;  and  consequently  R  :  /i«A 
: :  AC  :  CB. 

Cor.  Hence  the  radius  is  to  the  cosine  of  an  an^^  as  the 
hypotenuse  to  the  adjacent  side;  for  R:*mCora>sA::  AC:  AB. 
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PROP.  VUI.    THEOR- 


In  a  right  angled  triaiigle,  the  radius  is  tp  the  tan- 
gent of  an  oblique  anglp^^as  the  adjs^ent  ^de  to  the 
opposite  side.  !; /:' 


« ^  1  •' 


I* 


>  *  i . 


Let   the  trian^e   ABC  •be  right  angled   at  Bj    iheii 

Fpr,  assmniBg  AR  equal  ^tb^fffrnm^m^  Aeacribe  ^ 
art  RDj  and  draw  ihe  pefpi^pidi- 
cular  RT.  The  triai^gka  ,AS^T 
and  4BC  Niag;S>milar,j4^,:|LT 
:  :  AP  :3C.  Buit,  AILW»ftiihe 
xadiusi  RT  i*  ite, . tangent  igftj^ 
arc  RD  which  measures  the  angle 
at  A ;  and  therefore  R  :  tan  A  :  : 
AB  :  Ba 

Cbr*  Hence  the  radina  is  to  the  seqantrof  ,an.  ande.  aa  the 
adjacent  side  to  the  hjrpoteimse.  Fpr  AT  is  the  secant  q£ 
the  arc  RD,  or  of  the  angle  at  A;  and,  from  similar  tri*- 
anglesj  AR  :  AT:  :  AB  ;  AC. 


PROP,  IX.    THEOR. 

The  sides  of  any  triangle  are  as  the  sines  of  their 
opposite  angles. 

In  the  triangle  ABC,  the  side  AB  is  to  BC,  as  the  sine  of 
the  angle  at  C  to  the>ine  of  that  at  A. 

For  let  a  circle  be  described  about  the  triangle  5  and  the 
ndes   AB  and  BC,  being  chords  of  the  *  intercepted  tfrcs 


A  a 
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or  of  the  angles  at  the  centre,  are 

(cor.   def.)   equal   to   twice    Ae      , 

sines  of  the  halves'of  tliose  angles, 

or  the  angles  ACB  and  CAB  at 

Ae  dmmifi!refice.    Btli^'  oP'tU^ 

um€  AngUw,  IM' dijtttd^  or  -tftu^' r^ 

(VI.  12t  cor.  EL)  are  proportional 

to  the  radius ;  and  consequently  AB :  BC  ; :  sinC :  siftA* 

Cor.  Since  the  straight  lines  AB-  liiid  dC  aire  AofJss  not 
Mljr^die'arc^'A'B'Altf  B<^«bi(  itflhe^ms  AiOBandBAC, 
or  the  defects  of  the  formei'-ftdttl  'ttitf  icSrcmnfirence,  k  fol- 
lows that  the  sides  of  the^iiy&gle''4Mf  propordodai  aho  to 
the  sines  of  half  these  comjioSikl^i^V  or  to  the  sines  ^f  tbe 
aupplements  of  their  opposite 'lui|j;le«i^ A  18ce  inference  tesuSts 
from  the  definition,  for  the'i^eWl&h«iN;  atftf  that  of  its  sq^ 
plement  are  the  same.         '-' »f .:  oiii  vh! 


.< 


PROP.  X.    THEOR. 

In  any  tritoglfe'  the  su&'  6t%o  sides,  is  to  the 
difference,  as  'the  tangent',  6f^  half  the  sum  of  the 
angles  at  the  base,  to  the  ^tang^pt  of  half  their  dif- 
ference. 

In  the  triangle  ABC,  AB+ AC  :'a6— AC  : :  /a»— i-: 


tan 


2 


For,  by  the  lost  proposition,  AB  :  AC  :  :  wnC  :  5111B, 
and  conse<|hentl^  *(V.  i4.  lfe!.)'^jte+AC  :  AR-AC  :  : 
smC+^mB  :  sinQ — ^smB;-  ^  Btiti*  t^'Pl-op.  4;  5i«C+5i»B: 

sinC — «nB  :  \ian^r-^ —   'i^^ffr-g —  » 'Wheiiefore,  bjr  identity 
of  ratios.  AB+ AC  :  AB — AC  : :  tan — 5 —  "•  ion — - — . 
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Otherwise  thus. 

From  the  vertex  A,,  and  with  a  distance  equal  tp  the 
greater  side  AB)  describe  the  semicircle  FBD»  meeting  the 
other  side  AC  extended  both  ways  to  F  and  D,  join  BD  aQ4 
.BF,  which  produce  to  meet  9^  straight  line  D£  drawn  pa- 
raflel  to  CB. 

Because  the  isosceles  tri- 
angle DAB)  has  the  same  ' 
vertical  angle  ^ith  the  tri- 
angle CAB,  each  of  its  re- 
maining angles  ADB  and 
ABD  is  (I.  32.  lEL)  equal  to 

half  the  sum  of  the  angles  ACB  and  ABC ;  and  therefore 
the  defect  of  ABC  from '  that  mean,  Aat  is  the  angle 
CBD,  or  its  alternate  angle  BDE,  must  be  equal  to  half 
the  difference  of  those  angles.  Now  FBB  being  (III.  22. 13.) 
a  right  angle,  BF  and  BE  are  tangents  of  the  angles  BDF 
and  BDE,  to  the  radius  DB,  aiid  hence  iace  proportional 
to  the  tangents  of  those  an^^  with  any  other  radius.  But 
since  GB  and  DE  are  paraQeh  CF,  or  AB+ AC  :  CI>,  or 
AB— AC  : :  BP  :  BE-,  consequently  AB+AC  :  AB— AC 

^  ACBH-ABC  ^  ACb>-AB€  .^^  .^  .^*  .^ 
: :  tan--' — —• :  tan :^ ,  or  AB+AC :  AB— AC 

: :  co^l  A  :  co/(B+iA),  orU.i^f(C +}A). 

Cor.  Suppose  another  triangle  abc  to  have  the  sides  ak 


and  ac  equal  to  AB  and  AC,  but  containnjg 
a  right  angle :  It  is  obvious  that  tan-^— :  tan--^ 
^    ACfi4-ABC    '  ACB-rABC 

: :  tan ~ -i  tan ,  or 

»  *     ,A.Ko  AX  .*    ACB+ABC  ^    ACB— ABC  j: 

that  is,  R :  tan{4f5—b) :  icoHA:  ci?/(B +|A),  or— <ro/(C + jA). 
Now,  in  die  right  angled  triangle  abc^  off  or  AB,  is  to  ac^ 
9r  AC,  as  the  radius,  to  the  tangent  of  the  angk  at  (• 

'  ASk2 
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PROP.  XI..  THEOR. 

In  any  triangle,  as  twice  the  rectangle  under  two 
^des,  is  to  the  difierence  between  their  squares  and 
the  square  of  the  base,  so  is  the  radius,  to  the  co- 
sine of  the  contained  angle. 

In  the  triangle  ABC,  2ABxAC  :  AB**+AC^— BC*;: 

acute  or  obtuse^  acconl- 


R  :  o^sBAC  $  the  angle  BAG 
ing  as  BC*  is  less  or  greater  than 
AB*+AC\ 

For  let  fall  the  perpendicular 
BD.  In  die  right  angled  triangle 
ADB,  AB:AD::R  :sin  ABD  qr 
easBACi  consequeutlj^AB  X  AC: 
SADxACiiR:  cosBAC.  But 
(IL  £6.  EL)  twice  die  rectangle 
under  AB  and  AC  is  equal  to 
the  difference  of  the  squjires  AB 
and  AC  from  the  square  of  BC.     z>        a  C 

Whence 2ABx AC :  AB*  +  AC»— BC*  ixRicos  BAG. 

Cor.  The  radius  being  denoted  by  unit,  it  foUovri  (V.  6.  EL) 
that  AB»  +  AC— BC» = 2AB  x  AC  X  cosB AC,  and  conse- 
quently  BC»  =  AB»  +  AC»— 2AB  X  AC  X  cos  BAG,  or 
BCss  V(AB» + AC»— SAB  x  AC  x  cosBAC). 

PROP.  Xn.    THEOR. 

In  any  triangle,  the  rectangle  under  the  semipe- 
riroeter  and  its  excess  above  the  base,  is  to  the  rect- 
angle under  its  excesses  above  the  two  sides,  as  the 
square  of  the  radius,  to  the  square  of  the  tangent  of 
half  the  contained  angle. 

In  the  ttiangle  ABC,  the  perinjeter  being  denoted  by  ?> 

a^(iP-*AC) :  (iP— AB)  (iP— BC) : :  R»  :tanlB\ 
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For,  employing  the  same  construction  as  in  Prop«  SV^ 
-  Book  VI.  of  the  Elements;  since  ttke  triangles  BIE  and  BOD 
Are  right  angled^  BI :  IE  : :  R  :  tanlBEj  or  tanlB,  and 

BG :  GD  :  :'R :  tenGBD,  or  tenJB ;  whence 
(V.  22.  El.)  BI  X  BG  :  IE  X  GD  : :  R*  :  taniB*. 
-'    But  it  was  proved  that 
IE  X  GD  =  AI  X  AG} 
.  nrherefbreBI  X  BG:AI  X  AG 
'  hR'-taniB*.  NowBIise- 
•   qua!  to  the  semiperimeter, 
BG  is  its  excess  above  the 
base  AC,  and  AI,  AG  are 
its  excesses  above  the  sides 
AB  and  BC ;  consequently 
the  pioportion  is  establish- 
ed 


PROP.  Xni.    THEOR. 

In  any  triangle,  the  rectangle  under  two  sides,  is 
to  the  rectangle  under  the  semipetimeter^  and  its 
excess  above  the  base,  as  the  square  of  the  ra(dius^ 
to  the  square  of  the  cosine  of  half  the  contained 

angle. 

<  '    •  ■ 

^  In  the  triangle  ABC,  the  perimeter  bding  denoted  ^y  P, 

AB  X  BC  :  iP(^P— AC)  : :  R*  :  coshB*. 

For,  the  same  construction  remaining ;  in  the  right  angled 
triangles  BIE  and  BGD, 

BE  :  BI : :  R  :  ii«BEI,  or  wJB, 
and  BD :  BG : :  R  :  /i«BDG,  or  «vJB  j 
whence  BE  x  BD  :  BI  x  BG  : :  R*  :  f«rjB*. 
But  the  quadrilateral  figure  EADC  being  right  angled  at 
A  and  C,  is  (III.  19.  cor.)  contained  in  a  circle,  and  cons^ 
quently  (III.  18.  EL)  the  angle  AED  or  AEB  is  equal  to 


S74  .  mxmmitB  or 

ACDertb  DCfi;  wber^fxrei  sia^  bjr eomtroc&m the ai^k 
ABE  k  equal  to  DBC»  tb»  trumgles  BAE  and  BDC  are  si- 
milar*  and  BE  :  A9  :;  BC  :  BP,or  BExBDsABxfiC. 
Hnoe  AB  X  BC  :  BI X  BG  : :  R^ :  cosiB*.  The  proposition 
is  tfaerefi>ie  dc&K^nttnitad* 


PROP-  XIV.    THEOR. 

In  any  triangle^  as  the  rectangle  under  two  sides 
is  to  the  rectangle  under  the  excesses  of  the  semi-^ 
perimeter  above  those  sides,  so  is  the  square  of  the* 
radius,  to  the  square  of  the  sine  of  half  their  con- 
tained angle. 

In  the  triangle  ABC,  the  perimeter  being  still  denoted  by  F, 
AB  X  BC :  (iP— AB)  ( JP— BC)  : :  R*  :  «n JB*. 

For,  the  same  construction  being  retainecl,  in  the  right 
angled  triangles  BIE  and  BGD,  BE  :  IE  : :  R  :  miB, 

and  BD  :  GD  : :  R  :  sinlB\ 
whence  BExBD  :  lExGD  ::  R^:  jiVv^B^ 
Bat  it  has  been  inx>yed  that  BE  X  BD  =  ABxBC,  and 
IE  X  GDs:  AI X  AG,  or  the  rectangle  under  the  excesses  of 
fbe  semiperimeter  above  the  sides  AB  and  BC;  wherefore 
the  proposition  is  established. 

Othefioise  thus : 
Produce  the  shorter  side  BC  till  BD  be  espial  to  ABf 
Join  AD,  let  BE  bisect  the 
vertical  angle,  and  draw  CG 
and  CF  parallel  to  BE  and  AD. 
Since  BE  is  perpendicular 
to  ED  and  FC,  it  foQows  that 
BD,  or  AB  :  ED  :  :  R  :  5m|B, 
and  BC :  FC,  or  EG ::  R :  smiB. 
Wherefore  AB  x  BC  :ED  X  EG  -a"^       ^         ^  D 

: :  R»  2  sin\W.  Now  (II.  24.  EL)2ED  X  2EG=  AC*— CD*3 
(IL  19.  El.)  (AG  +  CD)  (AC  —  CD),  and  consequently 


rnic^vammtKVh  37d 

feD  )<  EOS  r^*%^)  /AC~CPx.  t,„t AO^  == 

ACMAB-BCl^F-|Ag^^^p^^3     Hence,  by  sub- 
stitution,  AB  X  BC  :  ( JP— AB)'  (JP—BC) : :  R*  :  jmjB*. 


The  eight  preceding  theoireins  contain  the  grounds  of 
trigonometrical  calculation.  A  triangle  has  only  five  variable 
partsf— the  three  sides-  sstd  -two-  anglcsi  the  remaining  angle 
beingi  merely  supplemental.  Now^  it  is  a  general  principle, 
that,  three  of  those  parts  being  given,  the  rjest  may  be  thence 
determined.  But  the  right  apgled  triangle^iias  necessarily 
one  known  angle ;.  and,  in  consequence  of  this;^  the  (^^osite 
side  is  dedticible  irom  the  cenlaiBi»g^  sides^ '  In  right  ^gled 
triangles,  therefore,  the  number  of  parti  i|i  rdducjed  to  jfour> 
any  two  of  which  being  .the  fifislgned,  tfaje  otli^'s  msty  be 


PROP.  XV.    PROB. 


'  / 


Tteo  variable  parts  of  a  right  aingled  triahgle 
};ieink  gnren,  to  find  tbe  rest. 


>       i 


1.  When  the  hypotenuse  and  a  side  are, given.. 

,  2.  When  the  two  sides  containing  the  right  angle  are  given. 

'   S.  WHeri  fke  hyjpoienUse  and  an  angle  aft  jgiffsn. 

j}.  W/ie^n  either  qfti^^  si4i9$  and  Mattgk  are  groenr 


$ie 


Hie  fbnt  and  llind  cam  are  solrMl  fay  the  appKeation  of 
Fropoaitkm  7,  and  the  «econd  and  finirdi  cases  reodve  their 
flolution  from  Proposition  8.  It  may  be  proper,  howevery  to 
exhibit  the  several  analogies  in  a  tabular  form. 


I 


'6 


00 


SOLUTION. 


1 


I 


AC, 
AB 


II 


III 


IV 


AB, 
BC 


AyOrCy 
BC 


AC  :  AB  :  :  R  :  <mC,  or  cot  A. 
R  :  nnA  :  :  AC  :  BC. 


AyOrC 
AC. 


AC 
A 


AB, 
A 


AB 
BC 


AB  :  BC  : :  JR :  tanA^  or  coi  C 
cofA  :  R  :  :  AB  :  AC,  or 
R  :  iecA  r  :  AB  :  AC 


R  :  cof  A  :  :  AC  :  AB. 
R  :  sinA  :  :  AC  :  BC. 


BC 
AC 


I 


R  :  tanA  : :  AB  :  BC. 
cosA  :  R  :  :  AB  :  AC,  or 
R  :  $ecA  :  :  AB  :  AC. 


In  the  first  and  second  cases,  BC  or  AC  might  also  be  ^ 
dncedy  by  the  mere  appUcatton  of  Prop.  11.  Book  II.  c^the 
Elements:  For  AC*=AB»+BC*,  or  ACa=  V(AB»+BC*) 
and  BC*  =  AC*_AB»  =  (AC+ AB)  (AC  — AB), 
or  BC=  V((AC+ AB)(AC— AB)). 

Cor.  Hence  the  first  case  admits  of  a  simple  i^roxi« 
mation.  For,  by  the  scholium  to  Pr(^)osition  65  it  ap- 
pears, that,  AC  being  made  the  radius,'  2AC+ AB  is  to  SAG, 
la  tbe  side  BC  is  to  the  are  which  measures  its  opposite 
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an^  CAB,  or  alternately  2AC+AB  is  to  BC,  as  SAC  to 
the  arc  corresponding  to  BC.    But  the  radius  is  equal  to  an 

arc  of  57  17  44?  48,  or  574-  nearly;  wherefore  SAC  is  to  the 

o 

arc  which  OHTesponds  to  BC,  a3Sx574^  or  172^,  to  the 
number  of  degrees  contained  in  the  angle  CAB,  and  conse- 
quently  2AC4- AB  :  BC  : :  172^  :  the  expression  of  the  angle 
at  A,  or  AC-f  |AB  :  BC  : :  86^  :  number  of  degrees  in  the 
angle  at  A^         . 

This  approximation  will  be  the  more^  correct,  when  the 
side  opposite  to  the  required  angle  becomes  smaU  in  compa* 
rison  with  the  hypotenuse;  but  the  quantity  of  error  can 
never  amount  to  4  minutes. 


PROP.  XVI.    PROB. 

« 

Three  variable  parts  of  an  oblique  angled  triangle 
being.given,  to  find  the  other  two. 

This  general  problem  mcludes  three  distinct  cases,  dne  of 
wWdi  again  is  branched  into  two  subordinate  -divisions. 


^  .N     ^ 


1.  When  aU  the  three  ndes  are  gipen* 

2.  When  two  sides  and  an  angle  are  given ;  which  ang^e  tntnf 
either  {I.)  be  contained  bif  these :sideSf  or  (2.)  subtended  by  one 
ofthejnm  .  V*    •  .     .  •      • 

8.   When  a  side  and  two  of  the  angles  are  given* 

...        .' .    ♦ 
The  first  case  adxpitft  of  four  diiSferent-  solutiqus,  derived 

firom  Propositions  11,  12,  13,, and  14,  and  which  have  their 
sev^al   advant^es.     The  second  case,   consistii\g  of  two   « 
branches,  is  reserved  by  the  application  of  propositions  9.  and 
10 ;  and  the  solution  of  the  third  case  fiows  immediately  from 
the  fonaer  of  these  propositions. 


^7§ 


USMsmtor 


o 


I. 


) 


IL 


III. 


O 


«1 
I 


SOLUTION. 


AB, 
BC, 

AC. 


B. 


t 


AB  X  BC  :  (i?^A^)(ii^— tiO  ::  R*  :  Sin \W. 
iPftP— AC)  :  (4P— AB)  (iP— BC)  :  ;  R* :  ta,tl]y 
AB   X    BC  :  iPftP-.AC)::R*:c(wiB^ 

i  2AB  X  BC  :  AB*  +  BC*  — AC*::JR  icos^b 


AB, 
BC. 

C. 


A, 

Md 

AC. 


AB  :  BC  :  :  sinC  :  sin  A  ;  wheoce  B,  and 
tinCiswB::  AB  :  AC. 


AB, 
BC. 


A, 


B. 


AB+BC  :  AB— BC  :  :  co#  JB  :  :  co<(A+4B). 

or  — co/(C+}B> 
r  AB  :  BC  : :  £  :  :  ^an  6 ;  and 


C,        I   R:  tan{4i&''—ii) :  i  eoi\h  :  a«(A+iB,) 
AC.  or  — co((C+%B.) 

Mm  A  :  iinB  ztUCt  At,  or 

ACsx  \/(AB*  +  BC*— 2  AB  X  BC  xc«B.) 


aET 

A, 

B, 


\ 


C. 


BC 
AC 


smC:  mA  : :  AB  :  BC. 
iinC  :  mB  :  :  AB  :  AC. 


For  the  resolution  of  die  first  Case,  the  analogy  set  down 

first,  is  on  the  whole  the  most  conTeiiieni,  piurticalarly  if  the 

• 

ftngle  sought  do  iiot  approach  to  two  right  anglesi  The  ser 
cond  analogy  may  be  applied  through  a  wider  extent,  bat  is 
liable  in  practice  to  some  irregularity,  when  the  angle  sought 
beeches  very  obtuse/  The  third  and  fourth  analogies,  eq^e- 
cially  the  latter,  are  not  adapted  for  the  cakulatibtt  df  very 
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A<lltt9^fU^^^  s  tiiQr  wili^  howev^ri  answer  the  best  when  the 
angle  sought  is  obtuse.  It  is  to  be  observed,  that  the  cosines 
of  an  angle  and  of  its  supplement  are  the  same,  only  placed  in 
opposite  directions ;  and  hence  tUe  second  term  of  the  aina- 
logyj  or  the  differencfe  of  AB'+BC*  from  AC*,  is  in  excess 
or  defect,  according  as  the  angle  at  B.  is  acute  or  obtuse.-— 
These  remarks  are  founded  on  the  unequal  variation  of  the 
sine  and  tangent,  corres]ponding  to  the  uniform  increase  of  an 
arc  *.;'.'' 

The  flpgft  p^t  of  Oase  II.  is  ambiguous^  for  an  arc  and  it9 
supplement  have  the  sam.e  sine.  This  ambigui^,  however,  is 
removed  if  t|ke  churi^Ctelr  of  the  triangle,  a$  aciite  or  obtuse, 
be  previoudy  kiKrtm. 

For  the  solution  of  the  second  part  pf  Case  11.  the  first  ana-* 
logy  is  the  most  usual,  but  the  double  analogy  is  the  best 
adapted  for  log^urhhlns.  The  dfa'ect  expression  for  the  side 
slibtending  the  given  angle  is  very  commodious,  where  loga- 
rithms aire  not  employed  f. 


PROP.  XVII.    PROB. 


G^iven  the  horizotital  distahce  of  an  object  and  iti 
angle  of  ekvatton,  to  find  its  lie^ht  and  absolute  did« 
tance. 

Let  the 'angle  CAB,  which  an  object  A  makes  at  the  sta* 
tion  B,  with  an  horizontal  liiie,  and  also  the  distance  BC,of  a 
perpendicular  AC,  to  find  that  per- 
Wftdtff»l?r?  withe  hjpptenusal  or 
aer  i^  dis^ce  B A. 

In*  the  right  angled  triangle  BC A,       ^^^^^"""^         i 

the  radius  is  to  the  tangent  of  the  •  ^ 

angle  at  B,  a^  BCto  AC;  and  the  radius  is  to  thei^cajdit  of  the 


■yn  ■»■ 


♦  See  NoU  LXXIV.  f  See  Note  LXX7. 
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angle  at  B,  or  the  oo«Be  of  the  ang^  at  B  is  to  the  radius, 
asBCtoAB. 


PROP.  XVIII.    PROB. 

Given  the  acclivity  of  a  line,  to  find  its  correspond- 
ing vertical  and  horizontal  length. 


In  the  preceding  figure,  the  angle  CB  A  and  the  hjpote^ 
nusal  distance  BA  being  given  to  find  the  height  and  tbe  ho- 
rizontal distance  of  the  extremity  A. 

The  triangle  BCA  being  right  angled,  the  radias  is  to  the 
sine  of  the  angle  CBA  as  BA  to  AC,  and  the  radiiu  is  to  the 
cosine  of  CBA  as  BA  to  BC. 

Scholium.  If  the  acclivity  be  small,  aiid  A*  denote  the  meor 

A 

sure  of  that  angle  in  minutes ;  then  AC = B A  X  ^tou  ^^^^J- 

9V90 

But  the  expression  for  AC,  will  be  rendered  more  accurate, 

AC* 

by  subtracting  firom  it,  as  thus  found,  the  quantity  ^TT* 

• 

In  most  cases  when  CBA  is  a  small  angle,  th6  horizontal 

distance  may  be  computed  with  sufficient  exactness,  by  de- 

AC*  _» 

ducting  *^f  or  BA  X  A'  X  •000,OOC^,04SS,  fiom  the  hypo- 

tenusal  distance. 


PROP.  XIX.    PROB. 

Given  the  interval  between  two  stations,,  and  the 
direction  of  an  object  viewed  from  them,  to  find  its 
distance  fi^om  each. 

Let  BC  be  ^ven,  with  the  angles  ABC  and  ACB,  to  cdU 
culate  AB  and  AC. 


•«M>«<^' 
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In  the  triangle  CB  A,  the  anises  ABO  and 
ACB  being  given,  the  remaining  or  supple- 
mental angle  BAG  is  thence  given ;  ^nd  con- 
sequently, sinBAC  :  ssn'AC'B  :  :  BC  :  AB> 
and  sinBAC  : :  /i«ABC  :  BC  :  AC. 

Cor.  If  the  observed  an^bs  ABG!  and  ACB 
be  each  of  trbem,60°,  the  triangle  wiU  li|e .evi- 
dently equilateral;!  and  if  the  Wf^  a^  the  sta- 
tion B  be  90^  and  that  at  C  45^,  the  distance  AB  will  be  e^- 
qual  to  the  base  BC. 


)    i.i 


I-.- 


^  I 


PROP.  XX.    PROS; 


Given  the  distances  of  two  objects  fi-om  any  sta- 
tion and  the  angle  which  they  subtend,  to  find  their 
mutual  distance. 

Let  AC,  BC,  and  the  angle  ACB  be  gi-    A 
ven,  to  determine  AB. 

In  the  triangle  ABC,  since  two  sides  apd 
their  contained  angle  are  given,  therefore, 
by  cor.  Prop.  10.  AC+BC  :  AC— BC  :.: 
eoliC :  cot{A  +  JC),  and  then  sin  A :  sinC  : : 
BC  :  AB;  or  (by  corollary  to  Prop.  II.) 
AB=  V(AC*+BC*— 2AC.BC  C05C). 

Cor.  By  combining  this  with  the  preceding  proposition, 
the  distance  of  an  object  may  be  found  from  two  stations,  b^ 
tween  which  the  communication  is  inter- 
rupted. Thus  let  A  be  visible  from  B  and 
C,  though  the  straight  line  BC  cannot  be 
traced.  Assume  a  third  station  D,  from 
whidi  B  and  C  are  both  seen.  Measure 
DB  and  DC,  and  observe  the  angles  BDC, 
ABC  and  ACB.  In  the  trian^e  BDC, 
the  base  BC  is  found  as  above ;  and  thence,  ,  ,    • 

by  the  preceding  proposition,  the  sides  AB  and  AC  ofrthe 
^iangle  ABC  are  determined. 
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PROP.  XXL    PROB. 

Given  the  interval  between  two  stations,  and  the 
directions  of  two  remote  objects  viewed  firom  them 
in  the  same  plane,  to  find  the  mutnal  distance,  and 
relative  position  of  those  objects. 

Let  the  points  A,  B  represent  the  two  dbjectSf  and  C,  D 
the  two  stations  from  which  these  are  obsen^  i  the  intevsl 
or  base  CD  being  measured,  and  also  the  angles  CD  A,  CDB 
at  the  first  station,  and  DCA,  DCB  at  the  second ;  it  is 
thence  required  to  determine  the  transverse  distance  AB,  and 
its  direction. 

It  is  obvious  that  each  of  the  points  A  and  B  would  be  as- 
signed geometric4%  by  the  intersection  of  tWo  strajgbb  Va^e&$ 
and  consequently  that  the  position  of  the  objtets  wiO  not  bf 
determined,  unless  each  of  tbem  appears  in  a  diSsrent  dir^o- 
tion  at  the  successive  stations. 

1.  Suppose  one  of  the  stations  C  to  lie  in  the  directum  (^ihe 
two. objects  A  and  B.  , 

At  C  observe  the  angle  BCD»  and  at  D 
the  angles  CDA  and  BDC.  Then  bjr 
Pit^.  19.  sinCAD  :  sinCDA  : :  CD  :  GA, 
and  ««CBD  :  5mCDB  : ;  CD  ;  CB ;  the 
difference  or  sum  ^  of  CA  and  CB  is  AB, 
the  distance  sought. 

2.  When  neither  station  lies  in  the  direction  of  the  two  ob- 
jects^ and  the  base  CD  has  a  transverse  position. 

Rnd  by  Prop.  19.  the  distances  AC  and  BC  of  both  ob- 
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jecto  from  one  of  the  stations  Cj 
then  tlie^ntaindd 'tingle  ACB>  or 
the  excess  of  DOA  ftbove  DCB, 
being  likewise  given^  the  angles  at 
the  base  AB  of  the  triangle  BCA,'  ' 
and  the  base  itself,  may  be  cakhila- 
ted,  from  the  analogies  exhibited 
for  the.  solution  of  the  '  sedolid 
branch  of  Case  II.  For  AC+ BC  t' 
AC — BC : :  cotiACB :  c(U{iACB^CAB)3  «uid  thus  the  angfe 
CAB  is  found.  OriUMi^  conve]6ie&%-by  Vk6  succesd^e  opera- 
tions, AC  I BG  v:  X  xkm iftaidA  :'$ap(M^^^b)  :  •:  M^ACA 
: :  cot  (iACB + CAB.)  Now,  sinCAB  i :  sf nACB :  BC :  A^ 
OT  AB=  v^(AC*  +.BC*— 2AC  X  BC.jn: ccwACB). 

Tbe  inclinatioB  of  AB  to  CD  in  the  first  case  is  given  by 
oii§erj,^(39^i  ap^  19  tli^sewpd  cm  H  i^evidwtly  the  si^le- 
ment  of  the  int^i^r  aiigles  CAB  andDCA.  ApBfcsSldt^ 
AB  nxay  h^ce  be  drawn  bom  either  station. 

•  •  •  t 

Cor.  tience  the  converse  of  this  problem  is  readily  solvedl 
Suppose  ti^o  remote  objects  A  and  B,  of  which  the  mutual  dis- 
tance is  already  known,  are  observed  from  the  stations  C  and 
D,  and  ii^  were  thence  required  to  determine  the  intervd  CD. 
Assufs^  unit  to  denote  CD,  and  calculate  AB  according  to  the 
same  scale  of  measures ;  the  actual  distance .  AB  being;  then 
divided  by  that  result,  will  give  CD  :  For  the  several  triangks 
which  combine  to  form  the  quadrilateral  figure  CABD,  are 
evidently  given  in  species. 


PROP.  XXII.    PROB. 

Given  the  directimis  of  tito  inaccessible  objects 
viewed  in  the  same  plane  from  two  given  stations, 
to  trace  the  extension  of  the  straight  line  connect- 
ing them. 
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Let  the  angles  ACD»  BCD  be  observed  at  C,  and 
ADC»  BDC  at  D,  with  the  base  CD;  tafind  a  point  Ein 
the  straight  line  ABF  produced  through  A  and  B. 

By  the  last  proposition,  find 
AD  and  the  ang^  DAB|  and  as- 
sume any  angle  ADE-  In  the 
triangle  DAE,  the  ang^  at  the 
base  AD»  and  consequently  the 
vertical  angle  AED,  being  known, 
it  fellows,  by  Prc^  9.,  that 
ifwAED  :  i«iiEAD  ; :  AD :  DE.    MoMore  out  DE,  tbere- 

•  ♦ 

toons  on  the  ground,  and  its  cxtremi^  EwiO  marie  the  ex^ 
lemionofAB. 

PROP.  XXII.    PROB. 

Given  on  the  same  plane  the  direction  of  two  re- 
mote objects  separately  seen  from  two  stations,  and 
their  direction  as  viewed  at  once  from  an  interme- 
diate station,  with  the  distances  of  those  3tations9 
from  the  middle  station^ — to  find  the  mutual  dis- 
tance of  the  objects. 

Let  object  A  be  visible  from  the  station  D,  and  B  from  E} 
and  both  of  them  be  seen  at  once  from  the  station  C  ;  the  com- 
pound base  DC,  CE  being  measured^ 
and  the  angles  DC  A,  ACBand  BCE, 
with  ADC  and  BEC,  observed— 
to  determine  AB. 

In  the  triangles  DAC,  CBE,  the 
sides  AC  and  BC  are  found  hy  Prop. 
19.  and  in  the  triangle  ACB,  the  base 
AB  i3  thence  found  by  the  applica- 
tion of  Prop.  20. 
.  It  is  evident  that  the  mode  of  investigation  will  not  be 
altered  if  the  three  stations  D,  C  and  E  sboidd  lie  in  die 
fame  straight  line. 
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PROP.  XXIV.    PRO?. 

Given  four  stations,  with  the  dtrjeetion  of  a  re* 
mote  object  viewed  from  the  first  and  second  sta- 
tions, and  the  direction  of  another  remote  object 
viewed  from  the  third  and  fourth  Stations,  all  in  the 
same  plane, — to  find  the  distance  between  the  ob** 
jects* 

Let  the  bases  EC,  CD,  and  DF  be  given,  with  the  mfjjim. 
ECD  and  CDF,  and  suppose  tbat  at  the  stations  E  and  C 
the  angles  CEA  and  ECA  are  observed,  and  the  angles 
BDF  and  BFD  at  D  and  Fj  to  find  the  transverse  distance 
AB, 

In  the  triangles  E  AC  and  DBF, 
find  by  Prop.  19.  the  aides  AC 
and  BD ;  and,  in  the  triangle 
CAD,  the  sides  AC,  CD,  with 
their  ccHitained  sngle  ACD,  being 
^v^n,  tjhe  base  DA  and  the  angle 
CD  A  are  found  by  Case  IL  But 
the  distances  DA,  DB  being  now 

given,  with  their  contained  i^ngte  ADB,  the  bs^  AB  is  fiwnd 
by  Prop.  20. 

PROP.  XXV.    PROB. 

The  mutual  distances  of  three  remote  oh^eetA  be- 
ing given,  with  the  angles  which  they  subtend  at  a 
station  in  the  same  plane,  to  find  the  relative  place 
of  that  station. 

Let  the  three  points  A,  B,  and  C,  and  the  angles  ADB 
and  BDC  whidi  they  form  at  afiiurdi  point  D,  be  giveii^  te 
detencn^e  the  position  of  that  point 

Bb 
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1.  Suppose  the  station  Dtobe  situate  in  the  direction  of  two 
of  the  objects  -4,  C- 

# 
All  the  sides  AB,  AC  §nd  BC  of  tlie  triangle  ABC  being 

given,  the  angle  BAG  is  found  by 
Case  I. ;  and  in  the  triangle  ABD> 
the  side  AB  with  the  angles  at  A 
and  D  being  given,  the  side  AD  is 
found  by  Case  III.  and  consequent- 
ly the  position  of  the  point  D  is  :q 
determined. 


2.  Suppose  the  three  objects  A,  B  and  C  to  lie  in  the  same 
direction. 


Describe  a  drde  about  the  extreme  objects  A,  C  and  the 
station  D,  join  DA,  DB  and  DC,  product  DB  to  meet  the 
circumference  in  £,  and  join  AE  and  CE. 

In  the  triangle  A£C,  the  side  AC  is  given,  and  the 
angles  EAC  and  EC  A,  being  equal  (III.  18.  El.)  to  CDE  and 
ADE,  are  consequently  givenj  wherefore  the  side  AE  is 
found  by  Case  III.  The  triangle  AEB,  having  thus  the  sides 
AE,  AB,  and  their  contained  angle  EAB  or  BDC  given,  the 

« 

angle  ABE  and  its  supplement 
ABD  are  found  by  Case  II.  Last- 
ly, in  the  triangle  ABD,  the. angles 
ABD  and  ADB,  with  the  side  AB, 
are  given ;  whence  BD  is  found  by 
Oase  III.  But  since  the  angle  ABD 
and  the  distance  BD  are  assigned, ' 
the  position  of  the  station  D  is  evi- 
dently determined. 


3.  Let  the  three  objects  form  a  triangle,  and  the  station  D 
lie  either  without  or  within  it. 
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Through  I)  and  the  extreme  points  A  and  C  describe  a 
circle,  draw  DB  cutting  the.  circumference  in  £,  aiyl  join  AE 
andCE. 

1.  In  the  triangle  AEC,  the  *side  AC,  and  the  angles 
ACE  and  CAE,  which  are  equal  (III.  18.  EL)  to  ADB  and 
BDC,  being  given,  the  side  ^E  is  found  by  Case  III, 

2.- All  the  sides  of  the  triangle 
ABC  being  given,  the  angle  CAB 
is  found  by  Case  I. 

3.  In  the  triangle  BAE,  the  sides 
AB  and  AE  are  given,  and  their 
contained  angle  EAB,  or  the  dif- 
ference of  CAE  and  CAB,  are  gi- 
ven,  whence,  by  Case  II.,  the  angle 
ABE  or  A  BD  is  found.. 

4.  Lastly,  in' the  triangle  DAB, 
the  side  AB  and  the  angles  ABD  and  ADB  being  given,  the 
side  AD  or  BDis  foundry  Case  IIL^;  and  consequently  the 
position  of  the  poiht.D,.''^th;  respect  .to  A  and  B  is  detexmi- 
ned.  By  ^  like  process^  -the'  li^Iiidve  positjlon  of  D  and  C  is  de* 
diiced;  or  CD  mayibeealeidatedby'.Ca^e  IX.  from  tlie  sides 
AC,  AD,  and  the  angle  ADC,  which  are  given  in  the  trir 
angle  CAD.  r/  • » 


k  \ 


It  is  obvious  that  the  calculation  will  fail,  if  the  points  B 
and  E  should  happen  to^  coincide.  In  fact,  the  circle  then 
passing  through  B,  any  point  D  whatever  in  the  opposite  arc 
ADC .  will  answer  the  conditions  9*eqviired,  since  tl;e  an^es 
ADB,  and  BDC,  being,  now  in  the  saine  Segment,  must  re« 
main  utialtered. 

Otherwise  thus.. 

On  AB  describe  (III.'  27.  El.)  a  segment  of  a  cirdle  ADB 
containing  an  angle  equal  to  that  subtended  by  the  objects  A 
and  B,  and  on  BC  describe  another  segment  BDC  contaiur 
ing  an  angle  equal  to  that  subtended  by  the  objects  B  and  C ; 

Bb2 
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die  point  Dy  where  the  two  dremnfemioes  intersectt  wiO  evi- 
dently mark  the  station  roqoired. 

Join  AD,  BD,  CD,  draw  the  diameters  BF»  BG,j 
tkS^  CG,  DF  and  DO. 
The  angles  BDF  and  BD6, 
thus  oocapying  semicircles^ 
are  right  angles,  and  there* 
fore  DGF  forms  but  one 
straight  line»  Hence  these 
successive  calculations. 

1.  All  tlie  sides  of  the  tri* 
angle  BAC  being  given,  the 
angle  ABC  is  found  by  Case 
L 

2.  In  the  right-angled  triangles  BAF,  B(X},  the  sides  AB, 
BC,  and  the  angles  AFB,  BGC,  which  are  equal  (III.  18.  £L) 
to  ADB,  BDC>  bebg  given,  the  hypotenuses  BF,  BG,  or 
the  diameters  of  the  circles  are  thenoe  found. 

5.  In  Ike  triangle  FBG  ^twaeides  BF,  BG  beiiigf  noir 
gives,  with  the  angle  FBO=CBG^CBFsCBG-ABC+ 
ABFsBAC-f  BCA— ADC,  the  an^  BFG  is  foi^nd  \sf 
Case  II. 

4.  Lastly,  in  the  right  angled  triangle  BDF,  tke  bypotor 
nnse  BF,  and  the  angle  BFD  or  BFG  being  givai,  the  ^de 
BD  is  found  %  and  since  the  angle  FBD  is  also  known,  the 
position  of  the  point  D  is  assigned* 

Should  the  two  circles  have  the  same  centre^  their  circum- 
fierences  must  obviously  coincide,  and  therefore  every  point  in 
the  containing  arc  will  answer  the  conditions  required.  When 
this  porismatic  or  indeterminate  case  of  the  problem  occurs, 
ihe  distances  AB  and  BC  become  ehonb  of  the  correspond- 
ing observed  angles,  and  ai^e  consequently,  by  Proposition  IXr 
proportionid  to  the  sines  of  those  angles  *. 

•  See  Note  LXXVI. 
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PROP.  XXVI.    PROB. 

* 

The  mutual  distance  of  three  remote  objects,  two 
of  which  only  are  seen  at  once  from  the  same  sta* 
tion,  being  given,  with  the  angles  observed  at  two 
stations  in  the  same  plane,  and  the  intermediate  di- 
rection of  these  stations,— to  find  their  relative  places. 

Suppose  tbd  Ihreepoifits  A,  B  and . 
C  are  given,  with  the  angle  A£B 
which  A  and  B  subtend  at  E,  and 
BFC,  which  B  and  C  subtend  at 
P,  and  likewise  the  angles  AEF 
and  EFC ;  io  find  the  relative  si-* 
.tuation  of  each  of  those  statioiis  E 
and  F, 

Produce  AE  and  CF  to  nieet  ill  D,  and  johi  BD.  The  an^t   " 
EDF,  being  equal  to  AEF+CFE— 1«0^,  is  given-    Now  in !  V  ^ 
the  triangle  EBF,  sinBFE  t  sinEBT : :  £B  :  EF;  and  ita  j  : 
the  triangle  EDF,  mEDF  :  sinDFE  t  i  EF  :  ED ;  where^      ,. 
fore,  (V*  23.  EL)  SinBFE  X  sinEDF :  sinSSFx  sinUFE  i :  ' 
EB  :  ED,  and  consequently  tlw  ratio  of  EB  td  ED  is  foosid* 
Again  the  atigle  BED,  being  <he  m^fdement  of  AEB,  is  given^  !  ^ 
{Prop.  10.  cor.)  tinhFE  x  z/nEDF  :  /^EBF  x /e>iDFE  : : 
Ritanb^  alidi2:ifiin(4d^*ft}:sro/iBED:*-r<9^(iBED+EBD)» 
or  co/(iadO  _|B£D— EBD},  whence  the  angle  EDB  is  gi* 
/ven.    The  angles  whidi  all  the  three  objects  A,  B,  anS  C 
subtend  at  the  point  D  are  tbenS&te  all  given,  and  hence  tlie 
position  of  D  is  determined  by  the  preceding  phiposition. 
But  dD,  being  found,  the  several  distances  BE,  ED,  and 
BF,  FD  ar^  thence  obtained,  and  consequenlly  the  position  of 
each  of  the  stations  E  and  F  is  determined. 

Scholium.  In  all  the  foregoing  problems,  the  angles  on  the 
ground  are  supposed  to  be  taken  by  means  of  a  theodolite*  If 
the  sextant  be  employed  for  that  purpose,  such  angles,  when 


^1 
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oblique^  mtist  be  rednced  by  calculation  to  thdr  projection  on 
the  horizontal  plane  *• 

Ih  rarveying  an  eztensive  countiy,  a  base  is  first  careMy 
measored}  and  the  prominent  distant  objects  are  all  connect- 
ed with  it,  by  a  series  of  triangles.  To  avoid,  in  practice, 
the  multiplication  of  errors,  these  triangles  should  be  chosen, 
as  nearly  as  possible,  equilateral.— After  a  similar  method, 
large  estates  are  the  most  accurately  planned  and  measured  f. 

The 'Vertical  angles  employed  in  the  mensuration  of 
heights,  being  estimated  from  the  varying  direction  of  the 
level  or  the  plummet,  will  evidently,  when  the  stations  are  dis- 
tant, require  some  correction.  Let  the  points  A  and  B  re- 
present two  remote  objects,  and  C 
their  centre  of  gravitation  $  with  . 
the  radius  CA  describe  a  circle, 
draw  CB  cutting  the  circumfe- 
rence in  D  and  £,'  and  join  EA 
and  AD.  The  converging  lines 
AC  and  BC  will  indicate  the  dU 
rection  of  the  plummet  at  A  and 
B,  the  intercepted  arc  AD,  will 
trace  the  contour  of  a  quiescent 
fiiud,  and  the  tangent  AZ,  being  applied  at  A*  will  mfirk  the 
linetdf%ke,horizon  from  that  station.  Wherefore,  the  verti- 
cal angtelbb'sefved  at  A  is  only  ZAB,  which  is  less  than  the 
true  angle  DAB,  by  the  exterior  angle  DAZ.  But  (III.  25*  £L) 
DAZ.being\eq^'jfco  the  angle  AED  in  the  alternate  sc^- 
inent,tis  (IIL^  1?7.  -.£l.):equal  to  lAdf  the  angle  ACD  at  the  cen- 
fare.  Hence  the  true  vertical  angle  at  any  station  will  be  found} 
by  adding  to  the  observed  angle  half  the  measure  of  the  in- 
tercepted arc ;  and  this  measure  dq>ending  on  the  curvature 
of  the  earth,  which  is  neither  uniiprm  nor  quite  regular,  must 
be  deduced,  for  each  particular  place,  from  the  length  of  the 
corresponding  degree  of  latitude. 


See  Note  LXXVII.  f  See  Notfe  LXXVIII. 
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Such  nicety,  however,  is  very  seldom  required.  It  will  be 
sufficiently  accurate  in  practice  to  assume  the  mean  quantities, 
and  to  consider  the  earth  as  a  globe,  whose  circumference  is 
24,856  miles,  and  diameter  7,912.  The  arc  of  a  minute  on  the 
meridian  being,  therefore,  equal  to  6076  feet,  the  correction 
to  be  added  to  the  observed  vertical  angle  must  amount  to  one 
second,  for  every  69  yards  contained  in  the  intervening  dis- 
tance. 

The  quantity  of  depression  ZD  below  the  horizon  is  hence 
easily  computed;  for  (III.  32.  El.)  AZ*  =  EZ.ZD,  or  very 
nearly  ED.ZD  ;  and  consequently  the  depression  of  an  object 
is  proportional  to  the  square  of  its  distance  AZ.  In  the  space 
of  one  mile,  this  depression  will  amount  to  4ttt  parts  of  a 
foot ;  and  generally,  therefore,  it  may  be  expressed  in  feet,  by 
two-thirds  of  the  square  of  the  distance  in  miles. 

But  the  effect  of  the  earth's  curvature  is  modified  by  an- 
other cause,  arising  from  optical  deception.  An  object  is  ne- 
ver seen  by  us  in  its  true  position,  but  in  the  direction  of  the 
ray  of  light  which  conveys  the  impression.  Now  the  lumi- 
nous particles^  in  traversing  the  atmosphere,  are,  by  the  &rce 
of  superior  attraction,  refracted  or  bent  continually  towards 
the  perpendicular,  as  they  penetrate  the  lower  and  denser 
strata  i  and  consequently  they  describe  a  curved  track,  of 
which  the  last  portion,  or  its  tangent,  indicates  the  apparent 
elevated  situation  of  a  remote  point.  This  trajectory,  suffer- 
ing almost  a  regular  inflexure,  may  be  ccmsidered  as  very 
nearly  an  arc  of  a  circle,  which  has  for  its  radius  six  times  the 
radius  of  our  globe.  Henc^,  to  correct  the  orror  occasioned 
by  refiraction,  it  will  only  be  requisite  to  diminish  the  effects 
of  the  earth's  curvature  by  one-sixth  part,  or  to  deduct,  from 
the  vertical  angles,  the  tweUlh  part  of  the  measure  of  the  in- 
tervening terrestrial  arc.  The  quantity  of  horizontal  refrac-»> 
tion,  however,  as  it  depends  on  the  density  of  the  air  at  the 
surface,  is  extremely  variable,  especially  in  our  unsteady  cli- 
mate. 
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Note  I. — Page  a.  '^ 

JL  he  primary  objects  ^faich  Geometry  contemplates  are,  from  their 
nature,  incapable  of  decomposition.     No  wonder. that  ingenuity  has 
only  wasted  its  efforts  to  define- such  elementary  notions.     It  appears 
more  philosophical  to  invert  the  usual  procedure,-  and  endeavour  to 
trace  the  successive  steps  by  which  the  mind  arrives  at  the  princi-' 
pies  of  the  science.     Though  no  words  can  paint  a  simple  sound,  this 
may  yet  be  rendered  intelligible,  by  describing  the  mode  of  its  arti- 
culation. ....  •  *I 
The  founders,  of  mathematical  learning  among  the  Greeks  werfi  in 
general  tinctured  with  a  portion  of  mysticism,  transmitted  from  .Py- 
thagoras, and  cherished  in  the  school  of  Plato,     Geometry  became 
thus  inlfected  at  its  source.     By  the  later  Platonists,  who  flourished 
in  the  Museum  of  Alexandria,  it  was  regarded  as  a  pure  intellectual 
science,  far  sublimed  above  the  grossness  of  material  contact.     Such 
visionary  metaphysics  could  not  impair  the  solidity  of  the  superstruct 
ture,  but  did  contribute  to  perpetuate  some  misconceptions,  and  to 
give  a  wrong  turn  to  philosophical  speculation.     It  is  full  time  to  re^ 
store  the  sobriety  of  reason.'  Geometry,  like  the  other  sciences 
which  are  not  concerned  about  the  operations  of  mind,  must  ultimate^i 
ly  xfi^i  on  external  observation.  But  those  ultimate  facts  are  so  few,  so 
distinct,  and  obvious,  that  the  subsequent  train  of  reasoning  is  safely 


896  iroiXS  AND  nXUSTRATIONS. 

ponoed  lo  oidimited  extent,  withovt  ever  appealing  again  to  the  evi- 
dence of  the  senses.  The  science  of  Geometry,  therefore,  owes  its 
perfection  to  the  extreme  simplicity  of  its  basis,  and  derives  no  visi- 
ble  advantage  from  the  artificial  mode  of  its  constmction.  The 
axioms  are  rejected,  as  being  totally  useless  and  rather  apt  to  pro- 
di^e  obscurity;  , 

The  term  mrface^  m  Latin  iwptrficUi^  and  in  Greek  Hrt/ptmut^  con- 
veys a  very  just  idea,  as  marking  the  mere  expanuon  which  a  body 
presents  to  our] sense  ff  sight.  Xme,  or  y^iyt^M,  signifies  a  stroke; 
and,  in  reference  to  the  operation  of  writing,  it  expresses  the  boun- 
dary or  contour  of  a  figure.  A  straight  line  has  two  radical  proper- 
ties, which  are  distinctly  oiarked  in  difierent  languages.  It  holds  the 
same  nndeviating  course, — and  it  traces  the  shortest  distance  be-^ 
tween  its  extreme  points.  The  first  pioperty  is  expressed  by  the  epi- 
thet recta  in  Latin,  and  dnitt  in  French ;  and  the  last  seems  intima- 
ted by  the  English  term  tiraigki^  which  is  evidently  derived  from 
the  verb  to  ttrttck.  Accordingly  Produs  defines  a  straight  line  as 
ttretchtd  between  its  extremities —  i  tmr  mic^mliU$ftm, 

The  word  pomi  in  every  language  signifies  a  mark^  thus  indicadng 
its  essential  character,  of  denoting  position.  In  Greek,  ^tfae  tenn 
myjpMi  was  first  used;  but,  this  being  degraded  in  its  implication,  the 
diminutive  nyMfwr,  formed  finom  n^M,  a  signal^  came  afterwards  to  be 
preferred.  The  neatest  and  most  comprehensive  description  of  apot'sf 
was  given  by  Pythagoras,  who  defined  it  **  a  monad  having  posi- 
tton,''  Plato  represents  the  h/fostask^  or  constitution  of  a  peint,  as 
adtmanime ;  finely  alluding  to  the  opinion  which  then  prsvaUed, 
that  the  diamond  is  absolutely  indivisible,  the  art  of  cutting  this  re- 
fisactory  substance  being  the  discovery  of  modern  ages* 

The  conception  of  an  angle  is  one  of  the  most  diflicult  perhaps  in 
the  whole  compass  of  Geometry*  The  term  corre^KMids,  in  most 
languages,  to  corner^  and  therefore  exhibits  a  most  imperfect  picture 
of  the  objeot.  Apoilonius  defined  it  to  be  <*  the  collection  of  space 
about  a  point.**  Euclid  makes  an  angle  to  consist  in ''  the  mutual  in- 
clination, or  MAirif ,  of  its  containing  linesy^—a  defimtion  which  is  ob* 
•cure  and  altogether  defective.  In  strictness,  this  can  apply  only  to 
acute  angles^  nor  does  it  give  any  idea  of  angular  magnitude;  though 
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this  really  is  as  capable  of  augnntntatioa  as  the  magnitude  of  lines 
thesiselves.  It  is  curious  to  obstrvie  die  shifts  to  wtnch  th«  author 
of  th«  £leinents  is  hence  oblige^  t«  have  rscoorM.  This  remark  is 
particularly  exemplified  io  the  fiOtb  and  Slet  PropositioBS  of  his 
Third  Book.  Had  Euclid  been  acquainted  wtUi  Trigonometry^  which 
was  only  begun  to  be  cultlTated  in  Ins  time,  he  would  eeitaiBly  have 
t<iken  a  more  enlarged  view  of  the  nature  of  an  angle* 

In  the  definiti(m  of  rcverM  angk^  I  find  that  i  have  been  antieipa* 
ted  hy  the  £ubou8  Stevin  of  Brnges,  who  flourished  abonC  the  end  of 
the  sixteenth  century*  It  is  satisfactory  to  have  the  eountenanee  of 
such  respectable  authority. 

Note  II.— Page  9. 

A  sqmtre  is  commoi^y  di^acribed  as  having  all  its  angles  rig)i4' . 
Thi^  d^fioitioB  errs  bovever  by  exi;c8s»  for  it  conti^ins  more  ihaji^ 
Trhat  is  nceeasar^r*  The  original  Greek,  ^d  even  the  Latin  veraioioy 
by  employing  the  ^eners^l  terms  *4{^«y^wx*  and  rci^anglumf  dext^rom^ 
IjTy  avoided  4)^t  objectiop.  The  word  riomlmt  comes  from  fv*^S«fi^ 
f o  sliHgf  as  the  figure  represents  only  a  quadrangular  frai^e  di^joinlp 

It  scarcely  deeeryea  iioticeA  but  I  will  ai^ticipate  tbe  objeetiofi 
vbic]i  ma^  bs  broi;^bt  agjaiii^t  me,  for  having  changed  tbe  defixutioii 
of  trapezium*  The  fact  i9>  that  I  ha^  only  restricted  tbn  woid  to  its 
appropriate  meaning,  from  which  Euclid  had^  according  to  Produ^ 
taken  the  liberty  to  depart.  In  the  original,  it  signifies  a  table  $  9fod 
Jbence  we  leam  the  prevailing  form  of  the  tables  used  among  tbe 
Greeks*  Indeed  the  ancients  would  appear  to  have  had  some  predi- 
lection lor  the  figure  of  the  trapezium^  since  the  doors  now  se^  io 
the  ruins  of  the  temples  at  Athena  are  not  exactly  oblong*  but  wid^ 
below  than  above. 

Language  is  capable  of  mose  precision,  in  proportion  as  it  becomes 
copious.  As  I  have  confined  tbe  epithet  right  to  angles,  and  sirc^ight 
to  lints,  I  have  likewise  appropriated  the  word  diagonal  to  rectilioeai 
figures,  and  diameter  to  the  circle.  In  like  manner,  I  have  restricted 
the  term  arc  to  a  portion  qf  the  circumfi$rieiice>  its  synonym  arcA 
being  assigned  to  architectare.  For  the  same  reason,  I  have  adojpteil 
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tLe  term  equkaknt,  from  the  celebrated  Legendre,  whose  Eiemau 
^e  Geometrie  is  one  of  the  ablest  works  that  has  appeared  in  oar 
times.    These  distinctioDS  evidently  tend  to  promote  pertt>icuit7^ 
which  is  the  great  object  of  an  elementary  treatise. — Endid  and  all 
his  successors  define  an  isosceles  triangle  to  have  onfy  two  e^oal 
udes,  which  would  abeolntely  exclude  the  eqmlateial  triangle.  Yet  the 
equilateral  triangle  is  afterwards  assumed  by  them  to  be  a  species  of 
isosceles  triangle,  since  the  equality  of  its  angles  is  at  once  inferred  as 
a  corpllary  from  that  of  the  angles  at  the  base  of  an  isosceles  triangle. 
This  inadvertency,  slight  as  it  may  appear,  is  pow  avoided. 


Note  IIL->Page  18. 

This  proposition  may  be  very  simply  demonstrated,  in  the  same 
manner  as  its  converse,  by  a  direct  appeal  to  superposition  or  mental 
experiment.  For  suppose  a  copy  of  the  triangle  ABC  were  inverted 
and  applied  to  it,  the  side  BA  being  Idd  on  BC,  the  side  BC  again 
will  evidently  lie  on  BA,  and  the  base  AC  coincide  with  CA.  Coo- 
seqiiently  the  angle  BAC,  occupying  now  the  place  of  BCA,  must 
be  equal  to  this  angle.  ,>  ■ 

It  may  be  worth  while  to  remark,  that  E^iclid's  demonstratzon, 
which,  being  placed  near  the  commencement  of  the  Elements,  has 
from  its  intiicacy  been  styled  the  Pons' Asinorum,  is  in  {act  essen- 
tially  the  same.  This  will  readily  appear  on  a  review  of  the  several 
steps  of  the  reasoning : — 

*    The  sides  BA  and  BC  of  the  isosceles  triangle  being  produced, 
the  equal  segments  AD  and  CE  are  assumed,  and  AE,  CD  joined. 
1.  The  complex  triangles  ABE  and  CBD  are  com- 
pared :  The  sides  AB  and  BC  are  equal,  and  like- 
wise BE  and  BD,  which  consist  of  equal  parts, 
and  the  contained  angles  £BA  and  DBC  are  the 
same  with  DBE;  whence  (I.  3.)  th^se  triangles 
are  equivalent,  and  the  base  AE  equal  to  CD,  the 
angle  BAE  equal  to  BCD,  and  the  angle  BEA  to 
BDC.    2.  The'  additive  triangles  CAE  and  ACD 
are  next  compared :  The  sides  EC  and  E A  being  equal  to  DA.  and 
DC,  and  the  contained  angle  CEA  equal  to  ADC,  the  triangles  are 
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({.  3.)  equivalent/  and  therefore  tbe  angle  CAE  is  equal  to  ACD. 
3.  Lastly,  since'  the  whol^  angle  BA£  is  eqoal  to  BCD,  and  the 
part  CAE  to  ACD,  the  remainder  BAC  mast  be  equal  to  BCA,  ^ 

Now  this  process  of  reasoning  is  at  beet  involved  emd  •cireuitous. 
The  compound  triangles  ABE  and  CBD  consist  of  the  isoseeles  tii- 
angle  ABC  joined  to  each  of  the  appended  triangles  ACE  and 
CAD  ;  'when  therefore,  as  the  dembnstratioR  implies,  ABE  isl^ob 
CBD,  the  common  part  ABC  is  reversed,  or  it  is-applied  toCtiAf  and 
the  other  part  ACE  is  laid  on  CAD.  Bot  the  superposition  of  ABG  et 
CBA  is  easily  perceived  by  itsdf;  nor  i^tjie  conceptio»-of  ^at-in^rf- 
ed  application  anywise  aided  by  having  recourse>  to  the  superposition, 
first  of  the  enlarged  triangles  ABE  and  CBD,  and  then  contracting 
these  by  the  superposition  of  the  subsidiary  triangles  ACE  and  CAD. 
'In  this,  as  in  some  .other  instances,  Euclid  has  deceived  lilmself,-  ia 
attempting  a  greater  than  usual  sthctiiess  of  reasoning,   -     u  ' 

Note  IV.— -Page  20. 

»  .     >  »  •    •  I.     . 

Thii  propoHtian  may  he  demonstrated  otherwise. 

Draw  (I.  5.  El.)  BE  4n8ecting  the  angle  ABC.    The  angle  BEA 
i(I.  8.  El.)  is  greater  than  the  inteiiior  angle  EBC    • 
.or  £BA,  and  tiberefore  (I.  14..  £1.)  the  side  AB 
is  greater  than  AE.    In  like  manner,  the  angle 
££C  is  greater  than  the  interior  angle  EBA  or 
:£BC,  and  consequently  <I.  14.  £1.)  the  side  CB     ^'  ''- 
is 'greater  thanCE.    Wher^ore  the  two  sides  AB  and  CB,  being 
each  of  them  greater  than  the  adjacent  segments  AE  and  CE,  are^ 
together  greater  than  the  whole  base  AC. 

Note  v.— Page  20. 

From  this  property  of  the  sides  of  a  triangle,  may  be  derived  the 
generic  character  of  a  straight  line :  , 

The  shortest  lifiethat  can  be  drawn  between  two  points,  is  a  straight 
line. 

Let  the  points  A  and  B  be  connected  by  straight  lines  joining  an 
intermediate  point  C ;  and  the  two  sides  AC  and  BC  of  tbe  triangle 
.^CB  are  greater  than  AB  (I.  15,).    Now  let  a  third  point  D  be  in- 
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Urposed  betMea  A  and  C;  and  became  AD  and  DC  ajne  togetlier 
fmttr  Ihas  AC,  add  BC  to  both,  and  the  tivee  lines  AD,  DC, 
and  CB  ere  greater  than  AC  and  BC»  and  eoottqaantly  still  greater 
than  AB*     A|»in,  enpfNiee  a  fonrth 
.point  £  to  connect  B  with  C  {  and  the 
irides  BE  and  C£  of  the  triangle  BCE 
lieing  greatnr  than  Be,  the  fimr  straight 
linH  AD,  DC,  C£,  and  £B  are  toge- 
•Iher*  hy  a  etiU  fitfther  access,  greater 
4han  AB.    Bj  thus  repeatedly  nmlti^ 

flying  the  inteijacent  points,  two  sides  of  a  triangle  wilt  at  each 
anoeeseive  step  cone  in  place  of  a  third  side,  and  csnieqoeotljr  the 
nggrciSSte  polygonal  or  crooked  line  AFDGCHEIB  will  acquire 
fontinoaOy  some  farther  extension»  Nay,  since  there  is  no  limit  to 
the  possible  nomber  of  thoee  connecting  points,  tbtej  may  approed 
each  other  nearer  than  any  assignable  intenral ;  and  consequently  the 
proposition  is  also  true  in  that  extreme  case  where  the  boundaiy  is 
a  curve  line,  or  of  which  no  portion  can  be  deemed  rectiUneaL 

The  proposition  now  demonstrated  is  commonly  assumed  as  an 
axiom.  It  is  indeed  fisrced  npen  of^r  earliest  observationy.ba]ig  mg- 
geated  by  the  stretching  of  a  cord,  and  other  fimiiliar  occarreocfla  is 
life.  But  thus  to  multiply  principles,  appears  quite  nnphjloaophical. 
The  two  radical  properties  of  a  straight  line-«*the  cengrmtj  of  iti 
parts— and  its  shortness  of  trace — ^aie  distinct,  thon^  conoceteiL 
The  latter  is  shown  to  be  the  necessary  consequeiice  of  the  fanner; 
but  it  would  be  impoasible,  by  any  direct  process,  to  infer  tto  urn- 
Ibrmity  of  straight  fines,  from  th«r  marlcing  out  the  nearest  n>tttei» 

Note  VI.— Page  80. 

TAis  proposhion  may  be  otherwise  iemimgtratei. 

Join  BE.    The  angle  BEG  (I.  8.  £1.)  is  greater  than  ABE  or 
(I.  11.  £1.)  AEB,   which  again  (I.  8.   El.)  is 
greater  than  CBE  ;  wherefore  (1.  14.  £L)  the 
side  BC  is  greater  than  CE,  or  the  difference 
between  AB  and  AC.  a.  i:  C 
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In  the  d^ix^ODStration^  I  could  not  avoid  introdacing  the  considera- 
tion of  limits.  This  will  occasion,  I  presume,  no  material  difficulty^ 
since  the  reasoning  is  actually  the  same  as  that  by  which  our  most 
familiar  conceptions  are.  graduisSiy  e^tianded* 

....,.,.  Note  VII.— Page  £3.     . 

Hie  ingenious  Mr  Thomas  Simpson  has  very  justly  remarked,  in 
his  Elemenis  oif  Geometry,  that  the  demonstration  which  Euclid 
gives  of  this  proposition  is  defective,  since  it  assumes  that  the  point 
G  must  lie  below  the  base  AC.  He  has  therefore  legitimately  sup- 
plied  the  deficiency  of  the  proof;  and  it  is  surprising  that  so  rigorous 
a  geometer  as  Dr  Robert  Simson,  should  have  so  far  yielded  to  his 
prejudices,  as  to  resist  such  a  decided  improvement*  The  demon- 
stration  inserted  in  the  te,xt .  appears  to  he  rather  simplerand  n^ore 
natural  than  that  of  Mr  T.  Simpson, 

Note  VIIL— Page  23. 

.  '    •  '. .       .  '      ■  ■ 

ThitpropositiM  is  capable  ofhein^  demonstrated  directly*. 

Let  the  triangles  ABC  and  D£F  have  the  sides  AB  and  BC  equal 
to  D£  and  £F,  but  the  base  AC  greater  than  DF;  the  vertical  angle 
ABC  is  greater  than  D£F. 

From  AC  cut  off  AG  equal  to 
DF,  construct  (I.  1.)  the  triangle 
AHG  having  the  sides  AH  and  GH 
equal  to  AB  and  BC  or  D£  and  £F, 
join  HB,  and  produce  HG  to  meet 
BC  in  I. 

Because  HI  is  greater  than.HG, 
it  is  greater  than  the  equal. side  BC,  and  therefore  much  greater 
than  BI.  Consequently  the  opposite  angle  IBH  of  the  triangle  BIH 
is  (I.  13.)  greater  than  BHI.  But.AB  being  equ^l  to  AH,  tbe  angle 
HBA  is  (I.  n.)  equal  to  BHA»  and  therefor^  the  two  angles  IBH  and 
HBA  are  greater  than  IHB  and  BHA,  that  is,  the  whole  angle  CBA 
is  greater  than  IHA  or  GHA.  And  since  the  sides  of  the  triangle 
AGH  are  by  construction  equal  to  those  of  EDF,  the  corresponding 
angle  AHG  is  equal  to  DEF  (I.  2.);  and  hence  the  angle  ABC, 
which  is  greater  than  AHG;  is  likewise  greater  than  DEF« — In  like 

cc 
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manner  this  may  be  demonstrated,  if  BH  should  fidl  wttliGtit  the 
£gttre« 

It  is  not  diffictdt  to  perceive  that  the  whole  structure  €)fgef»netrj 
18  grounded  on  the  simple  comparison  of  triangles.  The  conditions 
which  fix  the  ti^dal'ity  of  those  elementaiy  figures,  are  all  contained 
in  the  2d>  dd,  2 1  st  and  22d  propositions  of  the  first  Book*  These  fimda- 
mental  theorems  derive  their  evidence  from  the  mere  superposition  of 
the  triangles  themselves,  which,  in  reality,  is  nothing  but  an  nldmats 
appeal,  though  of  the  easiest  and  most  familiar  kind,  to  wctenial  ob» 
servation.  The  same  conclusions  however  might  be  deduced  more  con- 
cisely, from  the  circumstances  which  must  detennine  the  oeostitution 
of  an  individual  triangle.  Suppose  AB,  BC,  and  AC,  any  one  of  which 
is  shorter  than  the  other  two  conjdined,  to  be  three  inflexible  rods 
moveable  at  pleasure.  (1.)  Place  them  with  their  ends  meeting 
each  other,  and  they  will  evidently  rest  in  the  same  position,  and 
contain  a  distinct  triangle, — which  corresponds  to  Prop.  2.  (2.)  Ha* 
Ting  joined  the  rods  A6  and  BC  at  B,  continue 
to  open  them  at  that  point,  till  they  form  a  ^ 

given  vertical  angle  ABC ;  their  position  then 

» 

becomes  fixed,  and  consequently  determines  the 
zod  AC  which  connects  their  extremities  and 
completes  the   triangle.     This   inference   evi- 
dently  agrees   with   Prop.  3.     (3.)  While  the 
rod  AC  retains  its  place,  let  two  rods  AB  and  CB  of  unlimited 
length,  and  applied  at  the  ends  A  and  C,  be  opened  gradually  till  the 
one  forms  with  AC  a  given  angle  CAB,  and  the  other  a  given  angle 
ACB ;  it  is  evident  that  AB  and  BC  will  tlien  rest  cxx>ssing  each 
other  in  those  positions,  and  containing  a  determinate  triangle,  of 
which  the  vertex  B  is  their  point  of  mutual  intersection.     This  pro- 
perty corresponds  with  Prop.  21,    (4.)  Let  the  rod  AB  of  a  given 
length  make  a  given  angle  with  the  unlimited  rod  AC,  and  applying 
at  the  end  B  another  given  rod,  turn  this  gradually  round  till  it 
meets  AC.    If  BC  exceeds  the  distance  of  B  from  AC,  it  will  evi- 
dently, after  stretching  beyond  AC,  again  come  to  ipeet  that  boun- 
dary. *  With  such  conditions,  therefore,  the  rods  might  contain  two 
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determinate  triangles,  the  4>iie  acute  and  the  other  obtu^d,  and  whick 

are  heace  dktidguiBhed  from  each  Other,  by  the  additiimal  cbaract^ 

oi^fftctifmk  This  <]ualified  proper^,  omitted  in  most  elementary  works, 

is  yet  of  extendive  aj^Iicalioo,  and  was  requisite  to  complete  the  con^ 

ditioBs  of  the  equality  of  triangles.    It  corresponds  with  Prop/23. 

.  The  four  preceding  theorems  are  reducible,  however,  t6  asmgk  pco^ 

perty,  which  includes  all  the  different  requisites  to  the  equalj^  of  trir 

angles.  The  sides  of  a  triangle  are  obviously  independent  of  e4ch  t>ther,. 

being  subject  to  this  condition  only,  that  anyone  of  themshallbe  less 

than  the  remaining  two  sides.    But  since  all  the  angles  of  a  triangle 

are  together  equal  to  two  right  angles,  the  third  angle  must,  in  every 

case,  be  the  necessary  result  of  the  other  two  angles.    A  triangle 

has,  therefore,  only  five  original  and  variable  parts — Uie  three  sides 

and  two  of  its  angles.  Any  three  of  these  parts  being  ascertained^  the  tri^ 

angle  is  A^nteltf  dtitrmtned*    Thus — when  (I.)  all  the  three  sides 

are  givesi-Hwhen  (9.)  two  sidet^and  their  contained  angle  are  given,--^ 

when  (4^)  two  Sid^s  and  an  opposite  angle  are  given,  with  the  a^fec^ 

tioa  <^  the  trktigle,  tH'.when  (3.)  une  «ide  and  two  angles,  and  thence 

the  tliird  aogle  are  given,— ^he  triangle  i§  completely  marked  out* 

M.  L^^endre,  in  a  veiy  elaborate  note  to  his  EUmens  de  Geome^ 
trte^  has  sought,  with  much  ingenuity,  to  deduce  d  priori  the,  radi(:al 
properties  of  triangles,  from  the  theory  x>i^fi»nctkns*  But,  like  other 
Bimilat  attempts,  his  investigation  actually  involves  in  it  a  latent  as* 
sumption*  This  subtle  logician  sets  out  with  the  principle  which  would 
seem  almost  intuitive,  that  a  tmngle  is  determined  when  the  base  aud 
its  adjacent  stogies  are  given;  The  vertical  angle,  therefore,  depends 
wholly  on  these  data-*~the  base  &nd  its  adjacent  angles.  CaU  the 
base  Cy  its  adjacent  angles  A,  B,  and  the  vertical  angle  C.  This 
third  angle  being  derived  from  the  quantities  A,  B  and  c,  must  be  a 
determinate  function  of  them,  or  formed  from  their  combination. 
Whence,  adopting  his  notation,  C=f  :  (A,  B,  c).  But  the  line  c  is 
of  a  nature  heterogeneous  to  the  angles  A  and  B,  and  therefore  can« 
not  be  compounded  with  these  quantities.  Consequently  Cs^ :  (A,  B), 
or  the  vertical  angle  is  simply  a  function  of  the  angles  A,  and  B 
at  the  base,  and  hence  the  third  angle  of  a  triangle  must  depend 
wholly  on  the  other  two. 

To  a  speculative  mathematician  this  argument  is  very  seduc- 
tive^ though  it  will  not  bear  a  rigid  examination.    Many  quantities 

c  c2 
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in  fertappear  to  re»ttlt  from  the  combined  relation  of  other  qaantities 
tbataie  altogether  heterogeneous.  ThoSi  the  space  which  a  moving  body 
describes,  depends  on  the  joint  elements  of  time  and  velocity,  things 
entirely  distinct  in  their  nature ;  and  thnsy  the  length  of  an  arc  of  a  cir- 
cle is  compounded  of  the  radius,  and  of  the  angle  it  subtends  at  the 
centre,  which  are  obviously  heterogeneous  magnitudes.   For  angfat  we 
previously  knew  to  the  contrary,  the  base  c  might,  by  its  combina- 
tion with  the  angles  A  and  B,  modify  their  relation,  and  thence  affect 
the  value  of  the  vertical  angle  C.    In  another  parallel  case,  the  force 
of  this  remark  is  easily  perceived.  Thus,  when  the  sides  t^  b  and  their 
contained  angle  C  are  given,  the  triangle  is  determined,  as  the  simplest 
observation  shows.  Wherefore  tbe  base  c  is  derived  solely  from  these 
data,  or  1*=:^  :  (a,  ^,  C).     But  tbe  angle  C,  being  heterogenepus  to 
the  sides  a  and  &,  cannot  coalesce   with  them  into  an  equation, 
and  consequently  the  base  c  is  simply  a  function  of  a  and  6,  or  it  is 
the  necessary  result  merely  of  the  other  two  sides.     Such  is  the  ex- 
treme absurdity  to  which  this  sort  of  reasoning  would  lead !  In  both  of 
these  instances,  indeed,  the  conclusion  is  admitted  by  imphcation, 
only  in  the  one  it  is  consistent  with  truth,  while  in  the  other  it  is 
palpably  false. — That  such  aa  acute  philosopher  could  overiook  the 
fallacy  of  his  argument,  can  only  be  ascribed  to  the  influence  which 
peculiar  trains  of  thought  acquire  over  the  mind,  and  to  the  ex* 
treme  facility  with  which  elementary  principles  insinuate  and  blend 
themselves  with  almost  every  process  of  reasoning. 

Admitting,  however,  what  the  slightest  inspection  really  con- 
firms,  that  the  third  angle  is  merely  derived  from  the  other  two, 
M.  Legendre  demonstrates  with  great  elegance,  the  property  that 
the  three  angles  of  a  triangle  are  equal  to  two  right  angles.     Let- 
ting fall  from  the  right  angle  a  perpendicular  on  the  hypotenuse,  he 
divides  any  right-angled  triangle  into  two  subordinate  triangles, 
which  have  each  of  them  two  angles  equal  to  those  of  the  original 
triangle ;  whence  the  acute  angles  of  that  triangle  are  alternately  e- 
qual  to  tlie  angles  which  compose  tbe  right  angle*     But  eveiy  tri- 
angle may  be  divided  into  two  right-angled  triangles,  by  letting  fall 
a  perpendicular  from  tbe  vertex  on  the  base,  and  consequently  tbe 
acute  angles  of  both  these  triangles,  and  which  form  the  angles  at 
the  base,  and  tbe'  vertical  angle  of  the  primary  triangle, — are  toge- 
ther equal  to  two  right  angles. 
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This  theorem  may  be  proved  somewhat  more  directly.     In  the 
triangle  ABC,   let   the  angle   CBA   be  greater   than  ACB,  and 
draw   BD,.and  then    DE,   making   the  angles  AJBD  and  BDE 
each  equal  to  ACB.     The  trian^es 
ABC  and  ADB  having  the  common 
angle  BAC  and  the  angle  ACB  equal 
to  ABD,  their,  third  angles  ABC  and 
ADB  must  be  equal.    But  the  tri- 
angles BCD  and  BDE  have  also  a 

common  angle  CBD,  and  equal  angles  DCB  and  BDE ;  whence  the 
third  angle  BDC  is  equal  to  BED,  and  therefore  the  supplementary 
angle  ADB,  equal  to  ABC.  is  eqiial  to  DEC.  Again,  the  triangles 
ABC.  and  DEC  having  two  cotnmon  or  equal  angles,  their  third 
angles  BAC  and  EDC  are  ecjual ;  wherefore  the  three  angles  ABC, 
BCA  and  BAC  of  the  original  triangle,  are  respectively  equal  to 
BDA,  BDE  and  EDC,  and  hence  equal  to  two  right  angles. — If  the 
triangle  ABC  be  equiangular^  divide  it  into,  two  scalene  triangles 
ABD  and  CBD,  the  angles  of  which,  or  the  angles  -of  the  original 
triangle,  together  with  the  adjoining  angles  ADB  and  BDC,  must 
be  equal  to  four  right  angles,  and  consequently  the  angles  of  that  tri- 
angle are  equal  to  two  right  angles. 

But  the  proposition  is  easily  derived  from  another  view  of  the  sub- 
ject. If  we  suppose  a  ruler  turning  about  the 
point  A,  to  change  its  direction  AC  ipto  AB, 
then  opening  at  B  till  it  gains  the  direction  BC, 
and  finally  wearing  about  the  point  C  till  it  ac- 
quires the  opposite  position  CA  ;  thus  changing 
its  direction  with  respect  to  a  remote  object,  by 
three  successive  openings  all  to  the  same  side,  the  ruler,  being  now 
reversed,  must  have  performed  half  a  circuit ;  that  is,  the  three 
angles  of  a  triangle,  which  constitute  those  openings,  are  equal  to 
two  right  angles. 

The  profound  geometer  already  quoted,  pursuing  his  refined  argu- 
ment, has,  from  the  consideration  of  homogeneous  quantities,  like- 
wise attempted  to  deduce  the  proportionality  of  the  sides  of  equi- 
angular triangles.  But  in  this  abstruse  research,  assumptions  are 
still  disguised  and  mixed  up  with  the  process  of  induction.  Such 
indeed  must  be  the  case  with  every  kind  of  reasoning  on  mathemati- 
cal  or  physical  objects,  which  proceeds  i  priori,  without  appealing, 
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at  least  in  tlie  ini  iDStance,  to  extenal  <|bfervalion.  Of  tioda  kiod, 
ara  some  of  those  ingenioiis  analytical  investigations  reapectiag  the 
laws  of  motion  and  the  conipositkHi  of  forces.  The  principle  of 
mtffidmi  Tea$on^  introduced  by  LeifanitSy  appears  to  be  iiotbing  but 
an  artificial  oaode  of  dressing  oot  an  assamption,  and  wfaicii  the 
celebrated  Boscovich  has  well  exposed  in  his  eacelleot  notes  io  a 
didactic  poem  by  Stay,  entitled  tkUotopkia  ReceMiior. 

Note  X.r-Page  27. 

The  subject  of  parallel  lines  has  exercised  the  ii^eiftufy  of  modem 
geometers ;  ibr  Euclid  had  only  endeaTOured  to  evade  the  difficulty, 
by  styling  the  fiindamentai  proposition  an  axiom.  The  inve$tigati(m 
now  given  seems  to  be  one  of  the  best  adapted  to  the  natural  progress 
of  discovery.  It  is  almost  ridiculous  to  scruple  about  adouttiog  the 
idea  of  xnotiony  which  I  have  employed  for  the  sake  of  deameas. 
But  even  that  (utile  objection  migiht  be  obviated,  by  caosidering 
merely  the  successive  positions  of  the  straight  line  extending  thro«^ 
the  ^ven  point- 
Note  Xl.-^Page  S3. 

That  invaluable  instrument,  Hadle/s  quadrant,  is  founded  on  the 
second  corollary,  annexed  as  an  obvious  consequence  of  the  proposi- 
tioD.  A  ray  of  light  SAy  from  the  sun, 
impinging  agunst  the  mirror  at  A,  is  re« 
fleeted  at  an  angle  equal  to  its  incidence ; 
and  now  striking  the  half-silvered  glass 
at  Cf  it  is  again  reflected  to  £,  where 
the  eye  likewise  receives,  through'  the 
transparent  part  of  that  glass,  a  direct 
ray  from  the  boundary  of  the  horizon. 
Hence  the  triangle  A£C  has  its  exterior 
angle  £CD  and  one  of  its  interior  angles 
CA£,  respectively  double  of  the  exterior 
angle  BCD  and  the  interior  angle  CAB,  ^^ 

of  the  triangle  ABC;  wherefore  the  remaining  interior  angle  AEC, 
or  S£Z,  is  double  of  ABC ;  that  is^  the  altitude  of  the  sun  above 
the  horizon  is  double  of  the  inclination  of  the  two  mirrors*  But  the 
glass  at  C  remaining  fixed,  the  mirror  at  A  is  attached  to  a  move- 
able  indexy  which  marks  their  inclination. 
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The  saxx^  instrument,  in  its  most  improved  state,  and  fitted  with 
a  telescoj^  forms  the  sextaut^  ^hich,  ^ing  admirably  calculated, 
for  measuring  angles  in  general,  )ia^  rendered  ^  fiost  important 
services  to  geography  and  navigation. 

Note  XII.— -Page  35- 

This  probUm  is  generally  constructed  somewhat  differently. 

hk  AB  take  aa/pQint  C,  Aid  w  BC 
(I.  1. 00^)  Ascribe  An  eqnibt^«l  tart- 
angle  CDB»  ooi  ito  side  DB>  another 
DEB ;  and  on  D£  the  side>.i}f  $1^8/  a 
third  eqaUateral  trieogle  DF£.;  join 
the  last  vertex  F  with  the  pokiiB  $  .and . 
BF  is  the  perpendicular  required. 

Because  the  triangles  CDB  and  DBE  are  equilateral^  the  angles 
CBD  and  DBE  are  each  of  the|u.equal  ^^^wa  third  parts  of  a  right 
angle  (I.  32.  cor.) ;  and  the  triangles  BDF,  BEF»  having  the  sides 
BDy  DF  equal  tx>  BE,  Ef,  an4:  t^e  8id§  3F  commoOy  are  (I.  2.) 
equal,  and  consequently  the  ang}^s  f  BP  ^ikI  FBE  are  equal,  and 
each  of  them  the  half  of  PQE.  The  augljB  FBD,  being  therefore 
'  one-thir4  part  of  a  nqjpt, .f4)g)e|.  f^  the  angl^  DBA  two*third  |>axtf| 
the  whole  fngle  FBQ  %sm%  b^  ftni^i^p:^  fi^  Wf^  ^r  the  straight 
line  BF  is  {>erpendip:ul«f  t^  :AB»      ( 
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J^ptQ  ;SlII.-^age  42. 

^  From  this  proposition  the  following  theorem  is  easily  derived : 
Straight  Unts  joining  the  successive  middle  points  of  the  sides  of  a 
qkadrilaterid^guref/orm  a  rhomboid. 

If  the  sides  of  the  quadrilateral  figure  AB€D  be  bisected,  and  the 
points  of  section  joined  in  their  order ;  EFGH  is  a  rhomboid. 

For  draw  AC,  BD.  And  becanse  FG  bisects  AB,  BC,  it  is 
(II.  4.  El.)  parallel  to  AC ;  and  for  the 
saime  reason,  EH,  as  it  bisects  AD  and  DC, 
is  parallel  to  AC.  Wherefore  FG  is  paral- 
lel, to  EH  (I.  30.).  In  like  manner,  it  is 
proved  that  EF  is  parallel  to  HG ;  and 
ccmsequently  the  figure  EFGH  is  a  rhom- 
boid or  parallelogram. 
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It  18  likewise  evident,  that  the  inscribed  rhomboid  is  half  of  tbe 
quadrilateral  figure  ;  for  10  is  half  of^Aie  triangle  ABC  (II.  4.  cor.), 
and  IH  u  half  of  (be  triangle  ADC. 


Note  XIV.— Page  45. 

This  probleoi  is  of  great  use  in  yraelkal'geometqr.  Tbe  plaA,for 
iustaoce,  of  any  grounds  however  iiregaUuv  is  divided  into,  a  niaaber 
of  triangles,  wht:h  are  succ^velf  mdiie^  to  a  simple  triao^^e,  and 
this  again  is  converted  (by  il.  7*)  intota  rectang^ei '  Inst^  of 
computing,  therefore,  each  comppnent'tSai^y  it  nay' be'suffitieat 
to  calculate  the.  area  of  the  final  tsian^  <)r  -liKr^sngle.  / 


t 


.1 


'^  On  this  proposition  is  founded  the  method  atxyftefi^  which  'enfers 
so  largely  into  the-  practice'  of  land-siirv^ing«.-  •  In  measuring  a  field 
of  a  very  irregulafr  shape,  the'  principid  ^i^ts  ontyare  Connected  by 
straight  lines  forming  sides  of  the  tom||Kk)kh^  tridrigles,  and  the  dis- 
tance of  each  remarkal^e  fiexur^  of  the'  extreme  ^bodiidsfy'lir't&ken 
from  these  rectilineal  traces.  The  extbrkirlieydei'oltlife  pol^go^is 
therefore  considered  as  a  collection  of  trapezoids,  which  are  measured 
by  multiplying  the  mean  -of  eadfpsir  6f  bffms  or  perpendiculars  in- 
to their  base  or  intermediate  distance.  .     ',   .  • 


•  Note  XVI.-^Page  48. 

This  famous  proposition  appears  to  have  been  brought  from  tb6 
East  by  Pythagoras.  The' method  here  given  of  demonstrating  it, 
from  the  transposition  of  the  several  parts  of  the  figure,  is  ascribed 
to  the  Persian  astronomer  Nassir  Eddin,  who  fiourished  in  tbe  thir- 
teenth century  of  our  ara,  under  the  munificent  patronage  of  the 
conqueror  Zingis  Khan. 

Jt  may  gratify  the  young  student  in  Geometry  to  see  the  mode  oi 
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p^ribrming  this  diiseoti^a.    Having  dinWn  GO  parallel  to  IK,  place 

the  triangle  CKA  on  CFH,  ihvert  tbe  tiW 

angle  GO  A  or- ADG,  pla<5e  the  trkngle 

GOM  on  AKN,  and  transfer  the  small 

triangle  GIN  to  HLM.    In  this  way,  the 

square  AGHC  is  transformed  into  the  tijiro 

squares <^KLP  and  ADIK.     By  reversing' 

the- process,  the^  squares  of  the  sides  of  the 

right-angled  triangle  niay  be  compounded 

into  the  single  square  of  the  hypotenuse. 


I  I 


Note  XVII.—Page  40.       . 

It  wa&  a  favourite  speculation  with  the  Greek  geometers,  to  er* 
^ress  numerically  the  sides  of  a  right-angled  triangle.  The  rules 
which  they  delivered  for  that  purpose  are  equally  simple  and  inge- 
nious. For  the  sake  of  conciseness,  it  will  be '  convenient,  however^ 
to  adopt  the  language  of  symbols*  Let  n  (denote  any  odd  number^ 
$hen, 

according  to  Pythagoras,  «,  -— —  and  — ^ ,  or 

according  to  Plato,  Sftyii* — ^i  and  9i*4*i,  will  represent 

the  perpendicular,  the  base,  and  hypotenuse,  of  a  right-angled  tri- 
angle. Thus,  n  being  supposed  equal  to  3,  the  oumbers  thence  re- 
sulting are  3,  4,  and  6,  or  6,  8,  and  10.  These  expressions  are  fiin- 
damen tally  the  same,  and  are  easily  derived  from  Prop.  19*  Book  II.; 

For  (»*+i)M«*-0*s:(('»*+i)  +  («*-x))((«^  +i)--(i»*-i))=! 


Note  XVIIL—Page  51. 

An  elegant  proposition  derived  from  this,  deserves  a  place  ia^an 
elementary  wbrk ; 

In  am/  triangle^  the  square  described  on  the  base^  is  equivalent  to  tie 
fectangles  contained  by  the  two  sides  and  their  segments  intercepted 
from  the  base  by  perpendiculars  let  fall  upon  them  from  its  opposite  ex^ 
tremUtes* 
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Let  tilt  perpeodicolars  AP^  CN  be  kt  fidl  from  the  pcunts  A,  C 
upon  the  opposite  sides  BC  «Dd  AB  of  the;  triaogle  ABC  ;  the  square 
of  AC  is  eqinvalent  to  the  rectangles  contained  by  AB,  AN  and  by 
BC,  CP. 

For  complete  the  rhomboids  ADHB  and  CFHB^  and  let  fall  the 
perpendiculars  BR  and  BS  upon  DH  and  FH. 

It  is  manifest,  (II.  15.  El.)  that  the  rhomboids  AH  and  CH  are 
equivalent  to  the  square  of  AC.  But  the  rhomboid  AH  is  eqwyalent 
to  the  rectangle  contained  by  AB  and  BR 
(II.  !•  cor.).  Comparing  the  triangles  BHR 
and  ACN  ;  the  angle  BRH,  being  a  right 
angle,  is  equal  to  ANC ;  and  the  two  acute 
angles  BHR  and  RBH,  being  together  equal  to 
a  right  angle,  are  equal  to  DAN  and  NAC ; 
but  DAB  is  equal  to  DHB  (1. 270f  whence 
the  angle  RBH  is  equal  to  NAC.  These  tri- 
angles BHR  and  ACN,  having  thus  two  angles 
respectively  equal,  and  Hkft  corresponding  side 
BH  in  the  one  equal  to  AD  or  AC  in  the  other, 
are  therefore  equal  (I.  21.),  and  consequently 
the  side  BR  is  equal  to  AN,  The  rectangle 
AB  and  BR,  which  is  equivalent  to  the  rhom- 
boid AH,  is  hence  equivalent  to  the  rectangle 
contained  by  AB  and  AN  (II.  1.  cor.). 

In  the  same  manner,  it  may  be  demonstrated,  by  compariog  the 
triangles  BHS  and  PAC,  that  the  rectangle  under  BC  and  BS 
which  is  equivalent  to  the  rhomboid  CH,  is  equivalent  to  the  rect- 
angle contained  by  BC  ano  CP.  Wherefore  the  two  rectangjbn  o{  AB, 
•  AN  and  BC,  CP  are  together  equivalent  to  the  square  described  on 
AC. 

If  the  triangle  ABC  be  right-angled  at  the  vertex  B,  the  perpeo- 
diculars  CN  and  AP  will  evidently  meet  at  the^vertex,  and  conse- 
quently the  rectangles  AB,  AN  and  BC,  CP  will  becoine  the  squares 
of  AB  and  BC.  And  hence  the  beautiM  Proposition  II.  1 1.  is  de« 
rived,  being  only  a  remarkaUe  ca8€  of  a  much  more  general  pn^n^/v 


.» 
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Note  XIX.— Page  51. 

Since  rectiiDgles  correspond  to  numerical  products,  the  properties 
of  the  sections  of  lines  are  easily  derived  from  symbolical  arithmetic : 

« 
*  1.  In  Prop.  l6.  let  AC  be  denoted  by  a,  and  the  segments  of  AB 

by  6,  c  and  d;  then  a{b+c^d)::zab'^ac+ad* 

2.  In  Prop.  17*  4et  the  two  lines  he  deaoted  by  a  and  b;  then 
(a+bys:a*+b*+2ab. 

3.  In  Prop.  IS*  let  the  two  lines  be  denoted  by  a  and  bf  then 
(a-^byzza*+b*—2ab.  ' 

4.  In  Prop;  19.  let  the  two  lines  be  denoted  by  a  and  b;  then 
(a+b)  (a^^)=za*—b^. 

5.  In  Prop.  20/  let  the  segments  of  the  compound  line  be  denoted 

by  a,  b  and  c;  then  (a4-^+c)^=:a^+6*4*^*-h^^-i-2^<^+2^<^* 

6.  In  Prop.  21.  let  the  two  lines  be  denoted  by  a  and  6;  then 

7.  In  Prop,  22i  let  the  whole  line  be  denominated  by  «,  and .  its 
greater  segment  by  x;  then  x^sza^^Hr-x^  and  jr*4«<urssa%  whence. 


«• 


apsr  •dtZfJ-' -ssdbM(VJt — J).     Hence,  if  unit  represent  the 

whole  Ibe,  the  greater  segment  is  .618033984289  &c.  a^d  the  smalU 
er  segment  .38196601572,  &c. 

From  Cor.  ] .  an  extremely  neat  approximation  is  likewise  jdbtained* 
Assuming  the  segments  of  the  divided  line  as  at  first  equal  and 
denoted  each  by  i,  these  successive  numbers  will  result  from  their 
continued  summation : 

1,  2,  3,  5t  8,  ]3«  21,  34,  ^S,  89»  144,  &c. 
If  the  original  line,  therefore,  contained  144  equal  parts,  its  greater 
segment  would  include  %9i  &nd  its  smaller  segment  &^  of  these  parts 
vcsy  nearly. 
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Note  XX.— *Page  59- 

This  problem  may,  however^  he  conitructed  eamewhat  differently, 
viikoitt  employing  the  collateral  properties. 

Tor  bisect  AB  in  C  (I.  7.)»  <iraw  (I.  5.  cor.)  the  peipendicular 
BD  equal  to  BC,  join  AD  and  continue  it  until  D£  be  eqoal  to  DR 
or  BC,  and  on  AB  produced  take  AF  equal 
to  A£ :  The  line  AF  is  the  required  exten- 
sion of  AB.  For  make  DG  equal  to  DB  or 
BC ;  and  because  (II.  ip.  con  2.)  the  rectangle 
£A,  AG  together  with  the  square  of  DG  or 
DB,  is  equivalent  to  the  square  of  DA,  or  to  the  squares  of  AB  and 
t)B ;  the  rectangle  EA,  AG,  or  FA,  FB  js  equivalent  to  the  square 
of  AB. 


Note  XXL— Page  6o. 

•  .         •       .*      !  '  .  . 

A  neat  proposition  may  be  subjoined* 

Iff  from  the  hypotenme  of  a  right  angled  triangle^' portions  be  cut 
off  equal  to  fhe  adjacent  sides  ;  the  square  of  the  middle  segment  that 
formed^  is  equivalent  to  twice -the  rectqagle  contained  by  fie  extreme 
segments. 

Let  ABC  be  a  triangle  which'  is  right-angled  at  B ;  from  the  hy- 
potenuse ACy  cut  off  AE  equal  to  AB,  and  CD  equal  to  CB:  Twice 
the  rectangle  under  AD  and  CE  is  equivalent  to  the  square  of  DE. 

For  the  straight  line  AC  being  divided  into  three  portions,  the 
squares  of  A£  and  CD,  together  with  twice  the  -« 

rectangle  AD,  CE  are  equivalent  to  the  squares 

of  AC  and  DE  (II.  20.  cor.).     Bat  the  squares       ^ 

of  AB  and  BC, '  or  those  of  AE  and  CD,  are  ^'  3)  JE  C 
equivalent  to  the  square  of  AC  (11,  11.).  There  consequently  re- 
mains  twice  the  rectangle  AD,  CE  equivalent  to  the  square  of  D£. 

By  an  inverse  process  of  reasoning  it  will  appear,  that  if 
twice  the  redtangle  AD,  CE  be  equal  to  the  square  of  D£,  the 
straight  line  AC,  so  composed,  is  the  hypotenuse  of  a  right-angled 
triangle,  of  which  AB  and  BC  are  the  sides. 
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This  propositioh  will  furnish  another  convenient  method  of  disco* 
vcring  the  numbers  which  represent  thfe  sides  of. a  right  angled  > tri- 
angle: For  since  DE*=  2AD  x  CE,  it  is  evident  that  iDE*= 
ADxC^ ;  ^nd  consequently,  expressing  D£  bya  whole  number,  and 
resolving  |DE*  into  the  factors  AD  and  CE,  AD+DE  andG£4,D£ 
will  represent  the  two  sides,  and.AD-|rCE-{-DE  the  hypotenuse. 
Thus,  if  2  be  taken,  the'  factors  of  half  its  square. are.  1  and. 2, 
vrhich  produce  the  numbers  3,  A  ^^^  ^*  Again,  if  4  be  assumed, 
the  factors  are  2  and  4,  or  land  8^;  whence  result  these  numbers, 
6,  8  and  10,  or  5,  12  and  13.  In  this  way,  a  very  great  variety  of 
numbers  can  be  found,  to.  express  .the  fides  of  a  xight«angled  triiingle* 

■*  '  .  ' 

Note  XXIL—Page  5l. 

This  proposition  is  of  great  use  in  practical  geometry,  since  it  en- 
ables us  to  divide  a  triangle,  of  which  all  the  sides  are  given  into  two 
right-angled 'triangles,  by  dietermining  the  position'  and  consequentlj 
the  length  of  the  perpendicular. 


Note  XXIII.— Page  63. 

I 

From  'this  corollary  is  derived  a  very  simple  construction  of  thQ 
problem,  **  to  find  a  square  equivalent  to  a  given  rectangle/' 

Let  ABCD  be  the  given  rectangle^  of  which  the  side  AD  is  great* 
er  than  AB.  In  AB  or  its  production,  take  AE  equal  to  the  half  of 
AD  and  place  it  from  £  to  F;  then  AF 
being  joined,  is  the  side  of  the  equivalent 
square. .  For  (II,  26.  cor.  El.)  since  the 
sides  AE  and  EF  of  the  triangle  A^F  are 
equal,  the  square  of  AF  is  equivalent  to  the 
rectangle  under  twice  AE  and  AB,  that  is, 
from  the  construction,  the  rectangle  under 
AD  and  AB, 

The  same  construction  might  likewise  be  deduced  from  the  second 
demonstration  of  the  celebrated  property  of  the  right-angled  triangle. 
For,  in  the  £gure  of  page  48,  suppose  BO  were  drawn  to  the  hypo- 
tenuse AC,  making  an  angle  ABO  equal,  to  BAO  or  BAC ;  since  the 
two  acute  angles  are  together  equal  to,  a  right  angle^  the  angle  BCA 
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is  equal  to  the  Temaining  portioa  CBO  of  the  right  angle  at  B,  and 
eoMeqiieiitljr  the  trian^es  AOB  and  COB  are  isosceles,  and  the 
ndes  OA,  OB  and  OC  aH  equal.    Wherefore  AB,  the  side  of  a 
square  equivakot  to  the  rectangle' ADM N  or  that  under  AK  and 
AN|  is  determined  by  making  AO  equal  to  the  half  AK  or  AC  and 
inserting  it  inmt  O  to  Bgr^The  inspection  of  the  same  figure  also 
points  oat  the  mode  of  dissecting  the  rectsngle,  and  thence  eom- 
poonding  the  square ;  for  a  perpeadicular  let  foil  from  K  on  AB  is 
evidently  equal  to  GB  or  AB.    Hence,  on  AF,  in  the  origiaal  coo* 
struetiony  let  foil  the  perpendicular  DG>  tmnspose  the  triangle  FBA 
in  the  situation  DHI,  and  slide  the  quadiilateFal  portkni  into  the 
place  of  KAHI ;  the  rectangle  ABCD  is  now  transformed  into  the 
square  KGDI. — A  slight  modification  will  be  reqaired  when  AB  is 
less  than  the  half  of  AD* 

In  this-  constmclion  of  the  problem,  the  application  of  (he  circle 
which  (in.  33.  El.)  is  bdispensably  reqaired,  is  only  not  brought 
into  view. — ^When  the  side  AD  is  double  of  AB,  the  point  G  coiocides- 
with  F,  and  the  rectangle  is  resolved  into  three  triangles,  vA^th  com- 
bine to  form  a  square. 

Note  XXIV.— Page  64. 

The  following  theorem  is  demonstrated  from  the  same  pnnci- 
pies  r 

If  itrenght  lines  be  drawn  from  the  angular  points  of  a  triangle  to 
bisect  the  opposite  sides,  thrice  the  squares  of  these  sides  are  iogdkr 
equroaknt  to  four  times  the  squares  of  the  bisecting  lines. 

Let  the  sides  of  the  triangle  ABC  be  bisected  in'D,  £,  and  F,  and 
straight  lines  drawn  from  these  points  to  the  opposite  vertices;  thrice 
the  squares  of  the  sides  AB,  BC,  and  AC  are  together  equivalent  to 
four  times  the  squares  of  BD,  CE  and  AF. 

For,  by  Prop.  II.  25.  the  squares  of  AB,  BC  are  equivalent  to 
twice  the  square  of  BD  and  twice  the  square 
•f  AD,  that  is,  half  the  square  of  AC ;  the 
squares  of  BC,  AC  are  equivalent  to  twice  the 
squares  of  C£  and  half  the  square  of  AB ;  and 
the  squares  of  AC,  AB  are  equivalent  to  twice 
the  square  of  AF  and  half  the  square  of  BC.  ^  ^ 
Whence  4he  squares  of  the  sides  of  the  triangle,  repealed  twice,  are 
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equivalent  to  thrice  the  squares  of  BD,  C£,  and  AF,  with  half  the 
squares  of  the  sides  of  the  triangle*  Conseqaentiy  four  times  rthe 
squareis  of  AB,  BC,  and  AC  are  eqnivs^^t  to  four  times  the  squares 
of  BD,  C£,  and  AF,  with  once  the^uares  of  AB»  BC,  and- AC  $ 
wherefore  thrice  the  squares  of  the  sidks  AB|  BC,  and  AC  ktt  toge* 
ther  equivalent  to  four  times  this  squares  of  the  bisecting  lines  BD^ 
C£,  and  AF. 

* 

Note  XXV.--Page  65. 

This  general  theorem  seems  to  have  been  first  given  bj  tjit  iltns- 
trious  Euler  in  the  Petersburg  Memoirs.  It  evidently  comprehends 
the  proposition  which  stands  immediately  be&re  it ;  for  when  the 
quadrilateral  figure  becomes  a  rhomboid^  the  diagonals  bisect  each 
other,  and  the  middle  points  £  and  F  coincide  $  whence  the  squares 
of  all  the  sides  are  equivalent  simply^tQ  the  squares  of  those  cUs^oo** 
ais. — If  this  rhomboid  again  becomes  a  rectangle,  it  will  have  equal 
diagonals,  and  consequently,  as  in  the  11th  Fvoposition  of  the  seeoad 
book,  the  squares  of  the  sides  of  a  right  angled  triangle  are  equiva* 
lent  to  the  square  of  the  hypotenuse. 

Kote  XXVI.— Page  81. 

Hence  angles  are  sometimes  measured  by  a  circular  instrument^ 
b0m  a  point  in  the  wcumference,  as  well  as  from  the  centre. — ^On 
the  next  proposition  depends  the  construction  of  araphitlieatres ;  for 
the  visual  magnitude  of  an  object  is  measured  by  the  angle  wfaieh  it 
subtends  at  the  eye,  and  consequently  the  whde  extent  of  the  stage 
will  be  seen  with  equal  advantage  by.  every  spectator  seated  in  the 
same  arc  of  a  circle. 


Kotc  XXVIL-CPage  83.- 

.  Iff  oneach  side  of  any  point  i»  the  cir€m9^€rcnc^  of  a  cirekf  equai 
arcs  be  repeated  ;  the  chords  which  j<fi».  the  apposite  points  cf  stetion 
will  be  together  equal  to  the  last  chord  exi€9tded  tiU  it  meets  a  straight 
line  drawn  through  the  middle  point  and  either  ettremitjf  of  thtjifst 

chord. 
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Let  DAG  be  the  circuinfereoce  <»f  a  circle,  in  which  the  arcs  AB, 
DC,  CD  on  the  one  side  of  a  point  A,  and.  the  correspoxMiing  arcs 
A£»  EFy  FG  on  the  other  «de,  are  all  aBftuned  equal ;  the  chords 
B£»  CF»  and  DG,  are  tof^Uiker  equal  to^the  line  OH»  formed  by  ex- 
tending GD  till  it  meets  the  production  of  AB« 

For  join  FD  and  CEy.and  pioduce^thie  to  meet^GH  in  the  poiat 

I. 

Becaose  the  arcs  BC  and  A. 

CD  are  equal  to  EF  and  Ii.^_^B 

FG^  the  chords  BE,  CF.and 
DG  are  parallel ;  hot,  for  the 
same  reason,  since  the  arcs 
BC  and  CD  are  equal  to  A£ 

and  £F|  the  chords  BA^  CE  and  DF  are  likewise  paraM.  Hence 
the  fifores  HBEI  and  ICFD  are  rhomboidB,  and  tberefisre  the  ex- 
tended chord  GHy  being  composed  of  the  segments  HI,  ID,  and  DG, 
is  .equal  to  the  sum  of  their  opposite  chords  BE,  CF  and  DG.  It  is 
obvious  that  the  same  train  of  reasoning  may  be  pursued  to  any  num- 
ber of  equal  arcs. 

Note  XXVIII.— Page  84. 

This  proposition  is  of  some  utility  in  practice,  for  an  angle  maybe 
hence  measured  by  help  of  a  circular  protractor,  Withoat  the  trouble 
of  applying  the  centre  to  its  yertex,  or  the  point  of  concourse  ofth^ 
sides. — The  same  principle'  is  likewise  applicable  to  the  constniction 
of  some  optical  instruments,  calculated  to  measure  lateral  aagks  by 
the  intersection  of  micrometer  wires. . 


Note  XXIX.— Page  85. 

To  errrt  a  perpendicular,  any  point  p  is  taken,  as  in  Prop.  36. 
Book  I.,  and  from  it  a  circle  is  described  passing  through  C  and  B ; 
ti^  diameter  CDF  determiaes  the  position  of  the  perpendicular  BF. 
To  let  fall  a  perpendicular,  draw  to  AB  any  straight  line  FC,  which 
bisect  in  D,  and  from  thb  point  as  a  centre  describe  a  circle  through 
Cj  B  and  F,  FB  is  the  perpendicular  required. 
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Note  XXX.— Page  96. 

The  rectangle  under  the  segments  of  a  chord  is  greater  or  less  than 
the  rectangle  under  the  segments  into  tohich  a  perpendkuiar  from  the 
point  of  section  divides  a  diameter,  fy  the  square  of  that  ptrpendicular 
— according  as  it  lies  uithout  or  within  the  circle. 

Let  the  perpendicular  CF  be  let  fall  from  a  point  C  in  the  chord 
ACB  upon  a  diameter  DE ;  the  rectangle  BC,  CA,  is  greater  or  less 
than  the  rectangle  £F,  FD,  by  the  square  of  the  perpendicular  CF, 
according  as  this  lies  without  or  within  the  circle. 

First,  let  the  perpendicular  CF  lie  without  the  circle,  and  join  C£ 
and  DG. 

The  square  of  the  hypotenuse  C£  is  equivalent  to  the  squares  of 
F£  and  CF  (II.  11.).  But  the  square  of  C£  is  composed  of  the  rect- 
angles C£,  £G,  and  C£,  CO  (II.  16.); 
and  the  square  of  F£  is  composed  of 
the  rectangles  F£,  ED,  and  FE,  FD : 
Wherefore  the  rectangles  CB,  EG  and 
CE,  CG  are  equivalent  to  the  rect- 
angles FE,  ED  and  FE,  FD,  together 
with  the  square  of  CF*  And  since 
EGD,  standing  in  a  semicircle,  is  a 
right  angle  (III.  22.),  its  adjacent  angle 

CGD  is  also  right,  and  the  angle  opposite  to  this  at  F  is  right;  con- 
sequently (III.  19*  cor.)  a  circle  might  be  described  through  the  four 
points  C,  G,  D,  F.  Whence  (III.  32.)  the  rectangle  CE,  EG  is 
equivalent  to  F£,  ED ;  and  taking  these  from  the  terms. of  the  for- 
mer equality,  there  remains  the  rectangle  C£,  CG,  that  is,  (III.  32.) 
AC,  CB,  equivalent  to  the  rectangle  FE,  FD,  together  with  the 
square  of  CF. 

Next,  let  the  perpendicular  CF  lie  within  the  circle* 

The  same  construction  being  made,  the  rect- 
angle CE,  EG  is  still  equivalent  to  the  rect- 
angle FE,  ED.  But  the  rectangle  CE,  EG  is 
(II.  16.)  equivalent  to  the  rectangle  C£,  CG,  x)f 
and  the  square  of  CE,  or  the  squares  of  FE 
and  CF ;  and  the  rectangle  FE,  £D  is  equi- 
valent to  the  rectangle  FE,  FD  and  the  square 
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of  FE.  From  these  equal  quiuitiUeSy  Iberefore,  take  away  the  com- 
mon sqaare  of  FE1»  and  there  remains  the  rectangle  CE,  CG,  or  AC, 
CB,  with  the  square  of  CF,  equivalent  to  the  rectangle  F£,  FD. 

Lastly,  if  the  perpendicular  CF  lie  partly  without  and  partly 
within  the  circle,  the  Proposition  must  be  slightly  modified. 

The  former  construction  being  retained: 
Because  the  square  of  C£  js  equivalent  to 
the  squares  of  CF  and  FE,  the  rectangles 
CE,  EG  and  CE,  CG  are  together  equiva- 
lent to  the  square  of  CF  and  the  difference 
between  the  rectangle  FE,  ED  and  FE, 
FD  ;  but  the  rectangle  CE,  EG  is  equiva- 
lent to  the  rectangle  FE,  ED,  and  conse- 
quently the  rectangle  CE,  CG,  or  the  rect^ 
angle  AC,  CB,  is  equivalent  to  the  diffe- 
rence between  the  square  of  CF  and  the  rectangle  FE,  FD* 

In  the  first  case,  if  the  square  of  FH  be  equivalent  to  the  rect- 
angle FD,  FE,  the  square  of  CH  will  be  likewise  equivalent  to.the 
rectangle  CG,  CE ;  for  the  rectangle  AC,  CB,  being  equivalent  to 
the  rectangle  FD,  FE,  or  the  square  of  FH,  together  with  the 
square  of  CF,  must  (II.  11.  El,)  be  equivalent  to  the  square  ofCH. 

NoteXXXL— Page  118. 
The  square  of  the  side  of  a  regular  octagon  inscribed  in  a  circle,  is 
equivalent  to  the  rectangle  eontained  by  the  radius  and  the  difference 
between  the  diameter  and  the  side  of  the  inscribed  square. 

Let  ABCD  be  a  square  inscribed  in  a  circle,  and  AEBFCGDH 
an  octagon,  which  is  formed  evidently  by  the  bisection  of  the  qua- 
drants AB,  BC,  CD,  and  DA :  The  square  of.  AE  is  equivalent  to 
the  rectangle  under  AG  and  the  difference  between  AB  and  AC. 

For  draw  the  diameter  EG.>  It  is 
manifest,  that  the  triangles  AIO  and 
BIO  are  right-angled  and  isosceles ; 
and  because  AG  is  equal  to  EG,  and 
AI  perpendicular  to  it,-7-the  square  of 
AE  (11.  26.  cor.  El)  is  equivalent  to 
twice  the  rectangle  under  EG  and  EI,  or 
the  rectangle  under  AG  and  twice  EI. 
But  El  is  the  difference  of  EG  and  10, 
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smd  twice  El  is,  therefore,  equal  to  the  difference  of  twice  EO  or 
AC  and  twice  10  or  AB.  Whence  the  square  of  AE,  the  side  of 
the  octagon,  is  equivalent  to  the  rectangle  tinder  the  radius  and  the 
difference  of  the  diameter  and  AB  the  side  of  the  inscribed  square. 

Note  XXXII.— Page  Up. 

Such  were  the  only  regular  polygons  known  to  the  Greeks.  The 
inscription  of  all  the  rest  has  for  ages  been  supposed  absolutely  to 
transcend  the  powers  of  elementary  geometry.  But  a  curious  and 
most  unexpected  discovery  was  lately  made  by  Mr  Gauss,  who  has 
demonstrated,  in  a  work  entitled  Disquisitiones  ArUhmetica,  and 
pubhshed  at  Bmnswlck  in  1801,  that  certain  very  complex  polygons 
can  yet  be  described  merely  by  help  of  circles. ,  Thus,  a  regular 
polygon  containing  17,  257^  65537»  &c.  sides^  is  capable  of  being  in- 
scribed, by  the  application  of  elementary  geometry ;  and  in  general, 
when  the  number  of  sides  may  be  denoted  by  2*-|-l9  ^^^  ^^  ^^  ^^^ 
same  time  a  prime  number.  The  investigation  of  this  principle  is 
rather  intricate,  being  founded  on  the  arithmetic  of  sines  and  the . 
tLeory  of  equations ;  and  the  constructions  to  which  it  wpu|d  lead 
are  hence,  in  every  case,  unavoidably  and  most  excessively  compli- 
cated. Thus  the  cosine  of  the  several  arcs  arising  from  the  division 
of  the  circmnference  of  a  circle  into  seventeen  equal  parts,  are  all  con* 
tained  in  this  very  involved. expj'essipn  : 

— TV+iVVir+T^^Cs*— 2^/17)— 

4.V(i7+3a/17— VC34— 2V17)— 2V(34-|-2Vl7))- 

As  the  radicals  may  be  taken  either  positive  or  negative,  their  various 

combinations,  rightly  disposed,  will  produce  eight  distinct  results.  Let  sr 

> 

denote  the  semicircumference ;  thenco« —  =  cos =r  .S324722^4, 

17     17 

cos—=zcos^:=:  .7390089172,  cos ^=  cw^=  .4457383558, 

«o«  —  =:Co#----=  .0922683595,  cos— ^006—=:: 

—  .273()6229901,  co#iy=  cos^zz  —  .6026346364,  coi^ss 

cos  ~=  —  .8502 171 357,  and  cw^=  ^^^IT^  "^  .9^29730997*' 

pd2 
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Note  XXXIIL— Page  120. 

Pythagoras  was  the  first  who  remarked  the  simple  property,  that 
only  three  regular  figure8,-.the  square,  the  equilateral  triaagle 
and  the  hexagon, — can  be  constituted  about  a  point*  Here  the 
mystic  philosopher  might  again  admire  the  union  of  the  monad  with 
the  tnad, — It  may  not  be  superfluous  perhaps  to  observe,  that  on 
this  property  is  founded  the  adaptation  of  patchwork,  and  the  con* 
structiou  of  tessellated  pavement. 

Note  XXXIV.--Page  123. 

The  words,  Xtyn  in  Greek  and  ratio  in  Latb,  signifyxng  rmiofi  or 
manner  of  thought^  indicate  vaginely  a  philosoplucal  conception.  The 
compound  term  MwAtyMicomes  nearer  to  this  idea ;  but  its  correlative, 
proforiio^  marks  very  distinctly  a  radical  similarity  of  composition. 

The  doctrine  of  proportion  has  been  a  source  of  much  controversy. 
In  their  mode  of  treating  that  important  subject,  authors  ^ffir  wide* 
ly ;  some  rejecting  the  procedure  of  Euclid  as  circoitous  and  embar* 
rasecd,  while  others  appear  disposed  to  extol  it  as  one  of  the  hap* 
piest  and  most  elaborate  monuments  of  human  ingenuity.  Bu^  to 
view  the  matter  in  its  true  light,  we  should  endeavour  previously  to 
dispel  that  mist  which  has  so  long  obscured  our  vision.  The  fifth 
book  of  Euclid,  in  its  original  form,  is  not  found  to  answer  the  par* 
pose  of  actual  instruction ;  and  this  fact  alone  might  jiisti^^  n  suspi- 
cion of  its  intrinsic  excellence.  The  great  object  which  the  firaniet 
of  the  Elements  had  proposed  to  bimseU^  by  adopting  auch  an  artifi- 
cial'definition  of  pruportiop,  was  to  obviajte  the  difficulties  arising 
from  the  consideration  of  inconunensurable  quantities.  Under  the 
shelter  of  a  certain  indefinitude  of  principle,  he  has  contrived  rather 
to  evade  those  difficulties  than  fairly  to  meet  them.  Euclid  seems 
not  indeed  to  grasp  the  subject  with  a  steady  and  comprehensive 
hold.  In  his  seventh  book,  which  treats  of  the  properties  of  num- 
ber, he  abandons  his  former  definition  of  proportion,  for  another  that 
is  more  natural,  though  imperfectly  develope^.  Through  the  whole 
contexture  of  the  Elements,  we  may  discern  the  influence  of  that 
mysticism  which  prevailed  in  the  Platonic  achooL  The  language 
sometimes  used  in  the  fifth  book  would  imply,  that  ratios  are  not 
mere  conceptions  of  the  mind,  but  have  a  real  and  substantial  essence. 
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Tbe  obscnrity  tbat  confessedly  t)ervade8  the  fifth  book  of  Euclid 
being  thus  occasioned  solely  by  the  attempt  to  extend  the  defiqition 
of  propottion  to  the  case  of  incommensurables,  the  theory  of  which 
is  contained  in  his  tenth  book — the  pertinacity  of  modem  editors  of 
the  Elements  in  retaining  SQch  ah  intricate  definition,  aopears  the 
more  singular,  «nce,  omitting  all  the  books  relative  to  the  properties 
of  numbers,  they  have  not  given  the  slightest  intimation  respecting 
even  the  existence  of  incommensurable  quantities. 

The  notion  of  proportionality  involves  in  it  necessarily  the  ideal 
of  number*  The  doctrine  of  proportion  hence  constitutes  a  bmncb 
of  universal  arithmetic ;  and  had  I  not  on  this  occasion  yielded  t& 
the  prevalence  of  custom,  I  should  have  deferred  the  con^deratioa 
of  the  subject  till  I  came  to  treat  of  Algebra,  where  it  is  Sometimes 
given,  but  in  a  very  contracted  form.  The  properties  themselveii 
are  extremely  simple,  and  may  be  regarded  m  only  the  exposition 
of  the  same  principle  under  different  aspects.  The  various  transform 
mations  of  which  analogies  are  susceptible,  exactly  resemble  the 
changes  usually  effected  in  the  reduction  of  equations. 

According  to  Euclid,  ^*  The  first  of  four  magnitudes  is  said  to 
have  the  same  ratio  to  the  second  whiieh  th^  third  has  to  tiie  fourth^ 
when  any  equimultiples  whatsoever  of  the  first  and  third  being 
tak^n,  and  any  equimultiples  whatsoever  of  the  second  and  fourtli  $ 
if  the  multiple  of  the  first  be  less  than  that  of  the  second,  the  nak^ 
tiple  of  the  third  is  also  less  than  that  of  the  fourth ;  or,  if  the  mul^ 
tiple  of  the  first  be  equal  t»  that  of  the  second,  the  multiple  of  th« 
third  is  also  equal  to  that  of  the  fourth ;  or,  if  the  multiple  of  the 
first  be  greater  thah  that  of  the  second,  the  multiple  of  the  third  ia 
also  greater  than  that  of  the  fourth."  This  definition,  however  per- 
plexed and  verbose,  is  yet  easily  derived  from  that  which  appears  to 
furnish  the  simplest  and  most  natural  criterion  of  proportionality: 
For,  let  A  :  B  : :  C  :  D ;  it  was  stated  as  a  fimdamental  principle, 
that,  if  the  mth  part  of  A  be  contained  n  times  in  B,  the  mth  parf 
of  C  will  likewise  be  contained  n  times  in  D.  Whence  nAzsmB^ 
and  nCszmD ;  which  is  the  basis  of  Euclid's  definition.  But  when, 
the  terms  are  incommensurable,  such  equality  cannot  absQltUely  sub- 
sist. In  this  case,  no  single  trial  would  be  sufficient  for  ascertaining 
proportionality.  It  is  required  that,  every  multiple  whatever,  m\^ 
being  greater  or  less  than  nB,  the  corresponding  multiple,  mC,  shall 
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likewise  be  constantly  greater  or  less  than  »D.    Actually  to  apply 
thed^fiottion  is  therefore  impossible ;  nor  does  it  even  assist  us  at  all 
in  directing  our  search*     In  the  natural  mode  of  proceeding,  by  as- 
suming successively  a  smaller  divisor,  we  are,  at  each  time,  brought 
nearer  to  the  incommensurable  limit  But  Euclid's  famous  de^nitioa 
leaves  us  to  grope  at  random  after  its  object,  and  to  seek  our  escape, 
by  having  recourse  to  some  auxiliary  train  of  reasoning  or  induciion. 
The  author  of  the  Elements  has  likewise  given  what  Dr  Barrow 
calls  a  mttaphyncal  definition  of  ratio :  *^  Ratio  is  a  mutual  relatioo 
of  two  magmtmdes  of  the  same  kind  to  one  another,  in,  respect  of 
qmnUiiy."  This  sentence,  as  it  now  stands,  appears  either  tautologi- 
cal, or  altogether  void  of  meaning ;  and  Dr  Simeon,  askxious  (or  the 
credit  of  Euclid,  considers  it,  in  his  usual  manner,  as  the  interpola- 
tion of  some  unskilful  editor.     J  am  inclined  to  thmk,  however,  that 
the  passage  will  admit  of  a  version  which  is  not  only  intelligible, 
but  conveys  a  most  cocrect  idea  of  the  nature  of  ratio.    The  origi* 
nal  runs  thus:  A#yK  Mtv  Im  fttyMt  ifuytfm  i  tuRm  IIi|A<jm7«7«  w^ 
mXXipm  wm  9%frif.     Now  the  term  im^iMf,  on  which  the  whole  evi- 
dently hinges,  though  commonly  rendered  ptantus,  may  be  trans- 
lated quotuif  as  expressing  either  magnitude  or  fimliitude.    In  its 
piimitive  sense,  it  probably  denoted  number^  and  came  afterwards  to 
signify  quoMity^  as  this  word  itself  has,  in  the  French  language, 
undergone  the  reverse  process.    In  confirmation  of  this  opinion,  it 
n&ay  be  stated,  that  the  relative  term  ihMtm  properly  denotes  age^ 
and  thence  stature  or  size.    According  tQ.  this  interpretatioo,  there- 
fore, ^^  Ratio  is  a  certain  mutual  habitude  of  two  homogeneous  mag- 
nitudes with  respect  to  qwftitjf^  or  numerical  composition*" 


Note  XXXV.— Page  134. 

This  proposition  is  easily  derived  from  'geometry ;  for,  since  of 
proportional  lines  the  rectangle  under  the  extremes  is  equal  to  that 
of  the  means,  the  segments  AG  and  AH  of  the  diameter  in  the 
figure  of  page  93  are  (III.  7«  El.)  the  greatest  and  least  terms  of  an 
analogy,  of  which  AB  and  AD  are  the  intermediate  terms,  and  con- 
sequently (III.  6.  El.)  the  diameter  GH,  or  the  sum  of  AG  and  AH, 
is  greater  than  the  chord  BD,  or  the  sum  of  AB  and  AD. 
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Note  XXXVI.— Page  143. 

It  is  more  convenient,  however,  to  derive  the  pumerical  ratio,  from 
the  quotients  of  subdivision  in  their  natural  order ;  and  this  method 
has  besides  the  peculiar  advantage  of  exhibiting  a  succession  of  ele« 
gant  approximations. 

The  quantities  A»  B,  C,  D,  &c.  are  determined,  as  before,  by 
these  conditions :  A=z»iB+C,  B=«C  +  D,  (J=pD  +  E,  D=:^E+F, 
&(C.     But  other  expressions  will  arise  from  substitution :  For, 

1.  A=sinB+C=iii(nC  +  D)+C=(wii+l)C+«iD,   or,    putting 

2.  A=»i'C+mD=y(pD  +  E)+mD=(m'p+m)  D+w'E,  or,  put- 
ting m'./»+wi=m",  A=:»i''D-|-w'E,  ' 

3.  A=m''D+wi'E=m"(5E4:F)+fw'E=(m"g^TO0E+m*F,  or, 
putting  w"^^w'=m'^  A=»i'"E+w''F. 

Again,  the  successive  values  of  B  are  developed  in  the  same  man- 
ner : 

1.  B=«C  +  D=ii(pD+E)+D=(ii/7+l)D+iiE,  or,  putting 
«.j»+l=:7i',  B=/i'D+n.E. 

2.  B=n'D+nE=n\qE+F)+nE=(fi'q+n)E+n%  or,  putting 
These  results  will  be  more  apparent  ia  a  tabular  form : 


•       AemB+C, 

=m'C+mp,            .   . 

=i»"D+m'E,^ 

:;=m'"E+w*"F, 

■»                       &C.    ^ 

\       BcsaC+D, 
=«'D+nE, 
=»'^E+»T, 
&c. 

1 

The  substitutions  are  thus  arranged : 

«i.n+lc=m', 

•               tnr.q+m'zzm"',      . 

&c. 

» 

6cCp 

Whence,  the  law  of  the  formation  of  tl^e  succe^ive  quantities,  is 
easily  perceived, 


>'• 
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But,  to  find  the  ratio  of  A  to  B,  it  is  not  fequiate  to  know  the 
talaes  of  the  remainden  C»  D,  E,  &c«    Suppose  the  subdiybion  to 
terminate  at  B ;  then  AssmB^  and  consequently  A  :  B,  as  irB  :  B, 
or  m  :  1.  If  the  subdivision  extend  to  C,  then  Asai'Cy  and  BssC ; 
whence  A  :  B,  as  m'  :  a.    In  general,  therefore,  the  second  term,  in 
the  expressions  for  A  and  B,  may  be  rejected,- and  the  letter  whicii 
precedes  it  considered  as  the  ultimate  measure,  and  corresponding  to 
the  arithmetical  unit.    Hence,  resuming  the  substitutions  and  com- 
biuing  the  whole  in  one  view»  it  follows,  that  the  ratio  of  A  to  B 
may  thus  be  successively  represented: 

1.  m :  i, 

2.  flM-4-I  •  *9  or  ^' '  *• 

3.  m'p+m  :  np'J^'  1,  or  m' :  «% 

4.  m'^q^m^ :  a'y^-ir,  or  m"^ :  a*. 
&c.  &c*  6cc. 

The  formation  of  these  numbers  will  evidently  stop,  when  the  cor« 
responding  subdivision  terminates.  But  even  though  the  successive 
decomposition  should  never  terminate,  as  in  the  case  of  incommen- 
surable quantities, — yet  the  expression  thus  obtained  must  constantly 
approach  to  the  ratio  of  A  :  B,  since  they  suppose  only  the  onussion 
of  the  remainder  of  the  last  division,  and  which  is  perpetually  duni- 
nishing. 

Note  XXXVlL-^Page  144. 

The  same  conclusion  is  derived  from  the  division  of  suds.  Tbva 
V2     ,  ,  V2-^l  1        V2+l_^  ,  V^2— 1  .     ,, 

1 

continually  the  expansion  of  the  same  residue    ■;"        ,  which  tbere- 

fore  gives  2  as  a  repeated  integral  quotient  Hence  m  being  1  and 
fi,  p,  q,  r,  &c.  air  equal  to  2,  the  successive  approximations  are,  by 
the  last  note,  1:1,  2:3,  5:7»  12:17»  29:41,  70:99i  &c. 

Note  XXXVin^Page  150. 

The  consideration  of  diverging  lines  furnishes  the  simplest  and  rea- 
diest means,  for  transferring  the  doctrine  of  proportion  to  geometrical 
figures.  The  order  which  Euclid  has  followed,  beginning  with  pa- 
rallelograms, and  thence  passing  from  surfaces  to  lines,  appears  to  be 
less  natural. 
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Note  XXXIX^Page  1*3. 


It  will  be  proper  here  ta  notice  the  several  methods  adopted  in 
practice,  for  the  miaute  Eubdivision  of  lines.  The  earliest  of  these — 
th^  diagonal  tcait—depenAiag  immediately  on  the  proposition  in  tha 
text,  is  of  thd  most  extensive  use,  and  constituted  the  first  improve- 
ment oa  astronomical  instruments. 

Thus,  in  the  figure  annexed,  the  extreme  portion  of  the  horizontal 
line  is  divided  into  ten  eqnal  parts,  each  of  which  again  is  virtually 
•ubdivided  into  ten  secondaiy  parts.  This  subdivi»on  is  effected  by 
means  of  diagonal  lines,  which  decline  from  the  perpendicular  by  in* 
tervab  equal  to  the  primary  divisions,  and  which  are  cut  transversely 
into  ten  equal  segments  by  equidis- 
tant parallels.  Suppose,  for  exam- 
ple, it  were  required  to  find  the 
length  of  2  and  3S — 106' parts  of 
a  division ;  place  one  foot  of  the 
compasses  in  the  second  vertical  at  the  eight  interval  which  is  mark- 
ed with  a  dot,  and  extend  the  other  foot,  along  the  parallel,  to  the 
dot  on  the  third  diagonal.  The  distance  betweea  these  dots  may, 
however,  express  indifferently  2.38,  33.8^or  23%,  according  to  tbs 
assomed  magnitude  of  the  primary  unit. 

Nune>,  or  Nonius,  proposed  one  mors  corhplicated.  He  placed  a 
nnmber  of  parallel  scales,  difierently  divided,  and  forming  a  regular 
descending  gradatiiai.  An  index  laid  iaiiy  where  across  these  scales 
would,  therefore,  cut  at  least  one  of  them  at  some  division,  and  hence 
the  intercepted  space  would  be  expressed  by  a  corresponding  fnic- 

fint  the  method  of  subdivision  afterwards  introduced  by  Vernier, 
is  much  simpler  and  far  more  ingenious.  It  is  founded  on  the  dif- 
ference of  two  approximating  scales,  one  of  which  is  moveable. 
Thus,  if  a  space  equal  to  n —  1  parts  on  the  limb  of  the  instrument 
be  dividbd  into  n  parts,  these  evidently  will  each  of  them  be  ^nailer 
than  the  former,  by  the  nth  part  of  a  division.  Wherefore,  on  shift- 
ing forward  this  parasite  scale,  the  quantity  of  aberration  will  dimi- 
nish at  each  snccessive  division,  till  a  new  ctHncidenCe  obtains,  ani 
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then  the  number  of  those  divisions  on  that  scale  will  mark  the 
fractional  value  of  th^  displacenieilt. 

Thus  in  the  annexed  figure,  uine  divisions  of  the  pritnai^  scale 
forming  ten  equal  parts  m  the  attached  or  sliding  scale,  the  move- 
able  zero  stands 

beyond  the  first  ,  .  ,  I.  T.  y  / ,.  PTyp  i  i  t  i  t  ■  .  ■  |  .  .  ,  .  .  ■ 
interval    between  »  1  <y 

the  third  and  fourth  division.  To  find  this  minute  difierence)  ob- 
serve where  the  opposite  sections  of  the  scales  come  to  coincide, 
which  occurs  under  the  fourth  division  of  the  sliding  scale,  and  there- 
fore indicates  the  quantity  1.34. 

Note  XL.— Page  158. 

This  corollary  is  easily  deduced  by  a  direct  process ;  for  CD :  DE : : 
DE  :  OD,  andCD  :  OD  :  :  CD*  :  DE*  or  ADxDB. 

Note  X  LI  .—Page  l6o. 

If  two  straight  lines  be  inflected  from  the  extremities  of  the  toe  if 
a  triangle  to  cut  ike  opposite  sides  proportionalhtf  another  straight  linCf 
drawn  from  the  vertex  through  their  point  of  concomrse^  wiU  bisect  the 
1tase», 

In  the  triangle  ABC,  let  A£  and  CD,  drawn  from  the  extremi- 
ties of  the  base  to  cut  the  opposite  sides  proportionally,  iatersect 
each  other  in  F,  join  BF,  which  produce  if  necessary  to  meet  the 
base  in  the  point  G ;  AG  will  be  equal  to  GC. 

For  join  DE.  And  because  the  sides  AB  and  BC  are  cut  propor- 
tionally, DE  is  parallel  to  AC  (VI.  l.cor.), 
whence  BD  :  BA  :  :  BH  :  BG  (VL  1.); 
but  BD  :  BA  :  :  DE  :  AC  (VL  2.%  and 
therefore  BH  :  BG  :  :  DE  :  AC.  Again, 
the  parallels  DE  and  AC  being  cut  by  the 
diverging  lines  AE  and  CD,  DE  :  AC  : : 
DF  :  FC  (VI.  2.),  and  DF  :  FC  :  :  FPI : 
FG  (VL  1.);  wherefore  BH  :  BG  : :  FH :       ^  ^"  ^ 

FG,  or  BE  is  cut  mtcrnally  and  externally  in  the  same  ratio.    But 
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DH  being  parallel  to  AG,  BH  :  BG  :  :  DH  :  AG ;  and  sioce  Dll 
is  also  parallel  to  GC,  HF  :  FG  :  :  DH  :  GC ;  wheQce  DH  :  AG :  : 
DH :  GC|  and  consequeutly  AG  is  equal  to  GC. 


Note  XLIL— Page  ,165, 

If  a  semicircle  be  described  on  the  side  of  a  rectangle,  and  through 
its  extremities  two  straight  lines  be  drawn  from  any  point  in  the  cir- 
cumference to  meet  the  opposite  side  produced  both  ways  ;  the  altitude 
of  the  rectangle  will  be  a  mean  proportional  bettpeen  the  segments  thus 
intercepted. 

Let  ABED  be  a  rectangle,  which  has  a  semicircle  ACB  described 
on  the  side  AB,  and  the  straight  lines  CA  and  CB  drawn  from  a 
point  C  in  the  circumference  to  meet  the  extension  of  the  opposite 
side  DE  ;  the  altitude  AD  of  the  rectangle  will  be  a  mean  propor- 
tional between  the  exterior  segments  FD  and  EG. 

For,  the  angle  ADF,  being  evidently  a  right  anglef,  is  equal  to 
the  angle  ACB, 
which  stands 
in  a  semicircle 
(III.  22),  and 
the  angle  DFA 
is  equal  to  the 
exterior    angle 

BAG  (I.  23.); 
wherefore  (VI. 

12.)  the  triangle  FAD  is  similar  to  ABC.  In  the  same  manner,  it 
is  proved  that- the  triangle  BGE  is  similar  to  ABC  ;  whence  tho  tri- 
angles DFA  and  BGE  are  similar  to  each  other,  and  consequently 
(VI.  12.)  FD  :  AD  :  :  BE  or  AD  :  EG.  . 

If  the  straight  Imes  CD  and  CE  be  drawn,  they  will  (VI.  2,) 
divide  the  diameter  AB  into  segments  AH,  HI,  and  IB,  which 
are  respectively  proportional  to  the  segments  FD,  DE,  and  EG 
of  the  extended  side  DE.  Consequently  when  ABED'iS  a  square, 
and  therefore  DE  a  mean  proportional  between  FD  and  EG,  it  must 
follow  that  HI  is  likewise  a  mean  proportional  between  AH  and  IB. 

If  the  rectangle  ABED' have  its  altitude  AD  equal  to  the  side 
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of  a  square  imcribed  witbb  the  circle,  the  square  of  the  diame- 
ter AB  ii.equivaleDt  to  the  squares  of  the  two  segments  AI  and  BH. 
For  FD  :  AD  :  :  AD  :  EG,  wheooe  (V.  6.)  FD.EGsAD*,  (^ 
3FD.£Gs2AD*;  but  (IV.  l6.  cor.)  2AD*=AB*  or  D£%  and  con- 
sequently  2FD.£GsDE*;  wherefore  (VI.  2.)  2AH.IB=HI^  and, 
hence,  by  Note  XXL  the  segments  AI,  BH  are  the  sides  of  s  right- 
angled  triangle,  of  which  AB  is  the  hypotenuse,  or  AB'ssAI*  4-BH*. 


Note  XLIII^Page  l66. 


A  chord  rfa  circle  u  divided  ta  continued  prcportumy  by  straight 
Gnet  in/lected  to  anj/  point  in  the  opposite  circumfercMce  from  the  ex- 
iremitiee  of  a  parallel  tangent ,  which  is  limited  by  another  tangent  ap- 
plied at  the  origin  of  the  chord* 

Let  AB,'  AC  be  two  tangents  applied  to  a  circle,  CD  a  chord 
drawn  parallel  to  AB,  and  A£,  BE  straight  lines  inflected  to  a  point 
£  in  the  opposite  circumference  ;  then  will  the  chord  CD  be  cat  in 
continued  proportion  at  the  points  F  and  G,  or  CF  :  CG : :  CG:  CD. 

For  join  BD,  BC,  and  C£.  Because  the  tangent  AB  is  equal 
to  AC  (III.  32.  cor.  2.),  the  angle  ABC  is  equal  to  ACB  (1. 11.) ; 
but  ABC  is  equal  to  the  angle  BCD  (L  23.}^  and  to  the  ang^  BDC 
(III.  25.)  ;  whence  (VI.  12.) 
the  triangles  BAC  and  BDC 
are  similar,  and  AB  :  BC  :•: 
BC  :  CD,  and  consequently  (V. 
6.)BC*=:  AB.CD.  Again,  the 
triangles  CBG  and  CB£  are  si- 
milar, for  they  have  a  common 
angle  CBE,  and  the  angle  BCG, 

or  BCD,  is  equal  to  BDC,  or  BEC  (III.  18.):  Wherefore  BG  :  BC 
:  :  BC  :  BE,  and  BC*=BG.BE.  Hence  AB.CD=BG.BE,  and 
AB  :  BE  :  :  BG  :  CD ;  but  FG  being  parallel  to  AB,  AB  :  BE  :  : 
FG  :  GE  (VI.  2.),  and  consequently  FG  :  GE  :  :  BG  :  CD  ;  there- 
fore (V.  6.)  FG.CD=BG.GE;  and  iince(III.32.)BG.GE=CG.GD, 
it  follows  that  CG.GDsFG.CD,  and  FG  :  CG  : :  GD  :  CD,  and 
hence^V.  10.)  CF  :  CG :  :  CG  :  CD. 
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Note  XLIV.— Page  l66. 

The  chord  DO  ip  the  second  construction  is  hence  equal  to  the 
tangent  in  the  third.  But.  the  tangent  being  at  right  angles  to  the 
radius  GO,  is  less  than  DO  ;  and  therefore  the  geometrical,  is  less 
than  the  arithmetical,  mean. — It  may  be  observed,  that,  in  geometri- 
cal constructions,  the  transition  from  the  sine  to  the  tangent  frequently 
takes  place,  each  of  these  lines  being  perpendicular  to  a  limiting  ra- 
4iius« 


Note  XLV.— Page  1 70. 

f 

This  weil-kno^im  proposition  is  now  rendered  more  general,  by  its 
extension  to  the  case  of  the  exterior  angle  of  the  triangle*  The  two 
cases  combined  afford  an  easy  demonstration  of  the  corollary  to 
Prop.  7«  Book  VI. ;  for  the  straight  lines  bisecting  the  vertical  and 
its  adjacent  angle  form  a  right-angled  triangle,  of  which  the  hypote* 
nuse  is  the  distance  on  the  base  between  the  ^ints  of  inlernal  and 
external  section. 


Note  XLVL— Page  170. 


Iff  from  tht  vertex  rftk  triangle^  two  straight  lines  be  drawn  9  ma^ 
icing  equal  angles  wUh  the  aides  smd  cutting  the  base  ;  the  squares  of 
the  Mdes  are  praporiimal  ta  the  rectaugUs  under  the  adjacent  segments 
tf  the  base. 

In  the  triangle  ABC,  let  the  straight 
lines  BD  and  BE  make  the  angle  ABD 
equal  to  CBE;  then  AB^  :  BC^  :  : 
DA.AE :  gC.CD. 

For  (III.  10.  cor.)  through  the  points 
B,  D,  and  E  describe  a  circle,  meeting 
the  sides  AB  and  BC  of  the  triapgle  in  F 
and  Gy  and  join  FG. 
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Because  tbe  angles  DBF  and 
EBG  are  equal,  they  stand 
(III.  18.  cor*)  on  equal  arcs  DF 
and  EG,  and  consequently 
(III.  20.  cor.)  FG  is  parallel  to 
DE.  Whence  (VI.  1.)  AB  : 
BC  :  :  AF  :  CG,  and  therefore 
(V.  13.)  AB*  :  BC»  : :  AB.AF  : 
BC.CG ;  but  (III.  32.)  AB.AF 
=  DA.AE,  and  BC.Ce  = 
EC.CD.    Wherefore  AB»  :  BC* : :  DA.AE  :  EC.CD.     - 

If  the  triangle  ABC  be  right-angled  at  C,  and  tbe  vertical 
lines  BD  and  BE  cut  the  base  internally ;  then  BC^^-AC.CE  : 
BC*  :  :  AE  :  CD.  For  make  AH  equal  to  EC  Because  AB* : 
BC*  : :  DA.AE  :  EC.CD,  and  (II.  11.)  AB*=  -q 

AC*+BC*,  therefore  AC*+BC*  :  BC*  :  : 
DA.AE  :  EC.CD,  and,  by  division,  AC*  :  * 
BC*  :  :  DA.AE— EC.CD  :  EC.CD.  But,  by 
'Successive  decomposition,  DA.AE — EC.CDs: 
DA.AC  —  DA.EC  —  EC.CD  s=  DA.AC  —  ^  KJDE  C 
EC.AC=AC.HD ;  whence  AC*  :  BC*  :  :  AC.HD  :  EC.CD,  and 
(V.  13.  and  cor.)  AC.EC  :  BC*  :  ?  EC.HD  :  EC.CD,  or  (V.  3.) 
HD  :  CD  ;  consequently  (V.  9)  BC*+AC.EC  :  BC*  ;  :  HC :  CD ; 
but,  AH  being  equal  to  EC,  HC  is  equal  to  AE  $  wherefore  BC*-f* 
AC.EC  :  BC*  :  :  AE  :  CD, 

If  the  vertical  lines  BD,  BE  cut  the  base  AC  of  a  nghl- 
angled  triangle  ACB  externally;  then  will  BC*— AC.EC  :  BC*  : : 
AE  :  CD.  For  make  AH=:EC.  It  is  demonstrated  as  before,  that 
AC* :  BC*  : :  DA.AE— EC.CD : EC.CD;  but  DAAE--EC.CD= 
DA.AC  +  DA.EC  — 
EC.CD  =  DAAC  — 
EC.AC  =  AC.HD  ; 
wherefore  AC*  :  BC*  : : 

AC.HD  :  EC.CD,  and 

AC.EC:BC*::EC.HD     ^  3£     A  C     E 

:  EC.CD  :  :  HD  :  CD,  and  consequently  BC*— AC.EC  :  BC*  :  : 
HC  or  AE  :  CD. 
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Note  XLVIL— Page  175. 

The  latter  part  of  the  scholittin  was  added,  with  a  view  to  explaiu 
the  principk  of  the  construction  of  the  pantagraphf  a  very  useful  in- 
'  strumeiit  contrived  for  copying,  reducing,  'or  even  enlarging  plans. 
It  consists  of  a  jointed  rhombus  D&FE,  framed  of  wood  or  brass, 
and  having  the  two  sides  BD  and  BF  extended  to  double  their 
length  ;   the  side   DE  and   the  branch  DA  are  marked  from  D 
with  successive  divisions,  DO  being  made  te  BO  always  in  the  ratio 
of  DP  to  BC ;  small  sliding  boxes  for  holding  a  pencil  or  tracing  point 
are  brought  to  the  corresponding  graduations,  and  secured  ia  their  po- 
sition by  screws  ;  the  point  O  is  made  the  centre  of  motion,  and  rests 
on  a  fulcrum  or  support  of  lead  ;  and  the  tracer  is  generally  fixed  aC 
C,  while  the  crayon  or  drawing  point  is  lodged  at  P«     From  the  pro- 
perty of  diverging  lines  intersect- 
ing parallels,  the  three  points  O, 
F  and  C  must  evidently  range  in 
the  same  straight  line,  and  which 
is  divided  at  P  in  the  determinate 
ratio*     While  the  point  C,  there- 
fore, is  carried  along  the  bounda* 
ries  of  any  figure,  the  intermediate 
point  P  will,  by  'the  scholium, 
trace  out  a  similar  figure,  reduced 
in  the  proportion  of  OC  to  OP 
or  of  OB  to  OD,  and  which,  in  the  present  instance,  is  that  of 
three  to  one. 

But  the  point  P  may  be  placed  on  the  fulcrum,  the  tracer  insert- 
ed at  O,  and  the  crayon  held  at  C-;  in  which  case,  C  would  deli- 
neate a  figure  which  is  enlarged  in  the  ratio  of  OP  to  PC  or  of  OD 
to  DB.  If  the  points  O  and  P  were  now  brought  to  coincide  with 
A  and  E,  the  distances  AE  and  EC  being  equal,  the  original  figure 
would  be  transferred  into  a  copy  exactly  of  the  same  dimensions. 

In  reducing  small  figures,  however,  artists  commonly  prefer  ano- 
tliei-  method,  which  is  partly  mechanical  The  original  is  divided 
into  a  number  of  small  squares,  by  means  of  equidistant  and  inter* 
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•ectiDg  parallels.  Other  reduced  squares  are  drawn  for  the  copj, 
which  is  then  filled  up^  by  observiog  the  same  relative  position  and 
form  of  the  boundaries^ — One  material  advantagje  results  £nom  this 
practice ;  for  if  oUongii  be  used  in  the  copy  instead  of  squares, 
the  original  figure  will  be  more  reduced  in  one  dimension  than  ano- 
ther,  which  is  ofun  very  convenient  where  height  and  distance  are 
represented  on  difiercot  scales. 


Note  XLVIII^Page  181. 

The  curious  properties  of  the  eretcaUs,  or  bmuktf  caataiaed  in 
the  first  corollary,  were  discovered  by  Hippocrates  of  Chios,  in 
his  attempts  to  square  the  circle.  But  a  beantifal  extension 
of  the  same  principle  was  briefly  suggested  by  Mr  Lawson,  and 
afterwards  explained  and  demonstrated  in  Dr  Hutton's  McAhematl' 
cal  Tracts*  It  is  a.  mode  of  dividing  a  given  circle  into  equal 
portions  and  contained  within  equal  circular  boundaries.  For  ezr 
ample,  let  it  be  required  to  cut  the  circle  APBQ  into  ^vt  equal 
spaces:  Divide  tbe  diameter  AB  into  five  equal  parts  at  the  points 
C,  D,  £,  and  F;  on  AC,  AD,  A£,  and  AF  describe  the  semicircles 
AGC,  AID,  ALE,  and  ANF,  and  on  BC,  BD,  BE,  and  BF,  to- 
wards the  opposite  side,  describe  the  semicircles  BHC,BKD,BM£, 
and  BOF ;  the  circle  APBQ  will  be 
divided  into  five  equal  portions,  by 
the  equal  compound  semicircumfe* 
rences  A6CHB,  AIDKB,  ALEMB, 
and  AN  FOB. 

For  the  diameter  AB  is  to  the 
diameter  AD,  as  the  circumference 
of  AB  to  the  circumference  of  AD, 
or  (V.  3.)»  as  the  semicircumference 
APB  to  the  semicircumference  AID ; 
and  AB  is  to  BD,  as  the  semicircumference  APB  to  the  aemicir* 
cumference  BKD.  Wherefore  (V.  20.)  AB  is  to  AD  and  BD  to- 
gether as  the  semicircumference  APB  to  tbe  compound  boundary 
AIDKB ;  and  consequently  these  interior  boundaries  AGCHB, 
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AIDKB,  ALEMB,  and  ANFOS,  are  all  equal  to  the  semi^cum* 
ference  of  the  original  circle. 

Again,   the   circle  on  AB  is  to  the  circles  on  AE  and  AF, 
as  the  square  of  AB  to  the  squares' of  AE  and  AF;  ;and  con* 
sequently  (V*  90.)  the  circle  on  AB  is  to  the  difference  between  the 
circles  on  AE  and  AF,  as  the  square  of  AB  to  the  difference  he* 
tween  the  squares  of  AE  and  AF,  that  is  (II.  l^.),  the  rectangle 
under  Uie  sum  and  difference  of  A£  and  AF,  or  twice  the  rectangle 
under  EF  and  AS,  the  distance  of  A  from  the  middle  point  of  EF. 
Whence  the  circle  APBQ  is  to  the  difference  of  the  semicircles  ALE 
and  ANF,  or  the  space  ALEFN,  as  the  square  of  AB  to  the  rect- 
angle under  AS  and  EF;  and,  for  the  same  reason,  the  circle  APBQ 
is  to  the  space  FOBME,  as  the  square  of  AB  is  to  the  rectangle 
under  BS  and  EF ;   consequently  (V.  20.)  the  circle  ABPQ  is  to 
the  compound  space  ALEMBOFN,  as  the  square  of  AB  to  the 
rectangles  un^er  AS  and  EF  aod  BS  and  EF,  or  the  vecten^e  «ufider 
AB  and  EF;  but  the  square  of  AB  is  to  the  rectan^  under 
AB  md  EF)  (V.  25.  cor.  2.)  as  AB  to  EF,  which  id  the  fifth  part  «f 
AB;  wherefore  (V.  5.)  any  of  the  tntertoedia'te  spaces,  such  as 
ALEMBOFN,  is  the  fifth  part  of  the  whole  circle. 


Note  XLIX.— Page  183. 

Thh  elegant  theorem  admits  of  an  algebraical  investigation. 
Pot  AC=a,  AB=:6,  BC=c,  and  let  s  denote  the  semiperimeter, 
Imd  T  the  area  of  the  triangle  ;  then,  by  Prop.  26.  Book  IL, 
2AC  .  CD  =  a*  +  c*  —  6%  consequently 

CD  ;=3"*."*"^^""^  ,  and  BD*=:BC»— CD»=: 


c*- 


(         ^  *  ^^^i  therefore,  by 


Prop,  0.  Book  IL  T*= = -jr^- ^ 

4  10 

But  thb  expression,  consistmg  of  the  difference  of  two  squares^ 

may  be    decomposed,    by   Prop^.    ip.   Book   IL ;    whence  "Pas 

kac  +  a*  +  c*—  ip'  ^ac^a^-'C'  +  6*      (a  +  c)*— ^*  6*— (a— c)* 

mil*  '  ■  -.III.        ,    ,  II      ii'    I        I  ,      ■  '  >--•    ^         '        ^  .  •     1 

4  4  4  4         '  N 

£  e 
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•ad,  decompouog  these  taicton  agaioy 


Now 


and  '    T    a  #  —  a ;    wherefore  we  obtam,  by  sabstitntion, 

2 


This  most  useful  proposition  was  known  to  the  Arabians,  but 
seems  to  have  been  re-invented  m  Europe  about  the  hitter  part  of 
the  fifteenth  century. 

Note  L.— Page  186. 

This  ingenious  and  concise  approximation  to  the  quadrature  of  the 
circle  was  first  published  at  Padua,  in  the  year  1668,  by  my  iilustri- 
oQS  predecessor  James  Gregory.  It  is  the  more  deserving  of  atten- 
tion, as  it  seems  to  have  led  that  original  author  to  the  invention  of 
the  method  of  series. 


The  Appendix  to  the  books  of  Geometry  cannot  fiiil,  by  its  no- 
velty and  singular  beauty,  to  prove  high(y  interesting.  The  first  part 
is  taken  from  a  scarce  tract  of  Schoaten,  who  was  professor  of  Ma- 
thematics at  Leyden,  early  in  the  seventeenth  century.  But  the  se- 
cond  and  most  important  part  is  chiefly  selected  from  a  most  inge- 
nious work  of  Mascheroni,  a  celebrated  Italian  mathematician,  wMch 
in  179s  was  translated  into  French,  under  the  title  of  Geometrk  du 
Otmpas.  It  will  be  perceived,  however,  that  I  have  adapted  th^  ar- 
rangement to  my  own  views,  and  have  demonstrated  the  proposi* 
tious  more  strictly  in  the  spirit  of  the  ancient  geometry. 

Note  LL— Page  211. 

These  three  books  are  designed  to  exhibit  a  distinct  and  compre* 
hensive  view  of  the  mode  by  which  the  Greek  geometers  conducted 
their  Analysis.     For  that  purpose,  I  have  chosen  a  series  of  propo- 
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sitions,  at  first  extrenwly  eimple,  bat  gradually  rising  in  diffieultyas 
the  train  of  investigation  proceeds.  The  first  book,  being  rather  of 
a  miscellaneous  nature,  is  drawn  from  a  variety  of  sources.  The 
25ih  and  26th  Propositions  contain  the  different  analyses  of  the  two 
problems  so  famous  in  the  Platonic  school — the  trisectwn  of  an  angle 
' — and  the  dvplkidion  afike  cube — ^wfaich  led  immediately  to  the  cul- 
tivation of  the  higher  geometry^  The  concluding  theorem  is  the  on- 
ly one  supplied  by  the  Data  of  Euclid. 

lu  the  second  and  third  books,  I  have  eodeavoured  to  comprise 
all  (&at  relates  to  the  ancient  analysis  in  its  most  improved  state^  as 
extended  by  the  labours  of  Apollonius  and  bis  illustrious  contempo- 
raries. Without  omitting  anf  material  proposition,  I  have  yet  avoid- 
ed  the  prolixity  of  pursuing  in  detail  their  autnerbus  subdivisions* 
Our  system  of  modem  education,  embracing  such  a  wide  range, 
would  scarcely  indeed  afford  leisure  for  indulging  in  those  easy  tasks. 
The  method  of  analysis,  so  deservedly  valued  in  the  ancient  schools, 
was  regularly  studied  after  the  Elements  of  Geometfy. ;.  According 
to  Pappus,  it  con^i^d  of  eight  distinct  treatises: 

1.  Th«  DtUO'-^i  nh  Mij^Mnr— in  a  swgle  book  oi  considerable 
length,  but  cdntaining  propositions  only  of  the  very  simplest  kind. 
-    2.  The  Seaiian  of  Bjsttio-^iin^)  A«y«  W«l«^<Sr—iii  two  books,  which 
Dr  Halley,  with  much  sagacity  and  incredible  labour,  restcNced,  from 
a  MS.  in  the  Bpdleian  library.    The  object  of  the  tract  was  the. so- 
lution of  this  problem,  braifched  out  into  a  multitude  of  cases,  and 
diarked  with  various  limitations :   ^*  Through  a  givien  point  to  draw 
a  stndgbt  line  intercepting  segments  on  two  straight  lines  which  are 
given  in  position,  from  given  points  and  in  a  gh^en  ratio.''    It  forms 
the  fitBt  four  propositions  of  the  second  book. 
-  s;  Inbe  Section  ofSpace^^}  x^^tu  W*l«fM[f— *>in  two  books.    Of 
iheier  no .  vestige  remained ;  but  Dr  Halley,  guided  by  a  lew.  hints 
froiii  Pappus,  very  successfully  exerted  his  ingenuity  in  diviniQg  the 
original  structure.     It  was  proposed — ^*  Through  a  given  point,,  to 
draw  a  straight  line  cutting  off  segments  from  given  points  on  two 
straight  lines  given  in  position,  and  which  shall  contain  a  rectangle 
equal  to  «i  given  spac^.'^    This  occupies  the  propositions  from- the 
5th  to  the  10th  inclusively  of  the  second  book. 
\  4.  The  Determinate  Section  ^m^htf^i^m'^^fiXv-^-in  two  books, 

£  s  2 
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ThMH  ir«rB  also  ket;  but  DrSimtDiit  asdMbtd  bj  tipe  aitea^  of 
SchooCety  biM  itiloitd  them  in  th^i  mottt  luminoas  nunqer.  Their 
object  wfli"-^'  To  find  «  potnl»  tha  rfcUnBles  or  sqiiAfeB  of  vhoee 

4 

<iiihwof  £pom  gW«Q  poiota  ia  the  eenie  etmigbt  line  ehould  have  a 
detenained  ratio.    They  fona  Prop*  .ll>^19*  Soek  Ih 

5.  InoiRMlJow— «^  mwmm  in  two  bookie  H  vas  preposed— 
<*  To  iniert  a  etraight  Une^  of  a  giv^  nagiattt4iet  ffad  tending  to  a 
given  pointy  li^tween  two  linea  which  are  gtvaK  in  poeitioaJ'  Thi$ 
pvoblam  was  itetorad  by  Macurae  Ghetaldoi,  a  patnwA  of  SagGaa ; 
and  other  invesligatMne  Hrere  given  by  Hi^  dn  Omeri^,  in  hii 
Mgenfamt  trealiie  on  Geometrteal  Aoai^iti  printad  at  Cadii?  i«r  i^fiS. 
Two  eohitiane  of  the  caee  of  the  rhombiiSy  lemarfcaHe  Ar  their  efc* 
gance,  appeared  in  the  poathiimeili  worki  af  UnyfeaBf  who  w«$  iin* 
hoed  with  the  fineet  taele  fbr  the  anricttt  geoi&atiy:  I  bom  ton^ 
denied  the  whole  m  Prop.  19-h26»  Bopk  11. 
.  &  romgrarifii  unci  iawOgf  in  two  hoakfc  Of  tibia  tract  <vdly 
aome  lenlmas  were  preserved,  whieb  enabled  the  eelebmted  Vie ta  ia 
a  great  measore  to  restore  it.  S<MQe  of  the  cas«i  which  had  escaped 
him  #ere  solved  by  Marinns  Ghetaldns  i  and  bfHutt  isapiovfaofnts 
we^  made  in  l£l2t^  l>y  Alexander  Andernon  of  Abeid«en,  an  atf* 
aestor  of  the  Gregorys.  Tha  general  |trohte«o  oecnpiaa  the  mwii- 
^r  of  the  second  book* 

7*  Pkne  Lpd  iwg)  l^ewp  f  wiaiSMN»4n  two  books.  Tb^  .o^Qt 
wasi*^  To  find  the  conditions  under  wbi^fh  a  point,  varying  va^  i\$ 
poeition,  is  yet  confined  to  trace  astraigbt  Ude  or  a  circle  given  m 
position/'  This  beautifui  train  of  investigation  was  partly  reitoied 
by  Schooten  in  l650,  though  after  a  sort  of  algebraical  lonn«  The 
ingenious  Format  succeeded  in  bestowvig  greater  simplicily  on  the 
subject.  But  all  these  attenipts  have  been  eclipsed  by  Dr  Simsoii» 
whose  treatise  De  Lock  FkmSf  published  at  Glasgow  ia  1749,  is  a 
model  of  geometrical  strictness  nod  ekgaace*  The  first  l6  propo- 
ettions  of  the  third  Book  indude  all  the  prineipnl  tbeorenoSy  vvhkh  I 
haivei  selected  with  additions* 

The  six  preoeding  branches  of  ans^ysis  wer^  all  the  creation  of 
Apottonius  of  Perga,  tbd  most;  assiduoQ$  and  ioyeptive  of  the  Greek 
geometers. 

g.  Pofttwa  ■  w$^  tm  wfffftaUfhmiii  three  books^  coiDpo9ed  by 
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Euclid.  No  trace  of  these  now  remains,  except  some  obscure  hints 
of  Pappus,  rendered  still  more  perplexed  by  the  corrupt  and  mutila- 
ted state  of  his  text.  Jhe  subject  hfid  long  proved  i^  senigma 
iwhich  it  baffled  the  efforts  of.  the  ablest  and  most  learned  mathema* 
liciaos  to  unravel,  Fermat  advanced  some  steps;  but  the  bodoor 
of  con^pletihg  the  disco^iy  teas  reserved  fi^r  tmr  eouittiyikiaA  Dr 
Simeon/ wftose  restbrsition  of:tbeP6fisms  wto  given  W  ttie  s^i^tifte 
vrorld  in  17^6,  b  a  posthumous 'Voluiiit/i)njMted  at  the  ekptoet  of 
the  late  Barl  Stanhope.  From  thkt  work  I  htfvift^'extritcted  whcft 
Beemed  the  best  suited  to  my  piift>ose  ;'aiid  t  have  likewise  availed 
myself  tsf  the  judiciUtts  remlurks'  and  illustrations  of  my  dislinguishled 
colleague,  Professor  Pkyfaifi  These  fknisikid,  With  k»ae  aflditi6tas> 
lu«  cofit^ed  in  Pro^.  18**^.'  Book  tllv  -  '  ' 

The  remaining  propositions  of  the.  third  boolc  Mate 'to  ^e  sufajeet 
of  Isoperimeters ;  which  I  have  treated  with  the  conciseness  of  fth^ 
modems^  without  departing,  I  hope,  from  the  spirit  of  the  ancient 
geometry. 


I'.  ' 
«  > « • 


lliis  proposition  is' only  a  very  limited  case  of  t^e  general  problem 
mimcliiHUunu^  which  occupies:  inclusively  irom^^l^e  19th  tp  the  25th 
Propositions  of  the  Second  Bcm^  of  ^A^oalysis.  rT^ie  conslnictioQ  JSi" 
yen  in  .the  text  is  imme!diaj;f|}y  ^4^4uc^d  from  tl^e, second  solutiou  fof 
Prop,  25.  Book  II5     \ 


Note  LIII.— Page^  247. 


This  and  the  next  problem,  which  has. been. asctibed  to  a  response 
of  the  DeUan  oracle^  calM  £)rth  the  powers  of  ihe  ancient  analysis^ 
and  trafiscending  the  limits  of  elementary  construction,  l<)d  €0 
the  discovery  of  some  of  the  higher  curvest  and  essentially  .contribu* 
ted  to  the  extension  of  geometrical  science.  For  the  trisection  of  an 
angle,  Nicomedes  proposed  the  conckoidj  a  curve  of  such  a  nature, 
that  every  stssi^t  line  drawn  from  a  given  pmnt  called  its  putte  has 
the  same  partiaQiintercepted  between  the  curve  and  a  straight  line 
£iven  in  posi^on  and. termed  t&e  dirtctrix.  An  elegant  solution  of 
4he  problem  is  given  ^n  Newton's  Umoersal  Arithmtiic^  by  means  of 
«u  hypecbola  whose  asymptotes  ibrm  an  angle  of  120^. 
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Note  LIV.— Page  250« 

In  this  propoeitiOD»  I  have  coodeaMd  and  eodeavoond  ta  simplify 
the  fine  tpeciilations  of  tbe  Greeks,  respecting  the  duplication  of  the 
cube*  The  first  analysis  is  that  given  by  tisio,  in  his  MecidiMucal 
ImiiUuiimi;  and  the  nuriatiott  of  it  was  proposed  by  Philo  of  By- 
aantiani*  The  second  analysis  of  the  problem  was  given  by  Nico- 
aqedeSf  and  the  third  by  Pi^^pus  of  Alexandria.  In  tbe  first  and 
second  nMMles»  the  solotion  may  be  performed  by  tbe  conchoid ;  in 
the  thirdi  it  is  effected  by  the  ciiic^  of  Diocles,  which  is  so  consti- 
tatedi  that  any  straight  line,  drawn  from  its  aupt  has  an  equal  por* 
tion  intercepted  by  the  curve^  and  by  the  g^eneratbg  circle  and  the 
Uncirix.  Menechroos  solved  the  problem  in  two. ways — either  by 
combining  two  paraboJttSi  or  by  combining  a  parabola  with  a  rect- 
aDgwfatf  hyperbola* 

Note  LV.— Page  255. 

Since  the  angle  BDF  is  half  of  the  angle  ABC.  and  DF :  BF  :  : 
JR  :  /imBDF,  it  folluwr  ihat,  4it  :7aiiiABC  : :  (AB+BC)'— AC*  : 

area  of  tbe  trijaogle,  pr,  .  by ,  decomposition,  R  :   ^aiijABC  :  : 

AB  +  BC  +  AC.  ,AB4-BC— AC  .         "       ^      .      ,     ,  , 

V * — 5—^ — ^— ;  \ ,j     ^'  ' '"  ) :  area  of  the  triangle.  Itiieoce 

follows  that,  assmning  the  foiteer*  notation,  Tsr:«(i^i^AC)to«rjABC. 
The  same  property  might  aUo*  be  deduced  by  comparing  Prop.  31. 
Book  VI.  of  the  Elements  with  Prop.  12.  of  tbe  Trigonometry. 


NF^i 


In  Prop.  20.  Book  1.  of  Geometrical  Analysis,  it  may  be  ob- 
served, that,  the  limit  occurs  when  tl^  points  F  and  F'  coincide ; 
in  which  case  HFc=FKv  HPszGE^sAOjlH,  and  consequently 
A£"f>AF,  at  its  greatest  contraction,  is  eqaal  to  AG  «f-  AH+ 
2V*AO.AH. 

Note  LVi.«-.Page  ?88. 

This  and  the  six  preceding  propositions  include  those  cases  of  tbe 
pioblem  of  inclinations  which  admit  of  an  elementary  coDStnietion. 
The  first  solution  is  borrowed  from  the  geometrical  analysis  of  Hugo 
de  Omerique,  and  the  second  from  the  posthumous  works  of  tbe  cele- 
brated Huygens.  To  solve  the  general  problem  would  require  the 
application  of  tbe  conchoid. 
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Note  J-VII— Page  297- 

The  first  solution  of  ibis  problem  is  taken  from  T)r  Simson's  post- 
humous w^orks.  But  the  second  investigation,  which  is  obviously 
shorter  and  more  elegant,  was  communicated  to  me  by  my  respected 
pupil  Mr  Wildig  of  Liverpool,  to  whose  ingenuity  and  accurate  taste 
*in  geometrical  science  I  am  glad  to  have  this  opportunity  of  bearing 
testimony,  and  to  whose  judicious  i-emarks  this  edition  is  indebted 
for  various  improvements,  as  it  owes  much  of  its  typographical  cor- 
rectness to  his  obliging  and  very  patient  revision  of  the  shieets. 

Note  LVII L— Page  3 11  • 

This  proposition,  extended  to  points  in  diftreut  planes,  furnishes  a 
legitimate  demonstration  of  the  remarkable  property  of  projected 
masses,  which  forms,  in  Newton's  Principia^  the  fourth  corollary  to  the 
laws  of  motion ;  namely,  that  of  any  system  of  bodies  impressed 
with  uniform  and  rectilineal  motions,  the  centre  of  gravity  either  re- 
mains at  rest  or  travels  uniformly  in  a  straight  line. 

Note  LlX.--Page  323. 

It  is  easily  perceived  from  the  mode  of  successive  constmction, 
that  the  centre  of  the  circle  which  terminates  this  process,  must 
likewise  be  the  centre  of  gravity  of  the  several  points.  This  ctt« 
rious  property  is  noticed  in  Huygen's  elegant  tract,  entitled  Horolo' 
gium  Osctllatoriumf  and  furnishes  another  example  of  the  application 
of  the  principle  of  the  conservatia  virium  vivarum^  which  has  such 
extensive  influence  In  the  mutual  action  of  bodies. 

Note  LX.— Page  325. 

The  porismatic  point  D  is  the  centre  of  gravity  of  particles  of 
matter  situate  at  A,  B  and  C ;  for  MN  being  any  straight  line 
drawn  through  D,  the  distance  CO  is  equal  to  the  combined  dis- 
tances AH.  and  BI,  and  consequently  the  opposite  efforts  of  those 
partiicles,  to  turn  their  plane,  must»  about  the  centre  I),  'maintain 
every  way  an  exact  equipoise. 
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The  proposition  might  easily  be  extended  to  any  number  of  points 
in  the  same  plane ;  bot  it  is  true  universally,  if  the  points  only  have 
a  determined  position.  The  writers  on  Statics,  however,  have  com- 
monly assnmed,  what  they  were  not  entitled  to  do,  the  existence  of 
an  individual  centre  of  gravity.  This  fundamental  property  of  mat- 
ter is  simply  and  elegantly  demonstrated  by  the  ingenious  Boscovich, 
in  his  Theoria  PUbsopkkt  Naturaks,  a  work  of  very  great  and  ori. 
ginal  merit. 

Note  LXL— Page  329* 

The  composition  of  this  problem  is  readily  derived  from  Note 
XXX.  5  for  CE.CF«CG»+0H.ei3aiCG»+GD*=CD*. 

Mole  LXII.-*-Page  d3r* 

This  problem  was  first  proposed  by  Sir  Isaac  Newton,  for  deter- 
mining  the  path  of  a  comet,  from  four  observations  made  at  given 
short  intervals  of  time.  But  unfortunately  it  was  afterwards  found 
in  practice  to  give  uncertain  or  even  erroneous  results.  This  unex- 
pected failure  led  Boscovich  to  examine  closely  the  circumstances 
which  might  afifect  the.  solution,  and  he  discovered  that  the  problem 
becomes  indeterminate  or  porismatic,  in  the  very  case  where  its  aid 
is  wiibted  to  guide  astronomieal  obsbrvaitidn. 

Note  LXUL-*-Page  943. 

All  the  comparisons  in  geometry  being  originally  founded  on  the 
properties  of  the  triangle,  and  thence  transferred  to  other,  rectilineal 
figures,  it  is  evident  that  we  can  never  reason  directly  concerning 
the  circle,  which  can  only  be  viewed  in  that  respect  as  a  polygon 
having  innumerable  sides.  The  consideration  of  limits,  more  or  less 
disguised,  must  therefore  unavoidably  tenter  into  every  investigation 
which  has  for  its  object  the  mensuration  of  the  circle. 

Note  LXIV.— Page  3^0. 

The  French  philosopbers  liave,  at  the  instance  of  Borda,  lately 
proposed  and  adopted  the  cehtesim^l  division  of  the  Quadrant,  as 
easier,  more  consistent,  and  better  adapted  to  oor  scale  tf  aiithme- 
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tkk  On  that  basis^  they  biave  abo  constructed  tbeir  iDgefiim!^  sye* 
tern  of  measures.  The  distance  of  the  Pole  from  the  £q«ator  wae 
tietettnined  wkh  the  most  scrupulous  acturacy,  l^  a  thaiii  ^  triai>- 
-gleS  extendhig  from  Calais  to  Barcelona,  atid^nce  proloagedtd  the 
Balearic  Isles.  Of  this  quadrant^  arc,  ^  ten  millitoth  part,  or 
thoten^  part  of  a  second,  and  equal  to  39iiSf  1  £ng^h  mches,  con«> 
^titutes  tfar  fffefre,  or  umt  of  lineiar  extension.  From  the^metre  agalfty 
are  derived  the  several  measures  of  surface  and  of  Capacity ;  and  vra« 
ter,  at  its  greatest  degree  of  contraction,  furnishes  the  standard  of 
"heights* 

It  would  be  most  desirable,  if  tins  elegaht  and  universal  system 
were  adopted,  at  least  in  books  of  science.  Whether;  with  all  its 
advantages^  it  be  ever  destined  to  obtain  a  general  currency  in  the 
ordinary  affairs  of  life,  seems'  extremely  questionable.  At  all  events, 
its  reception  must  necessarily  be  s^x^^  slow  and  gradual;  and,  in  the 
meantime,  this  innovation  is  productive  of  much  inconvenience,  since 
it  not  only  deranges  oiir  habits,  but  tends  to  displace  ouf  delicate 
instruments  and  elaborate  tables.  The  fate  of  the  centesimal  divl- 
ision  may  finally  depend  on  the  continued  merit  of  the  worics  framed 
after  that  model. 

Note  LXV.— Page  351.  . 

The  remarks  contained  in  the  prelimmary  scholium,  will  4b^ate. 
an  objection  which  may  be  made  against  the  succeeding  demonstra** 
tions,  that  they  are  mot  strictly  applicable,  except  when  the  arcs 
themselves  are  each  less  than  a  quadrant.  But  this  in  i^zt  is  the 
only  case  absolutely  wanted,  ell  the  derivative  arcs  being  at  txice 
€*omprehended  under  the  definition  o/  the  sine  or  tangent.  To^  fol- 
low out  the  various  combinations,  would  require  a  fatiguing  mnltiplt^ 
city  of  diagram^ ;  and  sireh  labour  would  still  be  quite  superfluous, 
because  the  mode  of  extending  or  accommodating  the  rejolts  fron^ 
the  general  principle  is  fco  easily  pertfeived.  •     • 

Note  LXVl.—l^age  356. 

The  gekieml'  pro]^ertito  of  the  sines  of  tompound  arcs  may  be 
derived  with*  great  facility   from  P^op.  Z%^  of  Sook  VI.  of  the 
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Eltments.  For,  tiuce  ABXD4.BCADssAC.BD9  ir  is  cvidcat 
that  i|AB.}CD4.iBC.i|AD=iAC.|BD  ;  but  (cor.  1.  dcf.  Trig.) 
the  a^michord  of  an  arc  is  the  same  as  the  sine  of  half  the  are»  and 
cooseqticody,  by  substitatioiH  m|ABmi|CD+iuiiBC  iM|ABCD=: 
JM^ABC X MiBCD.  Ui  iAB=L,  JBCsM,  and  JCDsN ;  where- 
/ore  iABCD=:L4.M4.N,  i^BC=L+M»  and  iBCDssM+N, 
and  hence  the  general  result;  mLsmN  ^  «MM«tii(L-^M«(>N)=: 
4ui(L4«M)iai(M-f-N)»  in  which  L^  M  and  N  are  aoj  arcs  what- 
ever.  This  expression,  varioosly  transformed,  will  exhibit  all  ths 
theorems  respecting  sines.  For  the  sake  of  conciseness,  let  the  ladias 
he  denoted  as  usual  by  1,  an^i  the  semicircumference  by  w, 

1.  Put  AsM,  BsN,  and  let  L  be  the  complement  of  A.    Then, 

cofA^iAB-f  ifiiAm(A+B+^— A)=rm(~A  .f  A)im(A4.By; 

that  is,  since  the  sine  of  an  arc  increased  by  a  quadrant  is  the  same 
as  its  cosine,  <tnA  co«D+cof  A  naB=m(A-|-B). 

2.  Let  the  arc  B  be  taken  on  the  opposite  side,  or  8abstitnte*-B 
for  it  in  the  last  expression,  and  mAcofB — cm AnA]}:?ctii(A— B), 

3.  In  art  1,  for  A  aubstitute  its  complement;  then  na(A4-B)s 

Mji(~A+ B)=«in('+A— B)scof(A— BX  and  hence  ootAcofB 

.f  <iii  A  mB=co<A— B). 

4.  \p  art  2,  likewise  substitute  for  A  its  complement,  and  the  re* 
suit  will  become  co«A  co«B — mA  «uiB=:coi(A-f-B.) 

^*  In  art.  1,  let  A=:B,  and  2mAcoiA=ttii2A. 

6.  In  art.  4,  let  AsB,  and  cosA* — ftiiA*s:cot2A. 

7.  In  art.  3,  let  A=B,  and  c(MA*-f«tiiA*=l. 

8.  Add  the/ofJHtt/ie  in  art.  1  and  2,  and  2<tKAcwB=:m(A  4-6)4. 
im(A— B> 

9.  Subtract  theybrmttZir  of  art.  2.  from  that  of  art.  1,  and  ScoiAstiiB 
ssm(A4.B)-.m(A— B). 

10.  Conjoin  the  fwmnlct  of  art.  5  and  4,  and  ScosAootBs 
cof(A + B)  4.  co«(  A— B). 

11.  Take  the/ormir/tr  of  art.4.  from  that  of  art.  3,  and  S.mAjniBs 
co*(A-B)— c«(A+B). 

1.2.  In  art.  8,  let  B  be  the  complement  of  A,  and  2««i|A*s 

«<i(A  +-— A)+*m(A-*-+A)ssl».-co»2As:pcri2A* 
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19.  In  arC.  9,  let  B  be  the  complement  of  A,  and  QcosA^zs 
««(A + A) — (*in A — * + A)=:  1  -f.  coa^AzizsuversQA.    . 

1 4.  In  art  5,  instead  of  A  substitute  its  half,  and  2sm]^A  X  cos^Azz 
sinA,    .._  ,         • 

15.  111  art.  6,  likewise  substitute  the  half  of  A  for  A,  and 
{[co«|  A)*— («»?4A)*=:t(MA. 

16.  In  art.  12,  for  A  substitute  its  half,' and  2(6inJA)'^==I-*^^^; 
or  «»}A=y  ^i(  I — cosA  ))=  ViversA. 

17*  Make  the  same  substitution  in  art.  IS,  and  2(cosJA)^=s 
l+cosA,  or  co«JA=  V(JO  4-c<wA))=  \/J«irer*A. 

J8«  In  art.  8,  transform  A  and  B  into  A-f-B  and  A — B,  and  con* 
sequehtly,  for  A-f-B  and  A — ^B,  substitute  2A  and  2B  ;  then 
2y///( A+B)co5(A — ^B)=«m2A+«n2B,  or  ««(A+B)r6w(A— B)= 
J(«/22A+5tw2B).  ' 

19.  Make  the  same  transformation  in  art.  9>  ^^^  ^cos(A-^'B) 
sin{A  —  B)  =  ««2A  —  ««2B,  or  coa(A  -f-  B)«w(A  —  B)=3 
5(«w2A — ««2BX 

20.  Repeat  this  transformation  in  art*  10,  and  Qcos  (A4.B) 
cos  (A  —  B)  ==  C052A  4-  co*2B,  or  co5(A  +  B)coff(.V  —  B)  = 
J(co*2A+C(m2B). 

21.  The  syne  transformation  being  still  made  in  art.  ]], 
2«//( A -f- B)fiy/( A — B)=c<w2B — c<»2Ay  or sm(\ -f- B)sin( A — B)== 

> 

22.  Suppose  LassNraB,  and  Mass  A — B;  then  the  general  expres- 
sion bfecomes  mB* +«»(  A — B)  nn (  A  -f  B) =*wi A*,  or  m(A  +  B) 
m{A— B)=xMfiA* — «iiB*. 

-    S3.  Instead  of  A  in  the  last  article,  take  its  complement,  and 

«;,(5_A  4-  B>m(^  A  —  B)  =  cos  A"  —  sinE*,  or  co6(  A  —  B) 

fios{A+B)ssc<uA^-^sinB\ 

24.  Compare  art  21.  with  22,  and  i(^(»2B— tfO(2A)smA*— . 
<mB».      -  * 

25.  Comparing  likewise  art«  20.  with  23,  and  i{co$2A+cos2B}ss 
co«A*— ^«B*. 

26.  Resolve  the  difference  of  the  squares  in  art.  22.  into  its  fac^ 
tors,  and  ««(A-f.B)««(A--B)==(«flA+jiiiB)(^A---*iftB). 
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27*  Make  a  ftimilar  decompontion  in  art  23,  and  eos{A+B) 
€0f(A~B)ss(cMA4.nliB)  (cmA-wmB). 

24.  In  art   18,  instead  of  A,  and  B  take  their   balves,  and 
mA«f  mBs2mKA4>B)a>f  i(  A— B). 

25.  Make  the.  eame  change  in  art  l^i  and  raA— nftBs 
2fini(A— B)ca«J(^+B).    . 

26.  Change  likewise  art  20,  and  cmB-KmA  =  2eai)(A+B) 

eM)(A— B). 

27.  Po  the  same  thing  in  tut  21,  and  coiB— €0«A=r2iM|(Ai— B) 


From  Note  XXVII.  a  very  simple  expression  may  be  derived  for 
the  sum  of  the  sines  of  progressive  arcs.  Suppose  the  diameter  AO 
were  drawn ;  then  BE+CF+DGsHGsHO+DO,  or  2mAB^ 
2iwAC4.2mADiBHO+iiiiAD,  and  mAB  +  mAC^-niiAD^ 
lUO^\iinAD^iAO.timBAO+irinAD.  Wherefore^  ingeoeral, 
m  a-^iin^+sui^a  •••..«»  naas^ert  na^cot^  ^  4nji  na,  Heoct 
the  sum  of  the  sines  in  the  whole  semicircle  iss=:co/ j-  a.  Thus,  if 
the  sines  for  -each  degree  up  to  180°,  the  radius  being  unit,  were 
added  together,  the  amount  would  be  114,58866. 

Note  LXVII.— Page  358.        • 

On  examining  the  formation  of  the  successive  terms  of  tke  first 
and  second  tables,  it  will  appear  tUat  the  coeffieients  are  certajn  mul- 
tiples of  the  powers  of  2,  whose  exponents  like^ee  at  evtry  step 
decrease  by  two.  It  is  farther  manifest  that  if  1»  A,  B,  C,  &C 
1,  A',  B^  C\  ^c.  and  l,  A\  £\  O,  &e«  demote  the.nsidtiplescQrre- 
spoodittg  to  the  arcs  n.tf,  n  -}-  i.a,  and  a — i,a ;  then  A  4-  1  =  A\ 
B+ A'sB),  C+W=a,  See.  Whence  the  values  of  A,  B,  C,  &c. 
are  determined,  either  by  the  metbod  of  £mta  difoences, 
Adopting « the  appropriate  notation^  or  from  the  theory  of  fmic- 
tioDS.      Thus,    in    the    first    table,    AAzil,    and    A  =  n«-2; 


AB=A^=a— 3,  and  B=^    ^  *^*  ;    AC=g=i!i:J"*'^^,  and 

2  t 

^    n— 4.0'— 5.n — 6.       -,„       ^      ..  ,1 

^^ S^5 •    Wherefore  m  general      • 


1      I 
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2 
To •  2^'c*-'it+  &c. 

(2.)  Cos  «a=2"-'.c*— «.2""*xJ*-*  +"'^"~^  .  2«-»c"-*-. 

2.3  ^ 

The  third  stnd  fourth  tahles  are  evidently  formed  by  multipiying 

^oastaQtlj  by  2c<w  2a  or  2 — 4**,  and  su'btracting  the  term  precedii^ ; 

or  li|e  multiplication  by  4ts*  produces  the  second  difierenccfs  of  the  mc^ 

cessive  quantities.  JHlence  in  the  former,  AAAsrin",  AABzs^A'^,  &c.  ; 

therefore  A  A=rit-f-  l.n-4-K  and  A=  — iZI-l-IL.  ? 

-,         2.w+2.«4-i.»+3       n-}-i,n4.T.97 — i.n  +  $ 
AB=2( ^ )= — , 

■    _       fi.n — T.fi+Mi — 3.«+3      T^  ,  .     .,      ^ 
and  B  s ■     •     But  m  the  fourth  tabic, 

AAAs:4,  AAB=4>A",  AAC'sIB";  and  consequently  SAssZn^i, 

and  A  3=  I* ;  aB=X(».  n+2.  m.2)=^Lf±^iL±5,  and  B  =. 

Wherefore  m  genera], 


•r— • 


2.3.  i 

2.3      4.5       6.7 

^-v    «  ,'    "•.».»*«* — *^     «»  n*— 4  n*-*l6'    .        " 

(4.)   G«  «a=l- -**+-.-3;^^--. -3^ -^^«+,&e. 

In  the  fifth  and  i{ixtb  tables,  the  coefficients  are  evidently  .th<i 
same  as  those  of  the  power  of  a  binomial,  only  proceeding, from 
both  extreines  to  the  middle  terms.  Hence,  according  as  n  ia  odct 
•r  even, 


n. !! — :.  I--,  m( IN— 6)o=fe:  &c. ;  and 
9       5 
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2^'  ftii  «•=  db  cot 


irorpji.  ccw(fi-— 2)a  =fcyi.-IZ— co«(fl— 4) 


n. . eoi  (if— ^fl,  &c. 

Again, 
(6.)   2"""  cof  c^sicoi  na  +«.  a»(ir— 2)a  +«•  -^!1-'  co$  (»■■  ig)  -f- 

If. . .  CM  (n— o)a,  &c. 

Id  tbete  three  expressions,  half  the  last  term,  which  correspondf 
to  the  middle  in  the  expansion  of  the  binomial|  is  to  be  taken,  when 
ft  is  an  even  number. 


It  will  be  satisfactory  likewise  to  subjoin  an  investigation  of  the 
sine  of  the  multiple  arc,  as  derived  from  the  Theory  of  Fooctions. 

It  appears  from  inspecting  the  successive  formation  of  the  sines 
of  the  multiple  arcs,  1.  that  the  odd  povKrs  only  off  occur ;  2.  that 
the  coefficient  of  the  first  term  is  only  fi,  and  the  other  coefficients 
are  its  functions  of  third,  tfifth,  &c.  orders ;  and  3.  that  since,  in  the 
case  when  17= i,  the  rest  of  the  coefficients  evidently  vanish,  those 
coefficients  in  general,  as  affected  by  opposite  signs,  must  in  each 
tisrm  produce  a  mutual  balance. 

Let  therefore  sin  nusein^  -|*  '^^^  +  ''•''  &<^«  l  where  s  denotes  the 

sine  of  the  arc  a,  and  f?,  n,  n,  &c.  the  successive  odd  orders  of  the 
functions  of  n.  It  is  evident,  from  (Prop,  3.  cor.  2.  Trig.)  that,  by 
substitution 

((«+0+(»— o)*+  ((« + 0+(»~oV+ (("+ 0+(«-^i;)»*+  &c. 

c=2v^(i— ^*)  sm  na  =  (2— «*  — ^4^,  &c.)  (»*  +  »*3  +  w^*,  &c.) 

/  ///      I  Hill      m         t 

sr2fi«  i|.  (2/1— fi)f3  +  (2fl-^ — i")***  &c.  Now,  equating  corre- 
sponding terms,  and  rejecting  the  powers  off,  we  obtain  these. ge* 

•      •  • 

neral  results : 

2ji's=2ii'  ;  (n + i)+{n + i)=2/i— « ;  (» + i)+(ji— j)5:2»— »— ^ji. 
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It  remains  Lence  to  discover  the  several  orders  of  the  functious 
of  »• 

1.  The  equation  2ft'=24i'  contains  a  mere  identical  proposition; 
but  other  considerations  indicate  that  n  must  always  denote  the  first 
term^  or  that  die  fiiBt  function  of  n  b  n  itself.  ' 

2.  The  equation  (n+i)  -f-  ('i^— 0  ==  ^'^ — ^  ^^^^  ^^®  conditions 
of  the  third  function  of  n,  which,  from  the  nature  of  the 
relation,  is  obviously  imperiect,  and  wants  the  second  term. 
Puty  therefore,  n*"  zs  mn*  +  fin  ;  and,  by  substitution,  2mn^  + 
6mnJ^»2finss^an^+2fin — fi.  Equating  now  the  corresponding  terms, 
and  6«=— I,  or  «=— f  ;'but  a  +  fizzo,  and  therefore  fi=+i. 

Whence  «=~i/i3+Jii=^ji.?!z:I. 

2.3 


mm  am     twi     /// 


3-    Again,  m  the  third  equation,  (»+0+(ii— i)=s2«— ^/< — fn\ 

mat 

substitute  n^^m.^+fin^^'^n^  and  the  conditions  of  the  fifth  order  of 
the  function  of  ft  will  be  determined  by  th^s  compound  expression: 
^mn*  +  (20«  +  2/8>|5  +  (10»  +  6fi  +  2y>i  ss  2«»'  +  (2^  +  J>i» 
+  (2y  -.—  ■.-—  ^)  II.      Equate    the    corresponding   terms,    and 

20*  +  2^  =  2^  +  ^  or  •= J-=_3_ .    In  tike  manner, 
J0«  +  6^  +  2y  =  2y— f_J,  andjS;=.     ^\-'^^     ,\  = 


^  g  ^  ^  ;  but  •  +  ^  +  y  =  0,  whence  y=s     ^ 


2.3.4.5 


Collectively,  therefore,  n  =      2.3.4.5  '^'^       uT*  "Zf 

Whence,  resuming  all  the  terms,  m  na  s  »« —  n  !^-I^^  4- 

2.3 

«•    rr  «   rr  *^ — ^c*  »»  before. 

2*^     .4*5 


From  the  expression  for  the  sine  of  a  multiple  arc,  may  be 'de- 
duced the  series  for  the  sine  of  any  arc,  in  terms  of  the  arc  itsdf, 

and  conversely.     Let  iia=:A,  and  therefore  flr=i-  ;  if  «   be  sup* 

n 

posed   indefinitely   great,  then  ^  must  be  indefinitely  small,  -and 
consequently  in  a  ratio  of  equality  to  *.     Whence,  substituting 


11^— I 
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A  for  tt«9  and—  for  #  m  the  general  ezpression,  there  resiiltSy 

mAssA*-*^ — ^•— t4* • ^.,    —ace* 

2.3    n*^  2.3     4.5    «♦ 

Bat  n  heiog  indefiniidj  graat,   the   compoftte  Iractioiis 

""^>  &c«  are  each  in  effect  equal  to  unit,  which  forms  their  ex* 
treme  limit    Conaequently,  awnming  that  modificatioD, 

«iA^A-^+-^^! >  kc 

2.3^2.8.4.5 

Ag^j  pattmg  asA  and  laS,  rappoee  ii  to  be  indefinitely  small, 

and  «m  fftfsjNis5«A ;  whence,  by  substitution, 

«A af  JiS  — Ji.?!=l  S»+  !,,«*— T»*—9 s»-.,  &c.  and 

2.3        ^       2.3     4.5 

A=S-J!-=i  S>+  «.!!^.?^^S*— &c. 
2.3       ^       2.3     4.5 

Bat,  if  II  vanish  from  all  the  terms,  the  series  wiH  pass  into  a 
simpler  form. 

A  =  6  +  -L  S  +  J:?-S'+-L?:?4-S'  +,&c. 

^2.3     ^f. 3.4.5     ^2.3.4.5.&7 
By  a  similar  investigation,  the  series  for  the  (;osiHe  of  an  arc  is 
likewise  found. 

A*        A*  A* 

1.2^2.3.4     2.3.4.5.6^ 

These  series'  are  very  commodious  for  the  calcaUtion  of  aoes, 
smce  they  converge  with  suflScient  rapidity  when  the  arc  is  acvt  a 
large  portion  of  the  quadrant  Though  the  method  explained  in  tbo 
text  is  on  the  whole  much  simpler,  yet  as  the  errors  of  computatioQ 
are  thereby  unavoidably  accumulated,  it  would  be  proper  at  intervals 
to  calculate  certain  of  the  sines  by  an  independent  process. 


The  series'  now  given  iiumisb  also  various  modes  for  the  rectifi- 
aation  of  the  circle.    Thus,  ^^»ffimiftg  an  arc  equal  to  the  radiis, 

its  si^e  is,  1—^ 4-^-   .  ,  —  &c.    ss.841471,    and    iu    cosine 

«z.v      ^.3.4.5 

i«,  1— ^+— --— &c.=,440302.  But  that  arc  evidently  approaches 

2         <«.3.9 
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to  60^  of  which  the  sine  is  VJ=-866025,  and  the  cosine  .500000. 
Wherefore  (Pr.  1.  Trig.)  the  sine  of  the  difference  of  these  two  arcs 
is  .866025  X  .540302--.84U71  X  .500000= ,0471 8,  and  consequent- 
ly, by  the  series,  that  interval  itself  is  ,0472.  Hence  the  length  of 
the*arc  of  60*^  is  1.0472,  and  the  circumference  of  a  circle  which 
has  unit  for  its  diameter  is  3X1.0472=3.1416;  an  approximation 
extremely  commodious. 


Note  LXVIII.r-Page  360* 

'  Tkis  may  beotherwise  demonstrated  from  the  noroUaries  to  the  pro^ 
position  contained  in  Note  XLVI. 

Let  AB  and  BC,  or  BC,  be  two  arcs,  of  which  AB  is  the 
greater;  make  AD,  or  AD',  equal  to  BC, 
and  apply  the  respective  tangent^*  Be- 
cause OAE  is  a  right-angled  triangle,  and 
OG',  OF,  are  drawn,  making  equal  angles 
with  OA  and  OE,  it  follows,  that  OA*~ 
AE.AG' :  OA*  :  :  EG' :  AF^  and  conse- 
quently R*.-^flnAB,/fl»BC:R*::^a#AB+ 
ianBC  :  7flf?(AB  +  BC.)i  Again,  since 
OG  and  OF'  make  equal  angles  with 
OA  and  OE,  it  is  evident,  that  0A*+ 
AE.AG  :  OA*  :  :  EG  :  AF'„  and  hence 
R*+^anAB  tanBC :  R^: :  tanAB-'^anBC  : 
/a»(AB— BC). 

Note  LXIX.~Page  36o. 

The  radius  being  expressed  by  unit,  *  the  sum  of  the  taqgents  of 
the  angles  of  any  triangle,  is  equal  to  the  number  arising  from  their 
continued  product.  For,  let  A,  B,  and  C,  dcqote  the  several  angles 
of  the  triangle ;  and  since  ivfo  of  these,  such  as  A  and  B^  are  supple- 
mentary to  the  remaining  one  C,  the  tangent  of  A-4-B  is  the  same 
(schol.  def.  Trig.)  as  that  of  the  third  angle  in  an  opposite  directibo. 

Whence 31 ;=:  —  tan  C,  and  therefore  tan  A  4*  tanB  zz 

I — tanAUanB  '  ^ 

— tanC*\»ianAtanB tanCy  or  tanA-^.tanB+tanCsztanAtanBtahC. 

Ff 
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Note  LXX.— Page  360. 

The  properties  of  the  tangents  are  easily  derived  from  those  of  the 
sines. 

(art.  1.  Note  LXVI.)  ^^^|^ 

S.  Change  the  siga  of  B  in  the  last  article^  and  tmUL — imBss 

w<A— B) 

co^AcosB ' 

3*  I'lstead  of  A  and  B  in  art.  1.  substitute  their  compLements  and 
*  .     .«     ««(A+B) 

4,.  Maketke«amesubstitutioainart.3,aDdortBwcafA=-^^jQr^. 

5.  ra«(A  +  B)  =  ^±J^=r(art.  1.  and  4^  Note  LXVI> 

cu6Aro«B — siuAaiM 

A    u     •       *    /A  .TIN      to<tA+faaB  _  €9tB+cotA 
mAmB.  gives  f(i«(A+B)=  j^^^^ a  ^onB^co^B  cotA^l' 

6.  Change  ih^  sign  of  B  in  the  last  artkle,  and  <i|i(A-^)s: 

/ffnA — ianB  __   cotE^^oiA 
IJ^^tanAtanB"^  cotB  cotA^  I* 

7.  Divide  the  expression  in  the  first  article  by  that  in  the  second, 

sin(A+B)_taifA+f<mBcoiB+eotA 
«ii(A— B)"'/aiiA— fonB  ^  cotB—co/A* 

8.  In  the  last  article,  change  the  sign  of  B,  and  instead  of  A  take  its 

co<A+B)    cotB^^anA    cotA — tanB 
complement,  and  ^^A-B)=com+<aiiA^ca^A+^a«B- 

9.  Divide  the  expression  of  art.  12.  in  Note  LXVI.  by  that  of 

,    ,         ,  1-— cof^A        2«fiA*        ««A     -     . 

,  art.  5.,  and  --t— srr- .  "v r-S5 — \^tanA» 

10.  Divide  the  expression  of  arU  5.  in  the  same  Note,  by  that  ef 
art.  13m  and —•  =  — - — ^r—  sr — rss^flwA.. 

9 
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lU  Multiply  the  expressions  of  the  two  preceding  articles,  and 

1 — cos2\     ^     A«       ^     A        /I — C0S2A 
1+cosZA  '  V  1+C052A. 

_        .  1         cos2A 

12.  Decompose  the  expression  in  art.  9m  a^°  tanAzz  .  ■  r^  ■■   .     . 

=cofec2A-— co/2A« 

13.  In  the  last  article,  change  A  into  its  com|>lement,  and  cotAzs. 
co5cc2A-J-cof2A. 

14.  Subtract  the  last  expression  from  the  one  preceding  it,  and 
tan  A — cotArz — 2c6t2A,  or  ffl«A=co^A— ^2co^2A. 

15.  fn  art.  9.  10.  and  11.  for  2A  and  A,  take  A  and  J  A,  and 

,,       I — cos  A         sin  A  ii-^cosA 

tan  *A  =:  — :--r—  = ^  =  4/ • 

tfwA         l+com      y  I -{-COS A 

16.  Multiply  the  expressions  of  art.  1.  and  2.,  and  {tanA^tanJ^^ 

17*  Multiply  the  expressions  of  art.  3.  and  4.,  and  (potl&J^co^A) 

£ii}A^«i»B^ 

18.  Divide  art  28.  of  Note  LXVL  by  art.  29h  and  ^^?^^*^=a 

2<t«yA + B>cQg^A— B)_teyri(  A  4.  B) 
2cwJ(A+B>»«|(A-TB>-^i(A_By 

19.  Divide  art.  30.  of  the  same  Note  by  art.  31.,  and  ^^f5+£5!£^=8 

2c(wi(A+B)  coiyA— B)_cqQ(  A+B) 
2«niCA+fi)  ««iCA— B>  '^^an4(A— By 


Since  by  art.  14.  cof  A — 2co^2A=:^anA,  if  the  arc  A  and  its  com- 
pound expression  be  continually  bisecled,  there  will  arise : 
Jco<JA—  cot  A:n\tan\K 
\cot\A''^\cot\Azz\tan\A 
\coi\A — ^^^A=^aff|A 
&c«  &c.  &C.\ 
Wberefore,.  collecting  these  successive  terms,  and  observing  the  ef« 
fects  of  the  opposite  signs,  the' general  result  will  come  out, 

T'       A  *  I        A 

-^j^CQi—^cotAzzltanlA^-ltonlA^ltanlA  ...  +  ^^a»-j;* 

if  2 
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exceeds  only  by  S  in  the  last  place  the  logaritibm  of  5,141 59S654. 
As  the  soeceasive  tenns  come  to  form  veiy  neariy  a  pit^fessioB  that 
dcKends  by  quotients  of  4,  the  third  of  the  last  one  is,  fcir  the  rea- 
SOD  Stated  in  page  965f  considered  as  equal  to  the  rcsolt  of  the  con- 
tinued addition* 

Note  LXXIL— Page  367. 

An  elegant  mode  of  forming  the  approximate  sines  corresponding 
to  any  division  of  the  quadrant,  may  be  derived  from  the  same  prin- 
ciples: For  the  successive  differences  of  the  sines  of  the  arcs  A-^-B, 
Ay  and  A-(-B,  are  mA — «tii(A — B,)  and  «m(A  +  B)  — sinA ;  and 
consequently  the  dificrence  between  these  agsun,  or  the  second  dif- 
ference  of  the,  sines,  is  m(A^B)  ^sin{A — B) — 2smAss(Frop,  3. 
cor.  3.  Trig.) — ZversB  sinA*  The  second  difierences  of  the  progres- 
sive  sines  are  hence  subtractive,  and  always  proportional  to  the  sines 
themselves.  Wherefore  the  sines  may  be  deduced  from  their  second 
differences,  by  reversing  the  usual  process,  and  recompoonding  their 
separate  elements.  Thus,  the  sines  of  A — B  and  A  being  already 
known,  their  ^cond  and  descending  difference,  as  it  is  thus  derived 
'from  the  sine  of  A,  will  combine  to  form  the  succeeding  nne  of 
A^B,  which  is— »2per<BnAA  •(•  (  «tiiA---4tii(A— B)  )  -^  sinA*  It 
only  remains  then,  to  determine,  in  any  trigonometrical  system,  the 
constant  multiplier  of  the  sine,  or  twice  the  versed  sine  of  the  com- 
ponent arc.  Suppose  the  quadrant  to  be  divided  into  24  equal  parts, 
each  containing  3^  45^,  or  225^    The  length  of  this  arc  is  nearly 

22   1     ;   11         ,  *i    .   •      .  ,   .  ,11n» 

T'ia^TTS*         consequently  twice  its  versed  smc  =  (tj^j  =5 

(oQQ^  in  approximate  terms.  If  the  successive  sines,  corresponding 
to  the  division  of  the  quadrant  into  24  equal  parts,  be  therefore  con- 
tinually multiplied  by  the  fraction  - — »  or  divided  by  the  number 

233,  the  quotients  thence  arising  will  represent  their  second  diff^ 
rentes.  But,  since  233  is  nearly  equal  to  225,  or  the  length  in  mi- 
nutes of  the  primary  or  component  arc,  and  which  differs  not  sensi- 
bly from  its  sine,-*-this  last  may  be  assumed  as  the  divisor,  the  small 
aberration  so  produced  being  corrected  by  deferring  the  integral  quo* 
tients.     In  this  way  the  following  Table  is  constructed  : 
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Parts  of  the 
quadrant. 

Area. 

Skiefc 

IstDiff. 

SdPiff. 

Arc*. 

1 

225' 

225 

224 

1 

3° 

45' 

2 

450' 

449 

222 

2 

7° 

30' 

3 

67y 

671 

219 

3 

ll" 

15' 

'4 

900' 

890 

415 

4 

U» 

0' 

5 

1125' 

1105 

210 

5 

18<» 

45' 

6 

135(V 

1315 

205 

*     5' 

22° 

30' 

7 

1575' 

1520 

199 

6 

26*" 

15' 

>a 

l«00/ 

1719 

191 

•    7 

ao° 

O' 

9 

2025' 

1910 

183 

8 

33° 

45' 

10 

2250^ 

5093 

174 

9 

37° 

30' 

11 

2475' 

2267 

164 

io 

41° 

15' 

12 

2700' 

2431 

154 

•  10 

45° 

0' 

13 

2925' 

2585 

143 

11 

43° 

45' 

14 

3150' 

2728 

131 

12 

52° 

30' 

15 

3375' 

2859 

119 

•  1« 

56° 

15' 

16 

3600' 

"197^ 

106 

13 

60° 

0'  , 

17 

3825' 

3084 

93 

13 

63° 

45' 

18 

4050' 

3177 

79 

14 

67° 

30* 

19 

4275' 

SSd6 

65 

14 

Zl*" 

15' 

20 

4500' 

3321 

51 

,     14. 

75° 

& 

21 

4725' 

3372 

37 

•   14      78^ 

45' 

22 

4950' 

3409 

22 

15      82«* 

30' 

23 

5175' 

3431 

7 

15      86^ 

isf 

24 

5400^ 

3438 

0 

15      90^ 

c 

The  number  225,  which  expresses  the  length  of  the  component 
arc,  and  <:onsequentIy  represents  very  nearly  its  sine,  is  here  employ* 
ed  as  the  constant  divisor.  Thus,  225,  divided  by  225,  gives  a  quo- 
tient 1,  and  this,  subtracted  from  225,  leaves  224,  which,  being  join- 
ed to  225,  forms  449,  the  sine  of  the  second  arc.  Again,  449  divi- 
ded by  225,  gives  2  for  its  integral  quotient,  which  taken  from  224^ 
leaves  222 ;  and  this,  added  to  449,  niakes  67 1,  the  sine  of  the  third 
^rc«  In  this  way,  the  sines  are  successively  formed,  till  the  qua- 
drant is  completed.  The  integral  quotients,  however,  are  deferred) 
that  is,  the  nearest  wliole  number  in  advance  is  not  always  taken: 

38 
Thus  the  quotient  of  1315  by  225,  is  5  — ,  which  approaches  near- 

45 

er  to  6,  and  yet  5  is  still  retained.    These  efforts  to  redress  the  er^ 

rors  of  computation  are  marked  with  asterisks. 

It  ^hould  be  observed,  that  each  of  the  three  composite  columns 

really  forms  a  recurring  series,  In  the  second  quadrant,  the  Erst  dif«* 
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ferences  become  subtractivei  and  tbe  same  numbers  for  tbe  sines  are 
repeated  in  an  inverted  order.  Bj  continuing  the  process,  these  sines 
are  refmxittced  in  the  third  and  fourth  quadrants,  only  on  the  oppo- 
site side. 

Such  is  the  detailed  explication  of  that  very  ingenious  mode,  wbicb, 
iff  certain  cases,  the  Hindu  astronomers  employ,  for  constnictiag  the 
table  of  approximate  sines.  But,  ignorant  totally  of  the  principles 
of  tbe  operation,- those  humble  calculators  are  content  to  follow  Uind- 
ly  a  slavish  routine.  The  Brahmins  mnst,  therefore,  have  derived 
such  information  from  people  farther  advanced  than  themselves  in 
science,  and  of  a  bolder  and  more  inventive  genius.  Whatever  may 
be  the  pretensions  of  that  passive  race,  their  knowlec^  of  trigono- 
metrical computation  has  no  solid  claim  to  any  high  andquity.  It 
was  probably,  before  the  revival  of  letters  in  Europe,  carried  to  the 
East,  by  the  tide  of  victory.  The  natives  of  Hindustan  might  receive 
instruction  from  the  Persiafi  astrononters,  who  were  themselves  taught 
by  the  Greeks  of  Constantinople,  and  stimulated  to  those  sdeotific 
pursuits  by  the  skill  and  liberality  of  their  Arabian  conquerors. 

The  same  principles  lead  to  an  elegant  construction  of  the  approxi- 
mate sines,  entirely  adapted  to  the  decimal  scale  of  numeration,  and 
the  nautical  division  of  the  circle.  Suppose  a  quadrant  to  contain 
16  equal  parts,  or  haff  points  ;  the  length  of  each  arc  is  nearly 

---•—=—>  and  consequently  twice  its  versed  sine  is  ( — -)*,   or, 

in  round  numbers,  — -.     It  will  be  sufficiently  accurate,  therefore,  to 

employ  100  for  the  constant  divisor*  The  sine  of  the  first  being  like- 
wise expressed  by  100,  let  the  nearer  integral  quotients  be  always  re- 
tained, and  the  sine  of  the  whole  quadrant,  or  the  radius  itself,  will 
come  out  exactly  1000.  The  first  term  being  divided  by  100  gives 
1  for  the  second  difference,  which,  subtracted  from  100,  leaves  99 
for  tbe  first  difference,  and  this  joined  to  100,  forms  the  second  tens. 
Again,  dividing  199  by  100,  the  quotient  S  is  the  second  difiTeience, 
which,  taken  from  99^  leaves  97  for  the  first  difference,  and  this  add- 
ed to  199,  gives  the  third  term.  In  like  manner,  the  rest  of  the 
terms  arc  found. 
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Half 
points. 


Arcs. 


1 

5* 

2 

IV 

3 

l6^ 

4 

22* 

5 

28** 

€ 

33* 

7 

39" 

8 

45" 

9 

50" 

10 

56^ 

11 

6l" 

12 

67^ 

13 

73" 

14 

78- 

15 

84" 

16 

90° 

S7J' 
15' 
52J' 
30' 

7V 
45'. 

22J' 

OO' 

37r 
15' 

52^' 
30' 

7V 

45' 

asi'. 

OO' 


Sines. 


100 

199 
296 

390 

480 

565 

64,  i 

717 
783 
841 

891 
932 
964 
9S6 

999 

1000 


IstPiff.   2dDiff. 


99 

97 

94 
90 
85 

79 
73 
66 
58 
50 
41 
32 
22 
12 
2 


1 
2 
3 
4 
5 
6 
6 
7 

8 
8 

9 
9 

10 
10 


Excess. 


If 


Correct 
Sines,  . 


3 
4 
5 

6 

7 

8 

9 

10 

9 

8 

7 
6 
5 

4 
3 


97 
^95 

291 
384 

473 
557 
69$ 

707 
774. 
833 
884 
926 

959 
982 
S95 


The  errors  occasioned  by  neglecting  the  fractions  accumulate  at 
first,  but  afterwards  gradually  diminish,  from  the  effect  of  compen- 
sation.  The  greatest  deviation  takes  place^  as  might  be  expected, 
at  the  middle  arc,  whose  sine  is  707  instead 'of  717-  Reckoning  the 
error  in  excess  as  limited  by  10,  and  declining  uniformly  on  each 
side,  the  correct  sines  are  finally  deduced.  The  numbers  thus  ob^ 
tained'  seldom  differ,  by  the  thousandth  part,  from  the  truth,  and  are 
lience  far  more  accurate  than  the  practice  of  navigation  ever  requires. 
This  simple  and  expeditious  mode  of  forming  the  sines  is  not  merely 
an  object  of  curiosity,  but  may  be  deemed  of  very  considerable  im« 
portance,  as  it  will  enable  the  mariner,  altogether  independent  of  the . 
aid  of  books,  to  the  loss  of  which  he  is  often  exposed  by  the  hazards 
of  the  sea,  to  construct  a  table  of  departure  and  difference  qfkftiiude, 
sufficiently  accurate  for  every  real  purpose. 

Note  LXXIII.— Page  367- 

In  trigonometrical  investigations,  it  is  often  requisite  to  determine 
the  proportion  which  the  difference  of  an  arc  bears  to  that  of  its  re« 
lated  lines.  With  this  view,  let  A  denote  tha  increment  or  finite 
difference  of  the  ^juantity  to  which  it  is  prefixed.  i 

1.  In  art.  29*  of  Note  LXVI.  change  A  into  A -f  A  A,  and  B  into  A ; 
then  will 
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Arm  As. 


4MMA=8i«iiAAeM(A-f  idA). 
2.  Make  the  same  change  in  art.  31.  of  that  Note,  and 
Ac<mA=— 2itii|AA«tii(A4.  iAA). 

5.  In  art.  2.  of  Note  LXX.  let  %  similar  change  be  made,  and 

mAA 

'cMAcof^A4.AA)* 
4*  Do  the  same  thing  in  art  4.  and 

A-  «A  mAA 

niiAnii(A4-AA) 

$•  In  art.  23.  of  Note  LXVI.  make  a  like  subetitutiony  and 
AitiiA*sniiAAnii(2A4.AA). 

6.  Let  the  same  change  be  made  in  art  23.|  and 
AC0iA*9--MAAiin(2A  4.  A  A). 

7.  Do  the  same  thing  in  art  l6*  of  Note  LXX.  and 

.,_^iiAA^ii9A^^AA) 

cSMVM(AJpAAp 

S.  Lastljy  let  a  similar  change  be  made  in  art.  17*  of  that  Kote»  and 

^'^'^    ^     «mA**tii(A+AA/* 

If  the  dtfferencet  be  conceived  to  diminish  indefinitely  and  pass  in- 
to difercntiaky  these  expressions,  in  coming  to  denote  only  linuUng 
ratios,  will  drop  their  excrescences  and  acquire  a  much  simpler 
form.  Thus,  adopting  .the  characteristic  d,  since  the  ratio  of  an  ar^ 
to  its  sine  is  ultimately  that  of  equality,  and  the  sine  of  A^dA 
may  be  considered  as  the  same  with  the  sine  of  A ;  it  follows,  that 

1.  dsinA:=+casAdA^ 

2.  dcosA^ac — ftfiAdA. 

3.  rflflnAasH --. 

co#A* 

dfA 

4.  dcotA  =  —  ■ .   .^« 

stnA 

5.  dsinA^^+^sinAcosAdA, 

6.  ioMA*s<— 2m  A  cos Ai^A. 

7.  dtank^^^ 


cos 


V 


«.  rfcofA*=s— 


2cotAdA 


$inA' 
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Note  LXXIV.— Page  379- 

Since/V  ^^^  LXXIII,  dmAspcosAdAf  or  ihe  ?afiatioa  of  Ifac 
sine  of  an  arc  is  proportional  to  its  cosine;  it  follows  that,  near  the 
termination  of  the  quadrant,  th^  slightest  alteration  in  the  value  of  a 
sine  would  occasion  a  material  change  in  the  arc  itself.    Again, 

rfA 

from  the  same  Note.  dianA^ — rT>  <>r  the  variation  of  the  tangent 

is  inversely  as  the  square  of  the  cosine,  and  must  therefore  increase 
with  extreme  rapidity  as  the  arc  approaches  to  a  quadrant. 


Note  LXXV.— Page  379- 

It  is  convenient  to  reduce  the  solution  of  triangles  to  algebraic 

Jbrmukt*    Let  a,  h  and  c  denote  the  sides  of  any  plane  tnangle*  and 

Af  B,  and  C  their  opposite  angles.     The  various  relations  which 

connect  these  quantities  may  all  be  derived  from  the  application  of 

Prop.  11. 

1»  Cos  A  ss ^7 — — -* 

26c 

2.  But,  since  (art.  l6»  Note  LXVI.)  m|A^=;}(l— h;(»A),  it  foUowSi 
by  substitution,  that  #tii|A*s -r ^= jr — ^ss 

5iitJA*=^ ~ '*  which  corresponds  to  Prop  14. 

3.  Again,  because  (art.  17.  Note  LXVI.)  co«}A^=:|(1-|-cmA)|  by 

V..-W  'iA»    26c+6*4-c»-a^_  (6+cy--a» 

substitution,  C(w*  A*=: -f- =:  -^ 7— r—  s 

*  46c  46c 


Co*JA*s:-^-T — h  which  agrees  with  Prop.  13. 

4.  The  second  expression  being  now  divided  by  the  third,  gives 
T(inJA*=: — r — ^ -#  corresponding  to  Prop.  12. 
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These  are  thtformuh  wanted  for  the  solation  of  the  first  case  of 
oblique  angled  triangles.  To  obtain  the  rest,  another  transformatioo 
is  required. 

5.  It  is  manifest  that  staA'ssl — cosA*= ^^^ -, 

4T*  2T 

and  consequently,  by  Note  XLIX.,  naA^Sy;-^,  or  sin  A  zz -r— 

For  the  same  reason.  «tiiB;=  — i  and  hence   -:-k^-t-;  which  cor- 

ac  tftfiB      b 

responds  to  Prop.  9* 

6.  Again,  by  composition,  ^JJXX^aB^^TZ*  *°^  ^^^rtfon,  by 
art  IS.  Note  LXX., 

fH-yss  ^:         ,^.»  wtich  agrees  with  Prop.  10. 
•     a-f6     ^flaiCA+B)  *  ^ 

7.  Lastly,  transforming  the  first  expression,  there  results, 
=  V^(  (6+cy— 2A<I  +f<wA)  ). 

The  precedingybrwate  will  solve  all  the  cases  in  plane  trigonomc- 
try ;  but,  by  certain  modifications,  they  |oay  be  sometimes  better  a« 
dapted  for  logarithmic  calculation. 

J. 

8.  Divide  the  terras  of  art.  6.  by  a,  and  ^^^KA— B) a^ 

leti.==  tan  x,  and;^''g^2S=4;?^=  (^^t.  6.  Note  LXX.) 
a  tani{A+b)      l-^lan  x       ^  ' 

ian  (46°—*).     Wherefore  —  —  ian  ir,  and  <a»(45°— ^)  =: 

/fl»4C(— co/(i€+A)).' 

9.  Again,  from  art.  7-  a=:  V  (  (A— <^)'  +-2*^  wr*A  );=; 

{b—^  V'  ( 1  +  — — .  i;f r* A  )  ;  consequently  find  tan  j= 

V23r    .  a/^^  •/      ^ 

-r— V  wn  A  =2-r^mJA,  and  a  =  (*-<:)  x«  x=^Ili. 

^       *  ^— ^  COS  JP 

10.  But  the  expression  in  art.  1.,  by  a  different  decomposition. 


I J 
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gives  a=:V^((3-|-f)*—  2*^  5in7fr5A))=:(3+0'^(l— •77 ^versA); 

iR^herefore  find  ftn  x  r:  — Vsvoerskzi^  -  .  .-  <;o*J A,  and 

a  zz  {b+e)  cos  m. 

1 1  .Other  expressions  are  likewise  occasionally  used.  Thus,  hy  art.  I , 

2bc,  cos  A  =  i*  -f  c*— ^*,  or  c*  —-26c,  cos  A  =  a*  —  6*,  and,  solving 

this  quadratic,  we  obtain  c  zs  h  cosAzizV  {a*  ^^b*  -J-  i*co*A*)  n 

ftcosA=tr\^(a*-&*«iiA*),orc=6c(wA=±:\^((a+^5*»A)(a-6«wA)). 

When  two  sides  and  an  angle  opposite  to  one  of  them  are  given,  the 

third  side  is  thus  found  by  a  direct  process. 

s%nlC 
13.    From  art.  5,  cssa  ,    -;  but  C  being  a  supplementary  angle, 

its  sine    is   the   same    as    that    of   A  -)•  B,    and    consequently 

sinAcosB'^cosAsinQ^      „         •    -i     .^       r     <  .• 
© ss fl ( •   T.        ■     ■  j •    By  a  similar  transformation. 


^2n(B4.C)        ^^Bco«C.^c(»B^'nC       coshJ^sin&cotC* 

13.  Lastly,  from  art.  3.  of  Note  LXX,  ^a/A+ro^C=:i^lA+-2 

.  unAsmC 

= — r77,  and  therefore  gofAss      .         cofCis 


a  sinC 


or  /a»A  = 


b^HicosC' 


If  the  angle  A  be  assumed  equal  to  90%  the  preceding /ormuZs 
will  become  restricted  to  the  solution  of .  right-angled  triangles. 


14.  From  art.  1,  co*A=03a:— i--- ;  whence,  a*s=ih*  +  cK 

2bc  '  -r     » 

which  expresses;  the  radical  property  of  the  right  angled  triangle. 

15.  From  art.  5,  -: — s— »,  and  consequently  iinRs: — ^  which 

sinA      a  a 

cprresponds  with  Prop.  7* 

16.  Again,  from  the  same  article,  — s=  -r-rr^ — n*  and .  there* 

*  c      sinK^      cosu 

fore  tanB^ — ::zcotC. 
c 
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For  the  coovt> Dience  of  compating  with  logaritbmsi  other  exprts^ 
sioDS  may  be  produced. 

17.  Thuf,  from  art.  14.|  6*=a* — c%  and  hence 
6=V((a+c)(a-c)). 

18.  Since  a*=^^(i  +  -iir),  put  -  zztanx^  and  azzh{$ec  x)? 


19.  Laitlyi  because  j*=a*(l — -~)|  put — =nfi  x,  and  6s=:a.cos  z. 

Besides  the  regular  cases  in  the  solution  of  tnaag^  other  com- 
binations of  a  more  intricate  kind  sometimes  occur  in  jmictice.  It 
will  suffice  here  to  notice  the  most  remarkable  of  these  varieties. 

SO.  Thus,  suppose  a  side,  with  its  opposite  angle  and  the  sum  or 
difference  of  the  containing  udes,  were  g^ven,  to  dettrmme  tbe  tn- 

ftogle*    By  art.  5t,  as    .  ^-a  ■  ■      1   and  therefore 

=   nn^X^   -"   rBHM^C  ^^  ("t  5.  and  18.  Note  LXVL) 

(fe+c)a«ki(B-hC)co«i(B+C)  _(t+c)c<Mi<B+C) 
2«iiJCB+C)cotJ(&— C)  CMJKB— C)  ~  * 

Bat  «»J(B+C)=«"iA,  and  hence  coi}(B— Q5=^i±£ll^. 

and  the  difference  of  Ihe  supplementary  angles  B  and  C  being  known, 
these  angles  themselves  are  hence  found. 

In  like  manner,  it  will  be  found  that  Mfi)(B«.-C)  =^ 


a 

21.  Let  a  side  with  its  adjacent  angle  and  the  •!»»«  of  the  other 
sides  be  given,  to  determine  the  triangle.     By  art.  4. /an|A^s 

^''^  and  tan  J  B*=tr±fzf  j  whence  fan  J  A*  im  h  B*= 


'"^^"3^)*,  and  consequenUy  /afiiAta»iBsst=?-.C2±fii:5, 


or  co^iBss/oiiJA^iiiH^ 

Again  by  art.  1 ,  ftbe  «wABt**+c*--^,  or  «*--**— c*-:—2^.caiA, 
and  adding  2ab  +  26*  toboth  sides,  a»+2a6+6*— c*=2fl5+2**— 
26c.€0#A,  or  (a+6)»— c»=:2Ka+6-^.coiA) ;  wheuce  (  {a+h)+c) 
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((a+»-c)=2i(«+^i««A).  and  i=  jXifd^igKg^^f)  , 


If  the  sigu  of  6  be  changed,  and  the  supplement  of  its  adjacent 
angle  therefore  assumed,  we  shall  obtain 

cotjB  =:  ta^jA'^-^l'-^},  tod  faj^  Ma-^)  Hf+y ^  ). 
*    c— (*— ^)  *       cccwA— ^a — if) 


The  relation  of  the  sides  and  angles  of  a  triangle  might  also  be 
in  some  cases  conveniently  expressed  by  a  converging  series.    ThUs 


— ^ ^ — — ,  and  consequently 

a      sin  A     sm(fi+C)    sinBcosC+coslisinC 

h  iinB  cosC+b  cosB  stnCzsamB.  or ; -^  s=! — ^r  ==  to^^ 

'  a — 6  cosC      cosD 

b  b^ 

"Wherefore,  by  actual  diviaon,  ^onBr:— «iiC  -|-  -^  sinC  co«C  ^ 

• — |tjiCcoiC^4- — mCcosC^*)*  ^* »  ^^»  substituting  the  powen  of 

this  expression  for  those  of  the  tangent  in  the  series  of  Note  LXXI., 

we  obtain  Bis;  —  tinC  +  ^sia£  cotC  4.  -il(4K;(ttC*— l)«tfiC-f* 

^  3  5* 

— (2c<mC* — l)sinCcosC+  &c.;  or — «t»C  +  — --  «m2C4« 

**  ■«ji3C+-^««4C+  &c; 


3a*  4a* 

In  certain  extreme  cases,  approximations  can  likewise  be  employ- 
ed with  advantage*  Thus,  suppood  the  angles  A  and  B  to  be  ex- 
ceedingly small;  then,  by  the  last  paragraph  of  page  364,  their 
versed  sines  are  very  nearly  equal  to  half  the  squares  of  the  sines. 
Wherefore,  sinC,  or  sin  (A  +  B)  =  (art.  1.  Note  LXVI,), 
MiiA.(l' — }«iiiB*)  4-^6(1 — j^sinA*-)  nearly,  an^  consequently, 
by  art.  5«,  c=(a-{*5)  (l — ^sinAsinB);  or,  the  arcs  being  nearly 
equal-  to  their  sines,  substitute  c  for  a  -f-  3  in  the  second  or 
differential  term,  and  c=a-)-3--icAB.     Again,  put  C=t— I,  or 

#=:A+B,  and  (a+5)(J<wA«iiiB)=:J«t»A««B^^.^J-^ 
nearlyi  or  c:;:a4-3-<^i- 


aJJi^b 
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Note  LXXVI.— Page  388. 

This  problem^  which  is  employed  with  great  advantage  in  mari- 
tiuie  turreyiog,  admits  likewise  of  a  convenient  analytical  soluUon. 
Let  the  given  distances  AB»  BC  and  AC  be  denoted  by  a,  b  and 
c,  and  the  observed  angles  ADB  and  CDB  by  m  and  n  ;   then 

(art.  5.  Note  LXXV.)  BD=iii22^=*i25£2,  or  tf!^^ 

sinm  smn  asutn 

BCD  I"*"  ismm+u  sin  «=«.ftAP+maCD=  ^"^  "*  ^°^^ 


the  quadrilateral  figure  D ABC  being  evidently  given,  the  sum  of  the 

I 

Temainiug  angles  BAD  and  BCD  is  given,  and  each  of  them  is  con- 
sequently found.  Hence  the  triangles  ABD  and  CBD  are  imme- 
diately determined. 

•  This  most  useful  problem  was  first  proposed  by  Mr  TownIey,'and 
solved,  in  its  various  cases,  by  Mr  John  Collins,  in  the  Philosophic 
cal  Tran^ctions  for  the  year  1671.  The  second  solution  given  in 
the  text  is  borrowed  from  Legeudre. 


■     Note  LXXVIL— Page  390. 

This  useful  problem  is  commonly  solved  by  the  help  of  spheri- 
cal trigonometry.  It  admitS9  however,  of  a  simple  and  elegant 
general  solution,  derived  from  the  arithmetic  of  sines.  Let  a  and 
h  denote  the  two  vertical  angles,  or  the  acclivities  of  the  diverging 
lines,  A  the  oblique  angle  which  these  contain,  and  A'  the  reduced 
or  horizontal  angle.  Since  the  magnitude  of  an  angle  depends 
not  on  the  length  of  its  sides,  assume  each  of  them  equal  to  the 
radius  or  unit,  and  it  is  evident  that  the  base  of  the  isosceles  iu-^ 
angle  thus  limited  will  be  the  chord  of  the  oblique  angle  A,  the 
perpendiculars  from  its  extremities  to  the  horizontal  plane,  the 
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sineSy-— and  the  horizontal  traces  or  projections,  the  cosines,  of  the 
vertical  angles  a  and  b.  The  base  of  the  isosceles  triangle  forms 
the  hypotenuse  of  a  right-angled  vertical  triangle,  of  which  the 
perpendicular  is  the  difference  between  the  vertical  lines.  Conse- 
quently the  square  of  the  reduced  base  is  equal  to  the  excess  of 
the  square  of  the  chord  of  A  above  the  square  of  the  difference 
of  the  sines  of  a  and^,  or 

(cor,  6.  def.  Trig.)  t — 2cosA — (sin  a — sinb)*ss 
(II.  18.  £1.)  2 — tcosA'-'^^a^ — sinb*+isinasinbsi 
(2.  cor.  def.  Trig.)  eos  a*  -f  ^^  ^*  4"  ^^"  ^  *^  ^ — 2cosA» 
"Wherefore  (Prop.  11.  Trig.)  in  the   triangle  now   traced  on   tBr 
horizootal  plane,  2cosaca$b  coiA'  ss  2cosA  —  2sin  a  ginb;    and 
multiplying  by  J  sec  a  sec  bt  there  results  (cor.  4.  def.  Trig.), 

1.  CosA':ssec  a  sec  b  cos  A — tan  a  tan  b. 

This  expression  appears  concise  and  commodious,  but  it  may  be 
still  variously  transformed. 

For  vers  A'  sz  1  — cm  A'  =:  1  -f-  ion  a  tan  b  —  sec  a  sec  b  eos  A 
::z  secasecb(joosacosb  ^  smasinb  —  cosA)ss^ 
(Prop.  2.  Trig.)  sec  a  sec  b  {cos  (a  —  b)  —  cos  A);  whence 

2.  VersA'issec  a  sec  b  (joersA^^vers  (a — ^).) 

Again,  because  (2.  cor.  1.  and  3.  cor.  5.  Trig.)  versA^sz^  sin^A^^  and 


vers  A — vers  (a — b)=i2stn       '  ^        '  •stn  /,  we  obtain, 

by  substitution. 

Of  these  fotmahty  the  first,  I  presume,  is  new,  and  appears  dis* 
tinguished  by  its  simplicity  and  elegance.  The  hist  one  however  is, 
•n  the  whole,  the  best  adapted  for  logarithmic  calculation. 

When  the  vertical  angles  are  small,  the  problem  will  admit  of  a 
very  convenient  approximation.  For,  assuming  the  arcs  a,  ^as 
equal  to  their  tangents,  it  follows,  by  substitution,  that  co^A'sss 
iro«AV(i  +  a*)V(i  +  A*)— «ft=coM((i+  K)(i  +  J5*))— tfA 
=co*A(i  +  Ja*  +  J6*)— «*,  nearly.  Whence,  by  Note  LXXHf., 
tlif  decrement  of  the  cosine  of  that  oblique  angle  is 
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(II.  19.  EI.)  <,J=(tt*)«_(tZ*)Vand 

(II.  21.  El.)  }a'+i6»=  (f±-V+  {!—)• ; 
wherefore  the  decrement  of  cosAfss 

(i±*).-.(ii:V-co.A((-4.V+(^)0- 

(!+*).(.- «iwA)-C^)*  (»+«»A). 

Conieqnently  the  increment  of  the  oblique  angle  itself  is,  by  Nott 
LXXIII, 

(^*)«(i^)-(^)»(Ii^Mart  15.  Note  LXX.) 
(5±.V  ««,iA-^'«,«JA. 

Such  ie  the  theorem  which  the  celebrated  Legendre  has  given, 
for  reducing  an  oblique  angle  to  its  projection  on  the  horizontal 
plane.  It  b  very  neat,  and  extremely  useful  in  practice.  But  to 
connect  it  with  our  division  of  the  quadrant,  requires  some  adap* 
tation.    Let  a  and  b  express  the  vertical  angles  in  minutes ;  then 

wilu(^i-)»teiiJA--.(-— )*co/JAJ— -J  denote,  likewise  iu  mi- 
nutes, the  quantity  .of  reduction  to  be  applied  to  the  oblique  angle. 


In  computing  very  extensive  surveys,  it  becomes  necessary  to  allow 
for  .the  minute  deii^ngements  occasioned  by  the  convexity  of  the  siu> 
face  of  our  globe.  The  sides  of  the  .triangles  which  connect  the  sac? 
cessive  stations,  though  reduced  to  the  same  horisontal  plane,  may  be 
considered  as  formed  by  arcs  of  great  circles,  and  their  solution  hence 
belongs  to  Spherical  Trigonometry.  But,  avoidmg  such  laborious 
calculationSi  for  which  indeed  our  Tables  are  not  fitted,  it  seems  far 
better  to  estimate  merely  the  deviation  of  those  incurved  triangles 
from  triangles  with  rectilineal  sides.  For  effecting  that  correctioa 
two  ingenious  methods  have  lately  been  proposed  on  the  Continent. 
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The  first  is  that  employed  by  M.  Delambre,  \vho  substitutes  the  chords 
for  their  arcs,  and  thus  converts  the  small  sph^cal,  into  a  plane, 
triangle.  This  conversion  requires  two  distinct  steps.  1.  Each 
spherical  angle,  or  that  formed  by  tangents  aC  the  surface  of  the 
globe,  is  changed  into  its  corresponding  plane  angle  contained  by  the 
chords.  Let  i«  and  ^  express  the  sides  or  arcs  in  miles ;  and  the 
angles  of  elevation,  or  those  made  by  the  tangents  and  the  respective 

chords,  will  be  (III.  29.  El.)  denoted  by  ^Jg^gi*   ^^    sJsiS^ 

1350'  1350' 

in  minutes,,  or  ■■  ■  <i  and  ^TTrrfi*  Insert  these  values,  there- 
fore,' in  place  of  a  and  b  in  the  formula  of  the  preceding  note,  and 
ihe  quantity  of  reduction  of  the  angle  A,  contained  by  the  small  arcs 

«  and  fif  will  be(  («+/«)*  tan  %A— (•— /8)*  cot  4^*)-^— ^  in  seconds. 

2.  Each  arc  is  converted  into  its  chord :  But,  by  the  Scholium  to 
Prqjposition  VI.  of  the  Trigonometry,  an  arc  «  is  to  its  chord, 

as  1  to  1 — 7^;  wherefore  the  diminution  of  that  arc  in  passing 

into  its  chord,  amounts  to  the  ^     ^^^^^  part  of  the  whole. 

These  reductions  bestow  great  accuracy,  and  are  sufficiently  com- 
modious .in  practice.  But  the  second  method  of  correcting  the 
effects  of  the  earth's  convexity,  and  which  was  given  by  M,  Legendre^ 
is  distinguished  by  its  conciseness  and  peculiar  elegance.  That  pro* 
found  geometer  viewed  the  spherical  triangle  as  having  its  curved 
sides  stretched  out  on  a  plane,  and  sought  to  determine  the  variation 
which  its  angles  would  thence  undergo.  Analysis  led  him,  through  a 
complicated  process,  to  the  discoveiy  of  a  theorem  of  singular  beauty. 
But  the  following  investigation,  grounded  on  other  principles,  appear^ 
to  be  much  simpler. 

Let  A  and  B  denote  any  two  angles  in  the  small  spherical  tri- 
angle, and  «  and  $  express  in  miles  the  opposite  sides,  or  those  of  its 
extension  upon  a  plane.  Since  (Prop.  9.  Trig.)  m:  fi  ::  sinA  :  jmB, 
there  must  exist  some  minute  arc  9,  such  that  ^  misinfl::  «ifi(A-|-l) ; 
m(B+$:),  But  (art.  1.  Note  LXVI.)  sm  (A+$)zsmh+9cosAj  and 

6g« 
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(Schol.  Prop.  VI.  Trig.)  «««=«—^;  whence  « g-  :  ^ ^    :: 

mA+l  cmA  :  sinB+i  cosB.  Now  /•:•::  «nB :  WaA,  and  there- 
fore,  (V-  9.   EC)  1— ^*-  J— ^  iisinAsinB  +  9cosAnnB: 

sin  A  imB+$  sin  A  cosB.  But  the  first  aod  second  terms  beiog 
very  nearly  equal,  and  likewhe  the  third  and  fourth, — it  is  obvious 
that  the  analogy  will  not  be  disturbed,  if  each  of  those  psdrs  be 

increased  equally.  Hence  1  :  1  -| —  : :  wA  sinB  :  sin  A  sinB+ 

i  (sin  A  cos  B— CM  A  sin  B)  ;  and  since  (Prop.  1.  Trig.)  sin  A  cos  1& 

— cmA««B  =  «ii(A— B),   therefore   (V.  10.  Ef.)   ^  •  — g —  - 

sinA  sinB  :  I  *m(A— B).      Consequently,    since  #  and  ^  ate  pro- 

portional  to  sin  A  and  ««B,  I  (5:«  A— B)  =:  sin  A  sin  B(^   ^   .;= 

-T-/^«iiA*  —  ««B*  )  =  (Proposition  III.  cor.   5.  Trigonometry,) 

!^(«if(A+B)  m(A— B)), wl=^  ««(A  +B).     But  the  sinc^of 

the  sum  of  A  and  B  is  the  same  as  that  of  their  supplement  C,  or 
of  the  angle  contained  by  the  sides  #  and  fi ;  and  consequently  #  is 

the  third  part  of  ~  sinC,  the  area  of  the  triangle,  or  iht  third  part 

of  the  excess  of  the  angles  of  the  spherical,  above  those  of  the  plane, 
triangle.  Wherefore  the  sines  of  the  sides,  which,  iu  the  spherical 
triangle,  are  as  the  sines  of  their  opposite  angles,  are  likewise  pro- 
portioned, in  the  plane  triangle,  to  the  sines  of  those  angles,  increa- 
sing each  by  the  common  excess.  It  is  hence  evident,  that  the  angles 
of  the  plane  triangle  are  obtained  from  those  of  the  spherical,  by 
deducting  from  each  the  third  part  of  the  excess  above  two  right 
angles,  as  indicated  by  the  area  of  the  triangle. 

The   whole  surface  of  the   globe    being  proportioned  to  720*, 
that  of  a  square  mile  will  correspond  to  o^w  &/.•  v  70 1  g*    ^^   '^^ 

part  of  a  second.    Hence  each  angle  of  the  small  spherical 


75.88 

1e   renuirpa  ti%  h«  diminislic»d   hv  mA  xin  C, 


triangle  requires  to  be  diminished  by  afi  sin  C-rrrr^  in  seconds. 
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.  iVnother  problem  of  great  nse  in  the  practice  of  delicate  surveying 
is  to  reduce  angles  to  the  centre  of  the  station.  Instead  of  planting 
moveable  signals  at  each  point  of  observation,  'it  will  often  be  found 
more  convenient  to  select  the  more  notable  spires,  towers,  or  other 
prominent  objects  which  occur  interspersed  over' the  face  of  the 
country.  In  such  cases,  it  is  evidently  impossible  for  the  theodolite 
or  circular  instrument,  although  brought  within  the  cover  of  the  build- 
ing>  to  be  placed  immediately  under  the  vane.  ThQ  observer  ap- 
preaches  the  centre  of  the  station  as  near,  therefore,  as  he  can  with 
advantage,  and  calculates  the  quantity  of  error  which  the  minute 
displacement  may  occasion.  Thus,  suppose  it  were  requi^'ed  to  de* 
termine  the  angle  A06  which  the  remote  objects  A  and  B  sub- 
tend at  O,  ^be  centre  of  a  permanent  station :  The  instrument  is 
placed  in  the  immediate  vicinity  at  the  point  C,  and  the  distance 
CO,  with  the  angle  of  deviation  OCA,  are  noted,  while  the  principal 
angle  ACB  is  observed.  The  central  angle  AOB  may  hence  he 
computed  from  tlie  rule$  of  trigonometry  ;  but  the  calculation  is  ef- 
fected by  simpler  and  more  expe- 
ditious methods.  Since  (1. 32*  £1.) 
the  exterior  angle  ADB  is  equal 
both  to  AOB  with  OAG,  and  to 
ACB  with  OBC ;  it  is  evident  that 
AOB  =s  ACB  +  OBC  —  OAC. 
But  the  angles  OBC  and  OAC, 
being  extremely  small,  may  be 
considered  as  equal  to  their 
sines,  and  (art.  5.  Note  LXXV.) 

CO 
sin  OBC  =  ^  sin  BCO,     and 

CO 

sin  OAC  =  ^  sin  ACO;  wherefore  the  angle  AOB  at  the  centre^ 

is  nearly  equal  to  ACB  +  CO  (f!!^^-!!^^)  ==  ACB  + 


ices  AC  and 


CO  ( ^»«(ACB-HACO)     mACO.       ^  ,_    .     ^.  ^ 

^^  K Q]g jj^  ).      Call  the  distar 

BC  of  the  point  of  obsen-ation,  a  and  5,  the  distances  AO  and 
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BO  of  the  centre  §f  Mid  i^;  the  displacement  CO,  and  the 
angle  ACO  of  deviation  m  and  f ,  while  the  subtended  angles 
ACB  and  AOB  are  denoted  by  C  and  C%  and  the  opposite  angles 

ABO«KlOABbyA«wiB,  th«nC'=C+«(S2(^-'^)  3«S'. 

If  the  centre  O  lies  on  AC,  the  correction  of  the  observed  angle, 

expressed  in  minutes,  will  be  merely  ( -rr  'taC  )  3438. 

But  the  problem  admits  of  a  simpler  approximation.  Let  a 
circle  circumscribe  the  pomts  A,  O,  and  B,  and  cut  AC  in  £. 
The  angle  AOB  =s  (III.   18.  £1.)   AEB  =:  ACB  -f-  CBE  ;    hut 

itaCBEs  gg  naACB,   and    itsOECsmAEO  or  ABO  ifi 

CO 
equal  to  ^  mCOE  or  AEO  —  ACO,  and  henoe  by  combinatioB 

.  -,«p        CO  «« ACB  nit  (ABO  —  ACO)     «.        ^,      .       _-, 
staCBE  s:   ««  .   .^^  ■.    Smce.  therefore,  EB 

£B  ftiiABO  '  ' 

18  nearly  equal  to  OB,  and  the  small  angle  CBE  may  be  regarded 
as  equal  to  its  sine,  the  correction  to  be  added  to  the  obeerred  an- 
gle is  denoted  in  minutes  by  -y  k^  3438.  This  quantity, 

it  is  evident,  will  entirely  vanish  when  ^  becomes  equal  to  A,  or  tkt 
angle  ABO  equals  ACO ;  in  which  case,  the  point  of  observation  C 
coincides  with  E,  or  lies  in  the  circumference  of  a  circle  that  passes 
through  the  two  remote  points  A  and  B  and  centre  of  the  station. 
To  place  the  instrument  at  £  therefore,  would  only  require  to  move 
it  along  CA,  till  the  angle  AEO  be  equal  to  ABO. 

Both  these  methods  for  the  reduction  of  an  angle  to  the  centre  are 
given  hy  Delambre ;  but,  in  his  calculations,  he  generally  preferred 
the  last  one^  as  being  simpler  and  sufficiently  accurate  for  practice. 
The  investigation  however  will  be  found  to  be  now  considerably 
shortened. 


The  accuracy  of  trigonometrical  operations  must  depend  on  the 
proper  selection  of  the  connecting  triangles.  It  is  stry  important, 
therefore,  in  practice,  to  estimate  tbe  variations  which  are  produced 
among  tbe  several  parts  of  a  triangle,  by  any  change  of  their  mutual 
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relations*  .  Suppose  two*of  the  tbree  detertniniDg  parts  of  a  triangle 
to  remain  constant,  while  the  rest  undergo  some  partial  change ;  and 
let,  as  before,  the  small  letters  a,  h  and  c  denote  the  sides  of  the  tri- 
angle,  and  the  capites  A,  B  and  C  their  opposite  angles. 

Case  L — When  two  sides  a  and  b  are  constant 

4 

Since  the  angles  A  and  B,  after  passing  into  A-f-AA  an^  B-f-^B, 
must  have  their  sines  still  proportional  to  the  opposite  sides,  it  is 

V 

evident  that  ■ .  >-     . — rT=     ^t>  .     r>vf  and  consequently 

tion  and  art.  7.  Note  LXX.,  '  ' 

ianjAA  __  tan(A + j  aA) 
* /fl«iAB'"^an(B4-4AB) ' 

Next,  in  the  incremental  triangle  formed  b^  the  sides  c,  c-|- Ac,  and 

<»  * 

the  contained  angle  A  A,  (art.  1.  Note  LXXV.)- 


«if(A+AA)— «i»A     ««fB+AB)— tfinB        ,       -        .        ,. 

'  )a  .  A  A\  .    •  A=  '  /pTad\  .      T>'    wherefore,  by  altema- 

f»(A+AA)-|-«»iA     s%n{B'^Ab)+stnB  • 


C-I-^AC 


— ^    T\ — ^9  ^^  hence  reciprocally, 


■*— • 


•2        JAc     _  c+lAc 

tan^AA  co/(B+iAB) 

In  like  manner,  fi-om  the  incremental  triangle  contained  by  the 

sides  c,  c-(-Ac  and  the  angle  ^B,  it  follows  that 

^•^ojijAB"".      co^(A+iAA)' 

Again,  the  base  of  the  incremental  isosceles  triangle  contain- 
ed by  the  equal  sides  ^,  b,  and  the  vertical  angle  AC,  is  (art.  15. 
Note  LXXV.)  ^bsin  AC;  wherefore,  in  the  incremental  triangle 
formed  with  the  same  base  and  the  sides  c  and  €'-{*  Ac,  by  art.  20. 

Note  LXXV.,  co5(A+iAA)  ^     ^^+j^y^^;  whence 

0  SIH^AC 

sinjAB  __  bcosjA+jAA) 

After  the  same  manner,  it  will  be  found  that  ..  t 

sinjAA  gcoKB+^AB), 

^'  wii^aC  ^  c+iAc 


^7^ 
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MoIUply  tbe  expretaiom  of  art.  4.  kilo  those  of  art  3.  and 
6     <A  6#fii(A+tAA) 

■  tm\AC  ca*iAa 

Multiply  likewise  the  expressions  of  art  2.  and  S.,  and 
jAc    _iin»(B+4An)^ 
"  m4AC  coftiAA 

If.  in  all  the  preceding  fwrnukt^  the  inerements  annexed  to  the 
Tarying  quantities  be  omitted,  there  will  arise  mach  simpler  expres- 


sions fo 


the  differentials. 

dA      fgnA 
2B"  ianV 

dc  e 

a  A         .a>/ 

d^     * 

4.  3g=-— c«A. 

-   dA  fl       _ 

^*  j?T  ss  —  —  eosD. 
aU  c 

6.  ^s^mA. 
7*  oT?  s  fl  ftfiB* 


Case  Ui<»>imffi  oae  side  a,  and  its  oppotite  angle  A,  art  comtani. 


Since  (art  5.  Note  LXXV.) 


— T-=-r-K-»  it  is  evident  that 

amBsfmA,  and  taking  the  differences  by  art.  1.  c^  Note  LXXIIL 

A«««A=2<i««|ABco.(B+iAB),  whence  2^=-—^^^. 

and  consequently,  by  art.  5.  of  Note  LXXV.' 
<ti?|AB  _      nwfAC  mB 

iA3     -~   4A6    =^6aw(B+iABy 
In  like  manner,  it  will  be  found  that 

»m|AB_^*wijAC  mC 

^     4  Ac    ^        I  Ac    =^"*caw(C+fACy 

Combine  the  two  last  expressions,  and 

A5_      coj(g+tAB) 
Ac c(M(C+iAC)' 
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^he  differentials  are  discovered;  by  rejec^g  the  modifications  ot 

the  variable  quantities.  ^ 

^^  dB      sinB       tanB 
"  db     AcosB    0     b   * 

dB  sinC  tanC 


^ 


'• 


dc  ccoaC 

♦  lo  —  —      £2f? 


Case  III. — JVhen  one  side  a^  and  its  adjacent  atngU  B,  (fre  constant,  . 

In  the  incremental  triangle  contained  by  the  side;  j.  ^-f- A6y  and 

AC)  it  i9  evident,  (art.  5.  Note  LXXV),  that 

,.       Ac  Ac  {  ^+A5 

«t/»AC  ftnA-iL       «jr(A4-AA)         mA  ' 

Again,  in  the  same  incremental  triangle,  (art.  6.  Note  LXXV.} 

,^       iA5    _^  \i^h     __       bJtht^h 

Or,  transforming  the  preceding  expression^ 

i^=  _ ,    ,^  jTiw  ^,,  =(art.  1.  Note  LXX.) 
b  ^aii(A+jAA)+<tf*iAA      ^  ' 

*      ^        nii(A4^AA)         -'^  *      ^«Mi(A+AA)/' 

wherefore, 

13      ^A6    _  %A&    _wgQ<A+iAA). 

«niAC  ""        wn^AA  ""     V  «ii(A+AA)  ^* 
Again,  in  the  same  incremental  triangle,  by  art.  20.  Note  LXXY. 

hh  Ab 

«w(A +iAA)  =  —  (— cwiAC)  =  —  co«iAA ;  whence 


Ac  ^  'Ac 

^^    Ab       co<A+|AA) 
Ac  cotf^AA 

The  differentials  are  fouAd  as  before,  by  the  omission  of  the  mf" 
nute  excrescences* 

^         dc  ^       dc  ^    h 
^^'  5C"~rfA";SA' 


dC  ■"      rfA  ""  tanK^ 


^T  h  MOTES  AUB  nXUSTBATIOm. 


•  14.  -r  =  cMA. 
cc 

T«  compute  the  valaes  of  the  finite  difierences,  when  these  diier* 

•nces  tbemtelvet  are  involved  in  their  oonpoond  ezpressioD,  the 

easiest  method  is  to  proceed  by  repeated  approximatioost    TfaoSf 

from  art  3*  Ac  ss-*- — ^.  ,  .'^.  {2c+Ae);  assume,  therefore, 

£nt.  Ac  *=  —  2c ;  and  then.  Ac  r: — ---^ r 

Mi,  AC  -        co<(A+iAA)       '  '  «rf(A+|AA) 

(2c /a*^xaA^  ^^     ^^  ^^  ^^  seldom  be  requisite  to  advance 

beyond  two  steps  ;  though,  the  process^  if  continued,  would  evidently 
form  an  infinite  converging  series. 

When  only  one  part  of  a  triangle  remains  constant,  the  expressions 
lor  the  finite  differences  wilt  often  become  extremely  complicated. 
It  may  be  sufficient  in  general  to  discover  the  relations  of  the  dif- 
lerentials  merely.  To  do  this,  let  each  indeterminate  part  be  sup- 
posed 10  vary  separately,  and  find,  by  the  preceding  ybrma/dr,  the 
effect  produced ;  these  distinct  elements  of  v^iriation  being  collected 
together,  will  exhibit  the  entire  differential. 

The  materials  of  this  intricate  Note  appear  in  Cagnoli,  hat  the 
subject  was  first  started  by  our  countryman  I^Ir  Cotes,  a  mathema- 
tician of  profound  and  original  genius,  in  a  brief  tracts  entitled 
Eitimaiw  errorum  in  muaid  Mathesi.  It  is  unfortunate  that  I  have 
not  room  for  explaining  the  application  of  those  formulae  to  the  se- 
lection and  proper  combination  of  triangles  in  nice  sunreys. 


Having  in  some  of  the  preceding  notes  briefly  pointed  out  the  se- 
veral corrections  employed  in  the  more  delicate  geodesiacal  opera- 
tions, I  shall  subjoin  a  few  general  remsffks  on  the  application  of 
trigonometry  to  practice.  The  art  of  surveying  consists  in  deter- 
mining the  boundaries  of  an  extended  surface.  When  performed  in 
the  completest  manner,  it  asceitains  the  positions  of  all  the  promi- 
nent objects  within  the  scope  of  observation,  measures  their  mutual 
distances  and  relative  heights,  and  consequenUy  defines  the  various 
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eentours  which  mark  the  tarface*  But  the  land-surveyor  seldom 
aims  at  such  minute  and  scrupulous  accuracy;  his  main  ob* 
ject  is  to  trace  expeditiously  the  chief  boundaries,  and  to  compute 
the  superficial  contents  of  each  field.  In  hilly  grounds,  however,  it 
is  not  die  absolute  sur&ce  that  is  measured,  but  the  diminished 
quantity  which  would  result,  had  the  whole  been  reduced  to  a  hort<<' 
xontal  plane.  This  distinclaon  is  founded  on  the  obvious  principle^ 
tiiat,  since  plants  shoot  up  vertically^  the  vegetable  produce  of  a 
swelling  eminence  can  never  exceed  what  would  have  grown  from 
its  levelled  base.  All  the  sloping  or  hypoteousal  distances  are, 
tiierefore,  reduced  invariably  to  their  horizontal  lengths,  before  the 
calculation  is  begun. 

Land  is  surveyed  either  by  means  of  the  chain  simply,  or  by  com* 
bining  it  with  a  theodolite  or  some  other  angular  instrument.  The 
ieveral  fields  are  divided  into  large  triangles,  of  which  the  sides  are 
measured  by  the  chain ;  and  if  the  exterior  boundary  happens  to  be 
irregular,  the  perpendicular  distance  or  offset  is  taken  at  each  bend- 
ing. The  surface  of  the  component  triangles  is  then  computed 
from  Prop.  31.  Book  VI.  of  the  Elements  of  Geometry,  and  that 
of  the  accrescent  space  by  Note  XV«  to  Prop.  16.  Book  11.  In 
this  method  the  triangles  should  be  chosen  as  nearly  equilateral 
as  possible ;  for  if  they  be  very  oblique,  the  smallest  error  in  the 
length  of  their  sides  will  occasion  a  wide  difference  in  the  estimate 
of  tbe  surface.  The  calculation  is  much. simpler  from  the  applica- 
tion of  Prop.  6.  Book  II.  of  the  Elements,  the  base  and  altitude  of 
each  triangle  only  being  measured ;  but  that  slovenly  practice  ap- 
pears liable  to  great  inaccuracy.  The  perpendicular  may  indeed  be 
traced  by  help  of  the  surveying  cross,  or  more  correctly  by  the  box 
sextant,  or  the  optical  square,  which  is  only  the  same  instrument  in 
a  reduced  and  limHted  form ;  yet  such  repeated  and  unavoidable  in« 
terruption  to  the  progress  of  the  work  will  probably  more  than  coun- 
terbalance any  advantage  that  might  thence  be  gained. 

The  usual  mode  of  surveying  a  large  estate,  is  to  measure  round  it 
with  the  chain,  and  observe  the  angles  at  each  turn  by  means  of 
the  theodolite.  But  these  observations  would  require  to  be  made 
with  great  care.  If  the  boundaries  of  the  es'<(ate  be  tolerably  regu* 
Ikr,  it  may  be  considered  as  a  polygon,  of  yhich  the  angles^  being 
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iiecesaarily  very  obitique,  are  therefore  apt  to  affect  the  accuracy  of 

the  resolta.     It  would  serve  to  rectify  the  condunonSy  were  sach 

aogks  at  each  ttation  convenieutly  divided,  and  the  nunre  distant 

signals  observed*    The  best  method  of  surveying,  if  not  always  the 

most  expeditious,  undoubtedly  is  to  cover  the  ground  with  a  series  of 

connected  triangles,  plan^g  the  theodolite  at  each  angular  point,  and 

computing  from  some  base  of  considerable  extent,  which  has  been 

selected  and  measured  with  nice  attention.    The  labour  of  transport- 

log  the  instrument  might  also  in  many  cases  be  abridged,  by  obser-^ 

ving  at  any  station  the  bearings  at  once  of  several  signals.    Angles 

can  be  measured  more  accurately  than  lines,  and  it  might  therefore 

be  desirable  that  surveyors  would  generally  employ  theodolites  of  a 

better  construction,  and  trust  less  to  the  aid  of  the  chain. 

The  quantity  of  surface  marked  out  in  this  way,  is  easily  com^^ted 

from  trigonometry.     Adopting  the  general  notation,  the  area  of  a 

triangle  which  has  two  sides,  and  their  included  angle  known,  it  is 

ab 
evident,  will  be  denoted  by  —.smCf  and  the  area  of  a  triangle  of 

which  there  are  given  all  the  ancles  and  a  side,  is  — . :-r~  • 

®  ^  2        itnA 

The  English  ckain  is  22  yards,  or  66  feet  in  length,  and  equivalent 
to  four  fK^ui  it  is  hence  the  tenth  part  of  a  furlong,  or  the  eightieth 
part  of  a  mile.  The  chain  is  divide4  into  a  hundred  links,  each  oc- 
cupying 7.92  inches.  An  acre  coptaiiis  ten  square  chains  or  100,000 
links.  A  square  piile,  ther^ifore,  includes  640  acres ;  and  this  large 
measure  is  deemed  sufficient,  in  certain  rude  and  savage  countries,  as 
the  Back  Settlements  of  America,  where  vast  tracts  of  new  land 
are  allotted  merely  by  rupning  lines  north  and  sputh,  and  intersectiog 
these  by  perpendicular^,  at  each  interval  of  a  mile. 

The  Scotch  chain  consists  of  24  ^lls,  each  containing  37.O69  inches, 
and  ought  therefore  to  have  74.138  feet  fpr  it§  correct  length.  The 
English  acre  is  hence  to  the  Scotch,  in  rpui^d  numbers,  as  11  to  14, 
or  very  nearly  as  the  circle  to  its  circumscribing  square.  But  this 
provincial  measure  is  gradually  wearing  into  disuse,  and  already  the 
statute  acre  seems  to  be  generally  adopted  in  the  counties  south  of 
the  Forth. 


\ 


\ 


\ 
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*  Levelling  is  a  delicate  and  important  branch  of  general  survey* 
ing.  It  may  be  performed  very  expeditiously  by  help  of  a  large 
tiieodolitey  capable  of  measuring  with  precision  the  vertical  angle 
subtended  by  a  remote  object,  the  distance  being  calculated,  and  al- 
lowance  made  for  the  effect  of  the  earth's  convexity  and  the  influence 
of  refraction.  But  the  more  lisual  and  preferable  method  is  to  em- 
ploy an  instrtiinent  designed  for  the  purpose,  and  termed  z.9p%rU4eo€lj 
which  is  accompanied  by  a  pair  of  square  staves^  each  composed  of 
two  parts  that  slide  out  into  a  rod  of  ten  feet  in  length,  every  foot 
being  divided  centesimally*  Levelling  is  distinguished  into  two 
kinds,  the  simple  and  the  compound  ;  the  former,  which  rarely  ad- 
mits of  application,  assigns  the  difference  of  altitude  by  a  single  ob- 
servation ;  but  the  latter  discovers  it  f roni  a  combined  series  of  ob- 
servations carried  along  an  irregular  surface,  the  aggregate  of  the  se- 
veral descents  being  deducted  from  that  of  the  ascents.  The  staves 
are  therefore  placed  successively  aldng  the  line  of  survey,  at  suitable 
intervals  according  to  the  nature  of  the  ground  and  not  exceeding 
400  yards,  the  levelling  instrument  being  always  planted  nearly  in 
the  middle  between  them,  and  directed  backwards  to  the  first  staff, 
and  then  forwards  to  the  second.  The  difference  between  the 
heights  intercepted  by  the  back  and  the  fore  observation,  must  evi- 
dently give  at  each  station  the  quantity  of  ascent  or  descent,  and 
the  error  occasioned  by  the  curvature  of  the  globe  may  be ,  safely 
overlooked,  as  on  such  short  distances  it  will  not  amount  at  each 
station  to  the  hundredth  part  of  a  foot.  To  discover  the  final  result 
of  a  series  of  operations,  or  the  difference  of  altityde  between  the  ex- 
treme stations  j  the  measures  of  the  back  and  fore  observations  are 
all  collected  severally,  and  the-  excess  of  the  latter  above  the  former 
indicates  the  entire  quantity  of  descent. 

As  an  example  of  levelling,  I  shall  take  the  concluding  part  of  a 
survey  which  my  friend  Mr  Jardine,  civil  engineer,  has  recently 
made  fpr  the  Town-Council  of  Edinburgh,  with  a  degree  of  accuracy 
seldom  attempted,  in  tracing  the  descent  from  the  Black  and  Craw- 
ley springs,  near  the  summits  of  the  Pentland  chain,  to  the  Reservoir 
on  the  Castlehill,  with  a  view  to  the  conducting  of  a  fresh  supply  of 

water  from  those  heights,    To  avoid   unnecessary  complication, 
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kowever,  1  shall  only  notice  the  principal  atations.  The  figure  an* 
oexed  represents  a  profile  or  vertical  section  of  the  ground,  LV  is 
tiie  level  of  the  Black  spring,  and  the  several  perpendicolars  firom  it 
denote  the  varying  depth  of  the  surface,  referred  to  the  hase  asaooied 
700  feet  below.    The  stations  marked  are  as  follow: 

L  Lowest  point  in  the  Meadow. 

M  Cleansing  cocks  on  the  north  side  of  the  Meadow. 

N  Sunk  fence  in  Lord  Wemyss's  garden^ 

O  Air  cock  m  Archibald's  nursery. 

P  South  side  of  Lauriston  road 

Q  Bottom  of  Heriof  s  Green  Reservoir. 

R  Head  of  Hamilton's  dose/ 

S  Strand  on  south  side  of  Grassmarket. 

T  Cleansing  cock  on  north  side  of  Grassmarket^ 

U  Gaelic  Chapel. 

V  Upper  side  of  the  belt  of  Castlehill  Reserv<nr« 
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Blyk  Spring)  being  620*05  feet  nbove  the  level  of  «the  Meadow, 
19  therefi>re  520 A  feet  higher  than  the  belt  of  the  resefvou*.  The 
RHoibers  exhibited  in  the  last  column,  are  obtained  by  taking  the 
differences  of  the  aggregates  of  the  two  preceding  .columniu  Where 
the  ground  either  sinks  or  rises  suddenly,  some  intermediate  obser* 
vations  are  here  grouped  together  into  a  single  amount.  Thus,  threje 
observations  were  made  between  O  and  P,  twid  between  P  and  Q^  three 
between  Q  and  R,  five  between  R  and  S,  three  between  T  and  U^ 
and  no  fewer  than  nine  between  U  and  V.  The  slight  sketch  be- 
tween the  perpendiculars  from  Q  and  R,  shows  the  mode  of  planting 
and  directing  the  instrument. 

• 

The  mode  of  levelling  on  a  grand  scale,  or  determining  the  heights 
of  distant  mountains,  will  receive  illustration  from  the  third  volume 
of  the  TrigonometricaV  Survey,  which  Colonel  Mudge  has  been  kind- 
ly pleased  to  commonicate  to  me  before  its  pnblication.  I  shall  select 
the  largest  triangle  in  the  series,  being  one  that  connects  the  North 
of  £ngland  with  the  Borders  of  Scotland*  The  distance  of  the  Sta- 
tion on  Cross  Fell  to  that  on  Wisp  Hill,  is  computed^t  255018.fi 
feet,  or  44.511  miles,  which,  reckoning  6094i  feet  for  the  length  of 
n  minute  ne^  that  parallel,  corresponds,  on  the  surface  of  the  globe, 
to  ab  arc  of  38'  SS'^./.  Wisp  Hill  was  seen  depressed  30^  48'  from 
Cross  Fell^  which  again  had  a  depression  of  2'  3 1''  when  viewed  from 
Wisp  Hill.  The  sutn  of  these  depressions  is  33'  19^  which,  takes 
from  38'  33''.7»  the  measure  of  the  intercepted  arc,  or  the  angle  at 
the  centre,  leaves  5'  14^«79  for  the  joint  effect  of  refraction  at  both 
stations.  The  deflection"  of  the  visual  ray  produced  by  that  causet 
and  which  die  French  philosophers  estimate  in  general  at  .07^,  had 
therefore  amounted  only  to  .06805,  or  a  very  little  more  than  the 
Jiftcenth  part  of  the  intercepted  arc.  Hence,  the  true  depression  of 
Wisp  Hill  was  30'  48"— 16'  39".5=  14'  8".5;  and  consequendy, 
estimating  from  the  given  distance,  it  is  9^7  feet  lower  than  Cross 
Fell.      -  •  ♦  . 

From  Wisp  Hill,  the  top  of  Cheviot  appeared  exactly  on  the  saine 
level,  at  the  distance  of  185023.9'feet,  or  35.0424  miles.  Where- 
fore, two'thirds  of  the  square  of  this  last  number,  or  819,  would,  from 
the  scholium  at  page  391-  express  in  feet  the  approximate  height  •f 
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Cheviot  above  MTiep  Hill.  But  refractioo  gave  the  monntaiii  a  more 
lowering  elevation  than  it  really  had ;  and  the  measure  being  re- 
duced in  the  former  ratio  of  38'  33^7  to  33^  19^',  is  hence  brought 
down  to  708  feet 

Agtuoi  the  distance  29201S.7  feet,  or  55.3054  mileSy  of  Cross 
Fell  froOL  Cheviot,  corresponds  to  an  arc  of  47'  54f^j  which,  re* 
daced  by  the  effect  of  refraction,  would  leave ^4 1'  S3"*8  for  the  sum 
of  the  depressions  at  both  stations.  Consequently,  Cheviot  bad, 
finom  Cross  Fell,  a  true  depression  of  only  23'  4^.— SO'  4i'^9  or 
3'  2'M,  and  is  therefore  lower  than  that  mountain  by  258  feet. 

These  results  agree  very  nearly  with  each  other.  The  height  of 
Cross  Fell  above  the  level  of  the  sea  being  2901,  that  of  Wiap  Hill 
is  1934,  and  that  of  Chefiot  2642  or  2643.  In  the  Trigonometrical 
Survey,  the  latter  heights  are  stated  at  194O  and  2658 ;  a  ^Herence 
of  small  moment,  owing  to  a  balance  of  errors,  or  perhaps  to  the 
adoption  of  some  other  data  with  respect  to  horisontal  refiractioD^ 
and  which  -do  not  appear  on  record. 

From  the  same  valuable  work,  I  am  tempted  to  borrow  another 
example,  which  has  more  local  interest  From  Lomsdane  Hill,  the 
north  top  of  Largo  Law,  at  the  distance  of  189240»1  feet,  or  35,84 
miles,  appeared  sunk  9'  32"  below  the  horizon.  Here  the  intercept- 
ed arc  is  31'  3"  and  the  effect  of  the  earth's  curvature,  modified 
by  refraction,  is  13'  24^'.8 ;  whence  the  true  elevation  of  Largo  Law 
was  13'  24".8~9'  32",  or  3'  J2".8,  which  makes  it  2 13  feet  higher 
than  Lumsdane  Hill,  or  938  feet  above  the  level  of  the  sea.  In  the 
Trigonometrical  Survey,  this  height  is  stated  at  952 ;  bat  i  am  in- 
clined to  prefer  the  former  number,  having  once  found  it  by  a  ba- 
rometrical measurement,  in  weather  not  indeed  the  most  fovourable, 
Co  be  only  935  feet 


Maritiub  SuRvsf  iko  is  of  a  miied  nature :  It  not  only  deter- 
mines the  positions  of  the  remarkable  headlands*  and  other  conspi- 
cuous objects  that  present  themselves  along  the  vicinity  of  a  coast, 
but  likewise  ascertains  the  situation  of  the  various  inlets,  rocks,  sImI* 
lews  and  soundings  which  occur  in  approaching  the  shore.    To  sor* 
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vay  a  new  or  ioaec^bk  coast,  two  boats  are  moored  at  a  proper 
interval,  which  is  carefully  measured  on  the  surface  of  the  water; 
and  from  each  boat  the  bearings  of  all  the  prominent  points  of  land 
are  taken  by  means  of  an  azimuth  compass,  or  the  angles  subtended 
by  these  points  and  the  other  boat  are  measured  by  a  Hadley's  sex- 
tant.   Having  now  on  paper  drawn  the  base  to  any  scale,  straight 
lines  radiating  from  each  end  at  the  observed  angles,  as  in  Prop«  21. 
of  the  Trigonometfy,  will  by  their  intersections  give  the  positions  of 
the  several  points  from  which  the  coast  may  be  sketched. — But  a 
chart  is  more  accurately  constructed,  by  combining  a  survey  made 
on  land,  with  observations  taken  on  the  water.  A  smooth  level  piece  of 
ground  is  chosen,  on  which  a  base  of  considerable  length  is  measured 
•ut,  and  station  staves  are  fixed  at  its  extremities.    If  no  such  place 
can  be  found,  the  mutual  distance  and  position  of  two  points  con* 
venientl^  situate  for  planting  the  staves,  though  divided  by  a  broken 
sur&ce,  are  determined  from  one  or  more  triangles,  which  connect 
with  a  shorter  and  temporary  base  assumed  near  the  beach,    A  boat 
then  explores  the  offing,  and  at  every  rock,  shallow,  or  remarkable 
sounding,  the  bearingB  of  the  station  staves  are  noticed*    These  ob- 
servations furnish  so  many  triangles,  from  which  the  situation  of 
the  several  points  are  easily  ascertained. — When  a  correct  map  of 
the  coast  can  be  procured,  the  labour  of  executing  a  maritime  survey 
is  materially  shortened.    From  each  notable  point  of  the  surface  of 
Uie  water,  the  bearings  of  two  knowA  objects  on  the  land  are  taken, 
or  the  intermediate  angles  subtended  by  three  such  objects  are  ob- 
served.   In  the  first  case,  those  various  points  have  their.litualions 
ascertfuned  by  Prop.  SI,  and  the  second  case  by  Prop.  25.  of  the 
Trigonometry.     To  facilitate  the  last  construction,  an  instrument 
called  the  Statum^PoUiter  has  been  invented,  consisting  of  tbref  brass 
rulers,  which  open  and  set  at  the  given  anglcs« 


« * 


The  nice  art  of  observing  has  in  its  progre|i  kept  pace  with  the 
improved  skill  displayed  in  the  construction  of  instruments.  Sur- 
veys on  a  vast  scale  have  lately  been  performed  in  Europe,  with  that 
reiined  accuracy  which  seems  to  mark  the  perfection  of  science.  Af- 
ter the  conclusion  of  the  American  war,  a  memoir  of  Gnint  Cas* 
sini  de  Thury  was  transmitted  by  the  French  government  to  our 

uh 
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Courty   stating   tbe  importiint  advantages  vhkh  would  accrue  to 
astronomy  and  navigation,   if  the  difference    between   the  meri- 
diaos  of  the  observattons  of  Greenwich  and  Paris  were  ascertain- 
ed by  actual  measurement*    A  spirit  of  accommodatioti  and  con- 
cert Mrtuoately  then  prevailed.    Orders  were  speedily  given  for 
carrying  the  plan  into  execution;    and  General   Roy,  who  was 
charged  with  the  conduct  of  the  business  on  tbi»  side  of  the  Chan- 
nely  proceeded  with  activity  and  £eal.    In  the  summer  of  17S4, 
a  fundamental  base,  rather  more  than  five  miles  in  length,  was  traced 
on  Hounslow  Heath,  about  54  feet  above  the  level  iA  the  sea,  and 
measured  %rith  every  precaution,  by  means  of  deal  rods,  glass  tubes, 
and  a  steel  chain,  allowance  being  made  for  the  effieets  of  the  van« 
able  heat  of  the  atmosphere  in  expanding  those  nuiterials*      The 
same  line  was,  seven* years  afterwards,  remeasured  with  an  im- 
proved chafti,  which  yet  gave  a  difference  on  the  whole^of  only 
three  inches.    The  mean  result^  or  27404.3  feet,  at  the  tempera- 
ture of  6ffi  by  Fahrenheit's  scale,  is  therefore  assumed  as  the  true 
length  of  the  base.   Connected  with  this  line,  and  commencbg  from 
Windsor  Castle,  a  series  of  thirty*two  primary  triangles  was,  in  1787 
and  17889  extended  to  Tywtr  and  Hastings,  on  the  coast  of  Kent  and 
Sussex.    Two  triangles  more  stretched  across  the  Channel.    The 
horiiontal  and  vertical  angles  at  each  station  were  taken  with  singu- 
lar accuracy  by  a  theodolite,  which  the  celebrated  artist  Ramsden 
had,  after  much  delay,  construsted,  of  the  largest  dimennons  and  the 
most  exquisite  workmanship.  At  the  same  period,  a  new  base  of  veri- 
fication was  measured  on  Romney  Marshy  1 5i|  feet  above  the  sea,  and 
found,  after  various  reductions,  to  be  S8535.6773  feet  in  length.  This 
base,  computed  from  the  nearest  chain  of  triangles  dependent  on  that 
of  Hounslow  Heath,  ought  to  have  been  28533.3 ;  differing  scarcely 
more  than  two  feet  00  a  distance  of  eighty  miles.    The  mean,  or 
.28534*5,  is  adopted  for  calculating  the  adjacent  and  subsequent 
triangles.  These  triangles  near  the  coast  were  unavoidably  confined  and 
oblique ;  but  their  sides  are  generaUy  deduced  from  lai^  and  more 
regular  triangles,  expanding  over  the  interior  of  the  countiy.     The 
annexed  figure  exhibits  the  most  interesting  portion  of  this  memor- 
able survey,  and  represents  the  various  combination  of  triangles.  At- 
tached to  it  is  a  scale  of  English  miles. 
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A  Frant  Church 
B  Goodburst  Church 
C  Hollingborn  Hill 
D  Tenterden  Church 
£  Fairlight  Down 
F  Allington  KooU 
G  Lydd  Church 
H  Ruckinge 
I  High  Nook 


K  Folkstone  Torapike 

L  Padlesworth 

M  Swiogfield  Church 

N  Dover  Castle 

O  Church  at  Calais 

P  Blancnez  Signal 

R  Fiennes  Signal 

S  Montlambert  Signal 

KL  The  base  tf  verification. 
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^XlalcuUUion  of  the  sides  of  the  Triangles. 
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In  this  register,  each  angle  in  the  successive  triangles  is,  for  the 
lake  of  conciseness^  marked  by  the  single  letter  affixed  to  it,  and  the 
computed  length  of  its  opposite  side  in  feet  ranges  in  the  same  line. 
The  addition  of  an  asterisk  denotes  that  an  angle  was  not  actually  ohser* 
vedy  but  only  deduced  from  calculation.  The  oblique  triangles  ABC 
and  ABE  have  their  sides  BC  and  BE  derived  from  other  larger  tri- 
angles, which  were  nearly  equiangular.  The  triangles  ELN^and 
ENP  had  their  angles  discovered  from  conjoined  observations.  In  ge- 
neral the  several  angles^  as  afiected  by  the  q>herical  excess,  were  cor- 
rected for  computation  by  a  scnrt  of  tentative  process.  It  residts  from 
a  train  of  calcidations,  that  Dover  Castle  lies  souA  67*  44'  34^^  east, 
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and  at  the  distance  of  328231  feet  or  62.165  milesy  torn  Greenwich 
Observatory.  On  their  part,  the  French  astronomers,  under  the  di- 
rection of  Cassini,  carried  forward  the  trigopometrical  operations 
from  Dunkirk  to  Paris ;  employing  Borda's  rtptatmg  circUf  an  in* 
struraent  much  smaller  and  less  perfect  than  Ramsden's  theodolite, 
but.  formed  on  a  principle  which  always  procures  the  observer  a  near 
compensation  of  errors.  From  a  comparison  of  the  whole,  it  follows 
that  the  meridian  of  the  Observatory  of  Paris  lies  2*  19'  51''  east 
from,  that  of  Greenwich,  differing  only  nine  seconds  in  defect  from 
what  the  late  Dr  Maskelyne  hq^  previously  determined  from  combin- 
ed astronomical  observations. 

The  success  with' which  that  great  survey  was  attended^  gave  oc- 
casion both  in  France  and  England  to  still  morp  extensive  projects. 
The  National  Assembly,  amidst  other  essential  iniprovements  which 
it  meditated,  having  resolved  to  adopt  a  general  and  consistent  sys- 
tem of  measures,  the  length  of  a  degree  of  the  meridian  at  the  mid- 
dle point  between  the  pole  and  the  equator  was  proposed  as  a  per- 
manent basis.  But  to  secure  greater  accuracy  in  determining  the 
standard,  it  had  been  decided  to  prolong  the  observations  on  both 
sides  of  the  mean  latitude,  and  trace  a  chain  of  triangles  over  the 
whole  extent  from  Dunkirk  to  Barcelona.  This  bold  plan  was  ex* 
ecuted  in  the  course  of  the  years^  1792,  1793,  179^  &nd  179^»  ^i^^ 
equal  sagacity  and  resolutipn,  by  MM.  Delambre  and  Mechain,  who, 
during  all  the  horrors  of  revolutionary  commotion,  yet  pressed  for- 
ward their  operations  in  spite  of  obstacles  fmd  dangers  of  the  most 
sickening  kind.  After  the  various  triangles,  amounting  in  total  to 
115,  had  been  observed,  they  were  connected,  in  the  neighbourhood 
of  Paris,  with  a  base  of  more  than  seven  miles  in  length,  and 
measuring,  at  the  temperature  of  l64^-o^  the  centigrftde  scale,  or 
614^  by  Fahrenheit,  6075*9  toises  from  Melua  to  Ueursaint.  A. base 
of  verification  was  likewise  traced  near  the  southern  extremity  of  the 
line  of  survey,  extending  6006.25  toises  along  the  road  from  Perpignan 
to  Narboune.  This  base  appeared  not  to  differ  one  foot  from  the 
calculation  founded  on  the  other,  though  separated  by  a  distance  of  400 
miles, — a  convincing  proof  of  the  accuracy  with  which  the  observa- 
tions had  been  made.  A  Specimen  of  the  French  triangulation  is 
given  in  the  figure  below,  where  the  vertical  line  represents  the  me- 
ridian of  Dunkirk,  with  the  distances  expressed  by  intervals  of 
lOyOOO  toises. 
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LMN 

L  GS""  35'    59^',l6  14402. 

M  51      5     13.26  12036. 
N  60    18     47.58         — 


OPQ 

0625|O  62**  31'   30^34  10446.5520 
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P  50  28 
Q  87  35 
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6.42 
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44.65 


12053.9075 
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Through  the  vrhole  process  of  their  survey,  the  Freiich  astrono- 
tnei's  have  certainly  displayed  superior  science.  In  deducing  the 
correct  results,  they  seem  to  exhaust  all  the  refinements  of  calcula- 
tion. The  angles  measured  by  the  repeating  circle,  it  was  necessa- 
ry to  reduce,  not  only  to  the  horizontal  plane,  but  generally  besides 
to  the  centre  of  observation.  This  would  have  required  much  nice 
and  tedious  computation ;  the  labour  of  achieving  such  reductions 
was  however  greatly  simplified  and  abridged,  by  help  of  concise ybr- 
muliB,  and  the  application  of  auxiliary  tables.  There  is  even  room 
to  suspect  that  those  ingenious  philosophers  have  carried  the  fond- 
ness for  numerical  operations  to  an  excess,  and  oftci\  pushed  the  de- 
cimal places  to  a  much  greater  length  in  their  estimates  than  the 
nature  of  the  observations  themselves  could  safely  warrant. 

In  the  spring  of  1799*  the  registers  of  all  these  operations  were 
referred  to  a  commission,  consisting  of  the  ablest  members  of  the 
Institute,  and  some  other  learned  men  deputed  from  the  countries 
then  at  peace  with  France.  The  various  calculations  were  carefully 
examined  and  repeated ;  and  a  comparison  of  the  celestial  arc  with 

that  which  had  been  measured  in  Peru  having  given for  the  ob* 

^  ^         334 

lateness  of  the  earth,  the  length  of  the  quadrant  of  the  meridian,  or 

the  distance  of  the  pole  from  the  equator,  was  finally  determined  at 

5130740  toises,  the  ten  millionth^ part  of  which,  or  the  space  of 

443.295936  lines  forms  the  metre.    This  standard  was  afterwards 

definitively  decreed  by  the  Legislative  Body. 
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Mecbain,  however,  ttill  aoxious  to  realize  his  early  project  of  es* 
tendiog  Ibe  meridian  ae  far  as  the  Balearic  Isles,  again  repaired 
to  Spasiiy  and  conducted  with  incredible  exertions  a  chain  of  tri- 
angles  over  the  savage  heights  from  Barcelona  to  Tortoea,  and  was 
abunt  to  observe  the  altitude  of  the  star^,  and  measure  the  b^se  of 
Oropeea,  wheO|  worn  oot  by  continued  fetigue,  he  caught  an  epide- 
mic  fever,  which  fatally  cloeed  his  meritorious  labonrs,  at  CasteUon 
de  la  Planatin  thekingdomofValentia,  about  the  latter  part  of  Sep- 
tember 1 805«.— The  prusecntion  qi  the  plan  was  subsequently  com- 
mitted to  Biol,  If  bo  has  brought  it  to  a  fortunate  copclasion.  This 
ardent  philosopher,  during  his  stay  on  the  rocky  island  of  Formen- 
tera,  bad  likewise  an  opportunity  of  making  gbesrvatioos  80<f  ex- 
periments inturtsting  to  physical  science*  In  the  winter  of  1806  and 
the  spring  of  1 807»  be  continued  the  series  of  trian|^t6uin  TkLCcdooa 
to  the  kingdom  of  Vakntia,  and  joined  that  const  with  the  Balearic 
Isles,  by  an  inunense  triangle,  of  which  one  of  the  ndes  exceeded  an 
hundred  tpiles  in  length*  At  such  prodigious  dktmiees,  the  stations, 
however  elevated,  and  notwitbstaiiding  the  fineness  of  the  climate, 
could  not  be  seen  during  the  day ;  but  tb<^  were  rendered  visible  at 
night,  by  combining  Argand  lamps  with  poweriiil  rUtocton.  These 
observations  give  a  result  which  agreea  almost  exactly  with  what 
had  been  already  found  by  Delambre  and  Mechain*  If  the  mean 
were  adopted»  it  would  yet  scarcely  afiect  the  lenglh  of.  the  aictre  by 
the  diminution  of  a  four  millionth  part*  The  meridional  arc  extending 
from  Dunkirk  to  Formentera,  measures  12^  29f  15^.395 ;  and  fiom 
this  aippk  basas,  the  circumforence  of  the  earth  is  computed  to  be 
S485^.43  English  miles. 

In  England,  the  prosecution  of  the  trigonometrical  survey,  without 
uming  at  such  splendid  views,  has,  siutaUy  to  the  genins  of  the 
people,  been  directed  to  objects  of  more  domestic  interest,  and 
perhaps  real  utility  and  importance.  The  perplexing  inaccuracy  of 
our  best  maps  and  charts  had  long  been  the  subject  of  most  serious 
complaint  It  was  in  consequence  fesol^rad  to  extend  the  series  of  con- 
nected triangles  over  the  whole  surface  of  the  island.  But  the  death 
of  General  Roy,  happening  so  eariy  as  1790,  threatened  to  prove  fetal 
to  the  completion  of  his  favourite  eeherae,  and  for  which  the  talents 
and  experience  he  possessed  had  so  eminently  fitted  him.  Af^r  some 
interruption,  however,  an  opportunity  was  embraced  of  resuming  that 


KOTSS  AMD  ILLUSTRATIONS.  ASB 

jDcMe  plan  ;  and  it  was,  under  the  direction  of  the  Board  of  Qrd- 
nance,  committed  to  the  care  of  Colonel  Mudge,  mrho,  with  equal 
aibility  and  undnnimsfaed  ardour,  has^  during  the  space  of  now  almost 
twenty  years,  been  engaged  in  carrying  on  the  most  extensive  and 
varied  system  of  operations  ever  attempted,  and  in  a  style  of  execu- 
tion which  reflects  on  him  the  highest  credit.    In  1793  and  1794t 
the  chain  of  primary  triangles  was  continued  frotn  Shootei^s  Hill  to 
Dunnose  in  the  Isle  of  Wight,  including  a  great  part  of  Surrey,  Sus* 
sex,  Hants,  Wiltshire  and  Dorsjetahire,  and  connecting  with  a  new 
base  of  verificatiDn  measured  on  Salisbury  Plain.  This  base  had,' after 
correction,  a  length  of  36574.4  feet,  or  6.926S7  miles,  having  lost  al« 
most  a  whole  foot  in  being  reduced  from  an  elevation  of  588  feet  tp 
the  level  of  the  sea.  It  di^red  scarcely  an  inch  from  the  compytation 
founded  on  the  base  of  Hounslow  Heath.    In  179^9  the  triangles  were 
carried  into  Devonshire  ;  and  th^y  were  continued  in  179^  through 
Cornwall  to  the  Scilly  Islands.  Th^  West  of  England  became  the  scene 
of  repeated  operations.  In  179^9  &  third  base  was  measured  on  King's 
Sedgemoor  near  Somerton,  and  found,  after  various  corrections,  to 
be  2768O  feet,  or  5.242425  miles,  differing  only  about  a  foot  from 
the  result  of  the  calculation  dependent  on  that  of  Salisbury  Plain. 
The  survey  now  advanced  to  the  centre  of  England,  and  was  extended 
in  1803  to  Clifton  in  Yorkshire ;  another  base  of  verification^  26342  7 
feet  in  length,  having  been  measured  at  Misterton  Carr,  on  the  north 
of  Lincolnshire.    The  triangles  were  next  earned  towards  Wales, 
and  made  to  rest  on  a  base  of  24514.26  feet,  stretching  from  the 
western  borders  of  Flintshire  to  Llandulas  in  Denbighshire.    From 
this  last  base,  numerous  triangles  have  been  extended  in  different  di- 
rections ;  one  series  bending,  throogh  Anglesea  and  by  Cardigan  Bay, 
to  the  Bristol  Channel;  another  penetrating  into  the  central  parts  of 
England ;  while  a  third  series  stretches  northwards,  through  Lanca- 
shire, Cumberland  and  Westmoreland,  into  Scotland,  and  uniting  with 
the  collateral  chain  of  Misterton  Carr  from  Yorkshire  and  Northum- 
berland, is  prolonged  to  the  heights  in^mediately  beyond  the  Firth  of 
Forth.    We  look  forward  with  anxiety  to  the  conclusion  of  this  ar» 
dnous  undertaking.    The;  mountains  and  islands  near  the  western 
coast  of  Scoliland  will  liirmsh  triangles  of  vast  extent     Colonel 
Madge  will  not  omit,  we  are  confident,  the  opportunities  that  such 
stations  may  afiiM-d  to  determine  the  quantity!^  horizontal  refraction, 
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noting  at  the  Bame  time  the  variable  state  of  the  atmosphere.  We  have 
perfect  reliance  in  the  iucuracy  of  his  observations  ;  yet  it  would  be 
desirable  in  all  cases,  as  in  the  French  operations,  that  the  third 
angle  of  each  triangle  were  actually  measured. 

Besides  the  principal  triangles  thus  determined,  a  multitade  of 
subordinate  ones  were  ascertained  in  the  progress  of  the  survey,  and 
which  serve  to  connect  all  the  remarkable  objects  that  occurred  over 
the  face  of  the  country.  The  capital  points  were  hence  established 
for  constructing  the  most  accurate  charts  and  provincial  maps.  A 
number  of  royal  military  surveyors,  of  approved  skill*  have  since 
been  constantly  employed  in  filling  up  the  secondary  triangles,  and 
embodying  the  skeleton  plans.  The  various  materials  are  collected 
at  the  drawing-room  of  the  Tower,  and  there  adjusted,  redoced  and 
combined.  Under  the  same  able  direction,  an  extensive  estahlisb- 
mentjias  been  £9rmed  in  those  spacious  apartments,  where  a  volumi'* 
Dous  series  of  maps,  and  on  the  largest  scale,  are  oot  only  delineated 
but  engraved.  This  truly  national  work  advances  with  great  activi- 
ty, and  has  already  proved  highly  advantageous  to  the  public  service* 
The  Ordnance  Maps,  in  elaborate  accuracy,  and  even  beauty  of  exe- 
cution, surpass  every  thing  hitherto  designed. 


To  determine  geometrically  the  altitude  of  a  mODOtain  nqnires,  it 
hence  appears,  a  nice  operation  performed  with  some  large  instraiiieot. 
The  barometrical  mensuration  of  heights,  is  therefore,  in  most  cases, 
preferred,  as  much  easier  and  often  more  exact.  This  cunous  ap- 
plication was  early  suggested,  by  the  objections  themselves  which 
ignorance  opposed  to  Torricelli's  immortal  discovery  of  the  weight  of 
our  atmosphere.  But  more  than  a  century  elapsed  before  the  im- 
provements in  mechanics  had  completely  adapted  the  machine  to 
that  purpose,  and  experiment  combined  with  observation  had  ascer- 
tained the  proper  corrections.  Barometers  of  various  constntctiaos 
are  now  made  quite  portable,  and  which  indicate  with  the  utmost 
precision  the  height  of  the  mercurial  column  supported  by  the  pres- 
sure of  the  atmosphere. 

The  ur  which  invests  our  globe,  being  a  fluid  extrenoely  compres- 
sible, must  have  its  lower  portions  always  rendered  denser  by  the 
weight  of  the  incumbent  mass.    To  discover  the  law  that  comiects 
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the  densities  with  the  heights  in  the  atmosphere,  it  is  only  requisite, 
therefore,  to  apply  the  fact  which  experiment  has  established, — that 
the  elasticity  counterbalancing  the  pressure  is  exactly  proportioned 
to  the.  density.  The  elasticity  of  the  air  at  any  point  of  elevation,  is 
hence  measured  by  a  column  possessing  the  same  uniform  density, 
with  a  certain  constant  altitude.  Let  AB  'denote  the  height 
of  this  equiponderant  column,  and  the  perpendicular  BI  its  densi- 
ty; and  suppose  the  mass  of  air  below  to  be  distinguished  into 
numerous  strata,  having  each  the  same  thickness  BC.  It  is  evident 
that  the  weight  of  the  minute  stratum  at  B  will  be  expressed  by 
BC ;  whence  AB  is  to  AC,  or  BI  to  CK,  as  the  pressure  at  B  to 
the  augmented  pressure  at  C,  and  therefore  the  density  at  C  is  de- 
noted by  CK. 
Again,     having  ^^j^t.M^ 

joined  IC  and 
drawn  KD  pa* 
rallel,BF:CK:: 

BC :  CD ;  and  consequently  CD  will,  on  the  same  scale  of  den- 
sity, express  the  weight  of  the  stratum  at  C.  Hence,  AC  is  tO; 
CD,  as  CK  to  DL,  or  as  the  density  at  C  is  to  that  at  D.  It  thus 
appears,  that,  repeating  this  process,  the  densities  BI,  CK,  DL,  &c. 
of  the  successive  strata  form  a  continued  geometrical  progression* 
But  the  same  relation  will  evidently  obtain  at  equal  though  sensible  ih« 
tervals.  Thus,  the  density  of  the  atmosphere  is  reduced  nearly  to 
one  half,  for  every  3|  miles  of  perpendicular  ascent  At  7  miles  in 
height,  the  corresponding  density  is  one-fourth ;  at  10^  miles^  one* 
eighth ;  and  at  14  miles,  one-sixteenth. 

The  difference  of  altitude  between  two  points  in  the  atmosphere, 
is  hence  proportional  to  the  difference  of  the  logarithms  of  the  cor- 
responding densities  or  vertical  pressures.  But  the  heights  of 
mountains  may  be  computed  from  barometrical  measurement 
to  any  degree  of  exactness,  by  a  simple  numerical  approximation. 
Since  AB,  AC,  AD,  &c.  are  continued  proportionals,  it  fol- 
lows that  AB  :  BC  : :  AB  + AC^- AD,  &e. ;  BC  4.  CD  +  DE,  Sec. 
or  BH, '   Let  n  denote  '  the  number  of  sections  or  strata  contain- 

n 

•d  ia  the  mass  of  air,  and  -  (AB  4-  AH)  will  nearly  express  the 

*  • 

sum  of  the  progression  AB,  AC,  AD,  &c. ;  wherefore,  AB  -f-  AH  j 
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BH ::  SAB :  ffBC,  or  the  abtohite  diflereoce  of  altitude.  Theheigfat 
AB  of  the  equiponderaot  colomiiy  reduced  to  the  tempenitnre  of 
freezing  water,  is  nearly  26,000  feet ;  and  hence  this  general  ink, — 
At  the  nm  of  the  wieraarud  cdUamu  i$  to  tkar  iifertmXf  m  it  tie 
eotutaat  nwmkr  52,000  to  tie  apfrogimate  height.  This  number  b 
the  more  easilj  reroembeied,  from  the  division  of  the  year  into 
veeks* 

Two  corrections  depending  on  the  variation  of  temperatniettR  be- 
sides required.  Mercery  expands  about  the  5,000th  part  of  its  hoik, 
for  each  degree  of  the  centigrade  scale ;  and  henoe  the  small  addi- 
tion to  the  upper  colonm  will  be  found,  by  removing  the  decimal 
point  four  places  to  the  left,  and  multiplying  by  twice  the  diifisienca 
of  the  attached  thermometers.  But  the  correction  a/lerwards  ap» 
plied  to  the  principal  computation  is  of  more  consequence.  Air  has 
its  volume  increased  by  one  250th  part,  for  each  degree  of  he«t  on 
the  same  scale.  If  therefore  the  approximate  height,  having  its 
decimal  point  shifted  back  three  places,  be  multiplied  by  twice  the 
sum  of  the  degrees  on  the  detached  thermometers,  the  product  wiB 
give  the  addition  to  be  made. 

An  example  will  elucidate  the  whole  process.  In  August  1775, 
General  Roy  oUerved  the  barometer  on  Caernarvon  Quay  at  30.091 
inches,  the  attached  thermometer  being  15^.7,  and  the  detached 
15f.6  centigrade,  while  on  the  Peak  of  Snowdon  the  banxneter  stood 
at  26.i09»  the  attached  thermometer  marking  10^.0,  and  the  detach* 
ed  8f.8.  Here,  twice  the  difference  of  the  attached  thennometers  a 
1 1^.4,  which  multiplied  mto  .00264  gives  .030,  for  the  comctMm  of 
the  upper  barometer.  Next,  30.Q9i  +  26.439 :  30.Q9I  —  26.439, 
or  56.530 :  3.652  : :  52000 :  3359.  Again,  twice  the  sum  of  the 
degrees  marked  on  the  detached  thermometers  is  48.S,  which  nud- 
tiplied  into  3.359  gives  l64 1  wherefore,  the  true  height  of  Snowdon 
above  the  Quay  of  Caernarvon  is  33594*  164^  or  3533  feet. 

This  mode  of  approximation  may  be  deemed  sufficiently  near,  fur 
any  heights  which  occur  in  this  island ;  but  greater  accuracy  is  at- 
tained by  assuming  intermediate  measures.  To-  illnstrate  this,  I 
shall  select  another  example.  At  the  very  period  when  Genenl 
Roy  was  making  his  barometrical  observations  at  home.  Sir  George 
Shuckburgh  Evelyn  found  the  barometer  to  stand  at  24.167  on  the 
summit  of  the  Mple,  an  insulated  mountain  near  Geneva,  the  attack- 
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td  and  detached  tLermometers  indicating  14^.4  and  IS?.^,  while 
they  marked  l6^.3  and  17^.4  at  a  cabin  below  and  only  672  feet 
above  the  lake,  the  altitude  of  the  barometer  at  this  station  being 
28.132.  Now,  3.8  X  0024  =  .009,  and  24.16?  +  009  s  M.l7fi; 
the  arithmetical  mean  between  whieh  and  28.132  is  26.154;; 
and  hence,  separately,  50.330  :  1.978  :  :  52000  :  2044*  and 
54.286 : 1.978 : :  520^ :  1 895.  Wherefore,  joining  these  two  parts, 
2044  4-  1895,  or  3939  expresses  the  approximate  height.  The  final 
correction  is  61.6x3.939  =  243,  and  consequently  the  Mole  has  its 
summit  elevated  4854  feet  above  the  lake  of  Geneva,  and^  6082 
above  the  level  of  the.  sea. 

In  general,  let  A  and  A-^nb  denote  the  correct  lengths  of  the 
columns  of  mercury  at  the  upper  and  the  lower  stations ',  the  ap« 
proximate  height  of  the  mountain  will  be  expressed  by 
b  b  b  by. 

(iA+6+2A+3i'^2XP5?'"''^2A+2ii-^     ^^^• 
If   fi  were  assumed  a  large  numb^,  the  result  would  approach  to 
the  accuracy  of  a  logarithmic  computation,  though  such  an  extreme 
degree  of  precision  will  be  scarcely  ever  wanted. 

To  expedite  the  calculation  of  heights  from  barometrical  observa- 
tions, I  have  now  caused  Mr  Gary,  optician  in  London,  to  make  for 
sale  a  sliding*rule,  of  ^n  easy  and  commodious  construction.  That 
small  instrument,  which  should  be  accompanied  with  a  barometer 
of  the  lightest  and  most  portable  kind,  will  be  found  very  useful  to 
mineralogical  travellers  who  have  occasion  to  explore  mountainous 
tracts.  Nothing  could  tend  nore  to  correct  our  ideas  of  physical 
geography,  than  to  have  the  principal  heights  in  all  countries  mea- 
sured, at  least  with  some  tolerable  degree  of  precision*  But  the 
elevation  of  any  place  above  the  sea  may  be  ascertained  very  nearly, 
from  the  comparison  of  even  very  distant  barometrical  observatious, 
especially  during  the  steadiiiess  of  the  fine  season  na  the  happier 
climates.  In  this  way,  is  traced  a  profile  or  vertical  section,  which 
exhibits  at  one  glance  the  great  features  of  a  country.  As  a  speci* 
men,  I  have  combined  and  reduced  the  sections  which  the  celebrated 
philosophic  traveller  Humboldt  has  given  of  the  condnent  ef  Ameri- 
ca, funning  in  a  twisted  direetion  from  Acapulco  to  Vera  Cra?,  and 
connecting  the  Pacific  with  the  Atlantic.  Ocean. 
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A  ACAPULCO. 

a  Pertgrmo* 

B  CUILFAVSINOO. 

b  Me$caia. 

c  TqKCuacuUco. 

d  PuaUt  dc  Itila. 

C  CUEENAVACA. 

t  La  cruz  del  Marques. 
D  Mexico. 


t090oa 


/  Venia  dt  Chalco. 
g  Si  Marim. 

£  La  Puebla  de  1.0s  Anoelis. 
h  El  Pistol. 
i  Perote, 
k  Cruz  blanea, 
F  Xalafa* 
G  Vbea  Cavz. 
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The  divided  seale  expresses  the  horizontal  distance  in  miles,  while 
the  parallels,  on  a  much  larger  scale,  mark  the  elevation  in  feet.  This 
profile  18  really  composed  of  four  successive  sections,  which  are  dis« 
tingttished  by  opposite  shadings.  The  survey  proceeded  first  along 
the  foad  from  Acapolco  to  Mexico,  thence  to  PoeUa  de  los  Angeles, 
next  to  Cruz  Blanca,  and  finally  to  Vera  Cmz.  These  several  direc- 
tions and  distances  are  expressed  in  the  ground  ^lan. 

An  attempt  is  likewise  made  in  this  profile,  to  convey  some  idea  of 
the  geological  structure  of  the  external  crust: 
Lmeslontf  is  represented  by  straight  lines  slightly  inclined  firom  tbe 

horizontal  position. 
hataliy  by  straight  lines  slightly  reclined  from  the  perpeodicnlar. 
Porphyry^  by  waved  lines  somewhat  reclined.' 
Granite^  by  confused  hatches. 
Amygdaloid,  by  confused  points* 
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But  tbe  easiest  way  of  estimating  within  moderate  limits  the. 
tlevation  of  a  country,  is  founded  on  the  difference  between  the 
standard  and  the  actual  mean  temperature  as  indicated  by  deep 
wells  or  copious  and  shaded  springs.  Professor  Mayer  of  Gottingen, 
from  a  comparison  of'disteint  observations  on  the  surface  of  the 
globe,  proposed  sl  formula ,  which,  with  a  slight  modification,  appears 
to  exhibit  correctly  the  temperature  of  any  place  at  the  level 
of  the  sea.  Let  <p  denote  the  latitude ;  and  29  cosd>\  or  14|  savers  2^, 
will  express,  in  degrees  of  the  centigrade  scale,  the  medium  heat  on 
the  coast.  But  the  gradations  of  climate  are  more  easily  conceiv- 
ed by  help  of  a  geome- 
trical diagram.  From 
the  centre  C,  draw 
straight  lines  to  the  se- 
veral degrees  of  the 
quadrant,  and  cutting 
the  interior  semicircle; 
then,  the  radius  CA  de- 
noting 29*^,  the  perpen- 
diculars from  the  points 
of  section  will  intercept 
segments  proportional  to 
the  mean  temperature 
expressed  on  D£. 

The  higher  regions  are  invariably  colder  than  the  plains ;  and  I 

have  been  able,  after ^  a  delicate  and  patient  research,  to  fix  the 

law  which  connects  the  decrease  of  temperature  with  the  altitude- 

If  B  and  b  denote  the  barometric  pressure  at  the  lower  and  upper 

B         & 
stations;  then  will  (-7-  —  ■^)25  express,  on  the  centigrade  scale, 

the  diminution  of  heat  in  ascent.  Hence,  for  any  given  latitude, 
that  precise  point  of  elevation  may  be  found,  at  which  eternal  frost 

prevails.    Put  3?=  -. ,   and   t  =   the  standard  temperature;    then 

( —  —  j:  )  35  S3  ^  or  «*+ .04  ^^  ==  1 ,  which  quadratic  equation  be- 

ing  resolved,  gives  the  relative  elastic Hy  of  the  air  at  the  limit  of  con- 
gelation, whence  the  corresponding  height  is  determined.  From 
these  data  the  following  table  has  been  calculated. 
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This  t^bk  will  facilitate  tbe  dppraximatioii  to  the  altitude  of  auy 
place,  wbicb  U  inferred  either  from  its  mean  temperatiire  or  its 
depth  belov  the. boundary  of  perpetual  congelatien.  The  decrenients 
of  beat  at  equal  aseents  are  not  altogether  uniform,  but  advance 
more  rapidly  in  the  higher  regions  of  the  atmosphere*  At  moderate 
elevations,  however,  it  will  be  sufficiently  near  the  truth,  to  assume 
the  law  of  equable  progression,  aUowiiig  in  this  eliioate  one  degree 
of  cold  by  Fahrenheit's  scale  for  every  ninety  yards  of  ascent. 
Thus,  the  temperatures  of  the  Crawley  and  Black  springs  on  the 
lidge  of  the  Pentland  hills,  were  observed  by  Mr  Jardine,  where 
they  first  issue  from  the  ground,  to  be  4^,fl  and  46^;  whkh,  com- 
pared  with  the  standard  temperature  at  thesame  parallel  of  latitude, 
would  ^ve  567  and  891  feet  of  elevation  above  the  sea.  The  real 
heists  found  by  levelling  were  respectively  564  and  882 ;  a  coin- 
cidence most  surprismg  and  satisfactory. — This  ready  niode  of  esti« 
mation  claims  especially  the  attention  of  agriculturists..  . 

The  rtile  sitated  above  for  computing  the  measurements  by  the  ba- 
rometer, seems  to  give  results  somewhat  less,  on  the  whole,  than 
those  which  are  obtained  from  geometrical  observations.  It  would 
ensure  greater  accuracy,  perhaps,  to  view  the  approxinmte  heigbt  as 
answering  to  tf  temperature  one  degree  under  the  point  of  eotigela* 
tion ;  and  consequently,  in  applying  th^  last  correction,  to  add  unit  to 
the  indications  <^  the  detached  thermometers.  But  the  whole  subject 
demands  a  morethorough  investigatiom.  Tbe  elasticity  of  sir  is  affect- 
ed by  mm^turfe  as  well  as  heat,  although  the  wajnt  of  an  exact  in- 
Strmaent  for  measuring  the  former  has  hitherto  prevented  its  in- 
fluence* fimm  beiog  distinctly  noticed. 

When  the  hygrometer  which  I  have  invented  shall  become  better 
known. to  the  public,  it  may  not  seem  presumptuous  to  expect,  indue 
time,  more  correct  data  concerning  the  modifications  of  the  atmos* 
pbere.  Yet,  after  all,  in«  ascertaining  the  volume  df  a  fluid  subject 
to  incessant  fluctuation,  it  -would  be  preposterous  to  look  for  that 
eoQsunimate  harmony  which  belongs  exclusively  to  astronomical  sci- 
ence ;  nor  can  I  help  regarding  the  introduction  of  some  late  re- 
finements into  the  formula  for  measuring  heights  by  the  barometer, 
and  vi^hich  would  embrace  the  minutest  anomalies  of  atmospheric 
pressure, — arising  from  the  influence  of  centrifugal  force,  combined 
with  tbe  diminution  of  gravity  in  receding  from  the  earth's  centre,**— 
as  an  utter  waste  of  the  powers  of  calculation. 
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I  thall  now  svbjoin  a  concise  table  of  the  most  reniariuiUefaeights 
in  different  parts  of  the  world,  expressed  in  English  feeL  Hie  al- 
titudes measured  hy  the  barooMter  are  maiked  B,  whik  those  de'* 
rived  from  geometrical  operations,  and  taken  chiefly  from  the  last 
work  of  Colonel  Mudge,  are  distinguisbed  bj  the  letter  G. 

Sne  Fiall  Jokul,  on  ikt  nortkmai  pomi  of  IcAmd^ 

Hekla,  vokame  motmtmm  m  lednd^  *  - 

Pap  of  Caithness, 

Ben  Neris,  Jnvem^M^iktre, 

Cairngorm,  /aveniei^^AJre, 

Ben  Lawers,  Pertluhirt^  • 

Ben  More,  Pertkikirtt 

Scbihallien,  PerflfAtf^f, 

Ben  Ledi,  FertkMrt^ 

Ben  Lomond,  SHrlmgiUnf  • 

Lomond  Hills,  east  and  west,  JPf^wAtre, 

Soutra  Hill,  on  /Ae  rUgt  ofLammer  mmtf 

Camethy,  Ugkesi  pomt  of  the  Pentli$id  ridge^ 

Tintoc,  Xionarfttibinr, 

Leadhills,  ike  hmn  of  He  Dhreamr  of  ike 

Qoeeasbery  Hill,  Dumfru^tUre^ 

Dnnrigs,  JtosMr^iUre, 

Elden  HiUs,  met^  Mdroio^  RoaAwrgkikiref 

Crif  Fell,  ncor  Nem  JbUy  m  the  SUmmrtfy  ^KirtaMH^,  1S31 G 

Guat  Fell,  ta  file  JU^f^itfrron,  -  ^  S950B 

Paps  of  Jura,  sooth  and  north,  in  ArgfUiiirt^       235$  and  2470 

SneaFell,M^ifeIi/e^MBfi,  -  •  jMXMG 

Macgillicoddy*s  Reeks^  cmmiy  tfKetrjf^  -  5404 

Monme  Mountains,  eownhf  ofJkmm^  •  <•  C500 

Helvdlyn,  Camfterteil,  -  -  -  30SSG 

Skiddaw,  Cm^^teii,  •  «  >  9022  G 

Saddleback,  Cam^kkd,  ...  2787  C 

Wbemside,  ForAviltrc,  ^  .  .  23M0 

loglebofough,  YwhMrt^  -  -  j^6l  6 

Shunnor  Fell,  YothMrty  «.  *  .  239  G 

Soowdon,  GserMrooiMAtne^  •  -.  3571 0 

Cader  Idris,  CaitmarooHildrt^  -  -  2914  G 


\    - 

456%  G 

• 

3950  G 

- 

li89 

m 

4380  B 

- 

4080B 

■ 

4015  B 

- 

MTOB 

- 

S881G 

- 

30Q9B 

3S40B 

14fi5  and  17S1 G 

« 

17lffG 

4> 

1700 

• 

1720  B 

* 

^   ]5fi4 

. 

n^o 

- 

2408  G 

- 

\^6^G 

nNOrM 

1.  1S31 G 

J 


MOTXtf  AMD  nXUSTBATfONS. 


499 


Beacons  of  Brecknock,  •  •  • 

PlynlimmoD,  Cardigmskiref  -  • 

Penmaen  Mawr,  Caemarvotiakiref 

Malvern  Hilb,  Worctiienhm^  •  * 

Cawsand  Beacon,  Dewmshire^  -« 

Kippin  Tor,  Detfnukirt^  .  «  • 

Brocken,  tn  the  H&rtz/oreHf  Hanover^ 

Schneekopf,  in  SUuUtf  ... 

Priel,  m  Auitria^  ... 

Peak  of  Lomnitz,  m  the  Carpaikian  ridge^ 

Mont  Blanc,  Svfitzerkmdf 

YiUage  of  Cbamouni,  behm  MmU  BlanCf 

Juugfraohom,  Swttxerhmdf 

St  Gotbard,  Switzerhndf 

Hoapice  of  the  Great  St  Bernard,  om  ike  pauage  to  Itafy^ 

Village  of  St  Piene,  on  ike  road  to  Great  Si  Bernard^ 

Passage  of  Mont  Cenis,  -  *  - 

Ortler  Spitze,  tn  ^ie  ^yro/,  •  •  - 

Biffhergf  above  ike  lake  of  Lucerne^ 

Dole,  ike  kigkefil  point  of  ike  ckam  of  Jura, 

Mont  Ptordu,  m  ike  Pyren^^  .  .  • 

Loneira,  tii  ike  department  oftke  Ugk  Alp$f 

Peak  of  Arbizon,  in  ike  deparimeni  of  ike  kigk  Pyrenees, 

Puy  de  Dome,  in  Jmergne^ 

Snmmit  of  Vauclose,  near  Jvignon, 

Soracte,  near  Rome,  .  .  •  * 

Monte  Velino,  tn  ike  kingdom  of  Naples,  - 

Mount  Vesuvius,  vokamc  momUain  beside  Napks, 

JEtna,  volcanic  momUam  in  Sicily,  •  • 

St  Angelo,  m  ikt  Upari  Islands, 

Top  of  tbe  Rock  of  Gibraltar, 

Alount  Atbos,  m  RmneUa, 

I>iana's  Peak,  in  ike  Island  of  St  Helend, 

"Peak  of  Teoeriffe,  one  if  the  Canary  Islands, 

Ruivo  Peak,  ike  kigkesi  poini  in  ike  Island  of  Madeira, 

Table  Mountun,  near  ike  Cape  of  Good  Hope, 

Cbain  of  Mount  Ida,  beyond  ike  plain  of  Troy, 

Claain  of  Mount  Olympus,  m  Anatolia, 


2862  G 
12463  G 

1540  O 

1444  G 

1792  6 

1549  G 

3690 

4950 

6565 

8640 
15646  G 

3367  G 
13730 

9075 

8040B 

5338  B 

6778  B 
15430 

5408. 

5412  B 
11283 
14451 

8344 

6197 

2150 

2271  G 

8397  G 

3978 
10963  B 

5260 

1439  B 

3353 

2692 
12358  B 

5162 

3520 

496O 

6500 
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Italitzkoii  in  ihc  AUaic  chain^ 

Awitsba,  voUonk  nunmiidn  t»  KanUchtUka^ 

Taganai,  in  the  Uralian  chdn^ 

Tbe  Volcano,  in  the  Isle  of  Bourbon^ 

Ophir,  in  the  centre  of  the  Island  of  Sumatra, 

St  Elias,  on  the  western  coast  of  North  America, 

CbimborazOy  highest  summit  of  the  Andes, 

Antisanay  vckanic  mountain  in  the  kingdom  of  Quito, 

Cotopaxiy  volcanic  mountain  in  the  kingdom  of  Quito, 

Tonguragua,  volcanic  mountain,  near  Siobomba,  in  Quito, 

Rucu  de  Pichinchay  in  the  kingdom  of  Quito,         -    . 

Heights  of  Assuay,  the  ancient  Peruvian  roady 

Peak  of  Orizaba,  volcanic  mountain  east /rem  Mexico, 

Lake  of  Toluca,  in  the  kingdom  of  Mexico, 

City  of  Quito, 

City  of  Mexico,  .  .  -  - 

Silla  de  Caraccas,  part  of  the  chain  of  Venezuela^ 

Blue  MoontaiDS,  tn  the  Island  ofJammca, 

VtVbt,  m  the  Island  of  Martinique, 

Monie  Garou,  in  the  Island  of  St  Vincents, 

Mount  Misery,  tfi  the  Island  of  St  Christopher^ 


10735 
9600 

4912 

768O 

13842 

12672 
21440  B 

15150  B 
18890  B 

16579  B 
15940  B 
15540  B 
17390 G 
12195  B 

9560  B 

7476  B 

8640  B 

7431 

5100 

5050 

3711 


I  shall  conclude  with  briefly  stating  the  French  measures.    Thsr 
Parisian  foot  was  to  the  English,  or  the  toise  to  the  fathom,  as 
1.065777  to  1,  or  nearly  as  1 6  to  15.    The  metre,  or  base  of  the 
new  system,  and  equal  to  d9,371  English  inches,  ascends  decimally, 
forming  the  decametre  or  perch,  the  hectometre,  the  kilometre  or  wky 
and  the  myriametre  or  league,  equivalent  to  6.213856  of  our  miles; 
and  descending  by  the  same  scale,  it  forms  successively  the  decimetre 
or  palm,  the  centimetre  or  digit,  and  the  miUknetre  or  stroke.     The 
square  of  the  decametre  constitutes  the  are,  and  that  of  the  hectamc 
trCf  the  hectare  or  acre,  and  equal  to  2.47117  English  acres.    The 
cube  of  a  metre,  or  35.3171  feet,  forms  the  unit  of  solid  measure 
or  the  stere,  that  of  a  decimetre,  or  61.028  inches  forming  the  Hire 
ox  pint;  and  the  weight  of  this  bulk  of  water  at  its  greatest  contrac- 
tion makes  the  k^ogramme  or  pounds  equivalent  to  2*1 133  pouD<Ss 
Troy,  the  gramme  answering  to  15.444  grains. 
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This  book  should  be  returned  to 
the  labrary  on  or  before  the  last  date 
stamped  below. 

A  fine  of  five  cents  a  day  is  incurredf. 
by  retaining   it  beyond  the   specified 

time. 

Please  return  promptly. 


